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Problem Statement

Input data
m is the number of customers
n is the number of products
pij ≥ 0 is the duration of producing product j for customer i
sjj′ ≥ 0 is the setup time from product j to product j′

s′j is the initial setup to product j
di is the due date for customer i
qi is the weight for customer i

Solution representation
We define operation as a pair of customer and product type
(i, j), i = 1, . . . ,m, j = 1, . . . , n. Operations should be scheduled
without preemptions. A set of feasible solution Π consists of
permutations of operations.
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Criteria

Total completion time∑m
i=1Ci

Weighted throughput∑
i∈O(π) qi

O(π) is the subset of customers, for which Ci ⩽ di in π

Makespan
maxi=1,...,mCi

Maximum lateness
maxi=1,...,m{Ci − di}
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Mathematical Programming Model 1

Operation o is a pair (i, j).
We denote the set of all operations as O.

xok =

{
1, if operation o is placed in position k,
0 otherwise,

tfk ≥ 0 is the completion time of an operation in position k,

T f
i ≥ 0 is the completion time of the service of customer i,

k ∈ N, o ∈ O, i ∈ M.
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Mathematical Programming Model 1 (constraints)

Criterion. The sum of completion times
m∑
i=1

T f
i → min (1)

Constraints
nm∑
k=1

xok = 1, o ∈ O, (2)

∑
o∈O

xok = 1, k ∈ N, (3)

t
f
1 ≥

∑
o∈O

xo1(po + s
′
o), (4)

t
f
k

≥ t
f
k−1

+ po +
∑

o′∈O

xo′,k−1so′o − H(1 − xok), (5)

k = 2, . . . , nm, o ∈ O,

T
f
i ≥ t

f
k

− H(1 − xok), k ∈ N, o ∈ O, (6)

T
f
i ≥ 0, t

f
k

≥ 0, xok ∈ {0, 1}, yi ∈ {0, 1}, i ∈ M, k ∈ N, o ∈ O. (7)
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Mathematical Programming Model 2

xijk =

{
1, if product j of customer i is placed in position k,
0 otherwise;

bj′jk =


1, if arise a setup between products j′

and j in position k,
0 otherwise,

k = 2, . . . , nm, j
′
, j ∈ J, j

′ ̸= j;

zik =

{
1, if customer i is in the system in position k,
0 otherwise,

k ∈ N, i ∈ M

Uijki′ =

{
1, if both xijk = 1 and zi′k = 1,
0 otherwise,

k ∈ N, j ∈ J, i
′
, i ∈ M ;

Vj′jki′ =

{
1, if both bj′jk = 1 and zi′k = 1,
0 otherwise,

k ∈ N, j
′
, j ∈ J, i

′ ∈ M ;
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Mathematical Programming Model 2 (constraints)

m∑
i′=1

m∑
i=1

n∑
j=1

nm∑
k=1

pijUijki′ +
m∑

i′=1

n∑
j′=1

n∑
j=1

nm∑
k=2

sj′jVj′jki′ + m
m∑

i=1

n∑
j=1

xij1s
′
j → min, (8)

nm∑
k=1

xijk = 1, i ∈ M, j ∈ J,
m∑

i=1

n∑
j=1

xijk = 1, k ∈ N, (9)

kxijk ≤ ai, i ∈ M, j ∈ J, k ∈ N, (10)

nm∑
k=1

zik = ai, i ∈ M, (11)

zi,k+1 ≤ zik, i ∈ M, k = 1, . . . , nm − 1, (12)

m∑
i=1

xijk +
m∑

i=1

xi,j′,k−1 − 1 ≤ bj′jk, j, j
′ ∈ J, k ∈ N, (13)

xijk + zi′k − 1 ≤ Uijki′ , i, i
′ ∈ M, j ∈ J, k ∈ N, (14)

bj′jk + zi′k − 1 ≤ Vj′jki′ , i
′ ∈ M, j, j

′ ∈ J, k ∈ N, (15)

xijk ∈ {0, 1}, yi ∈ {0, 1}, ai ∈ {0, 1}, n ≤ ai ≤ nm, (16)

bj′jk ∈ {0, 1}, zik ∈ {0, 1},

Uijki′ ∈ {0, 1}, Vj′jki′ ∈ {0, 1}, i, i
′ ∈ M, j, j

′ ∈ J, k ∈ N.
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Mathematical Programming Model 3

Operation o is a pair (i, j).
We denote the set of all operations as O, and let Oi corresponds
to operations of customer i ∈ M . We also add two auxiliary
operations 0 and nm+1 of zero duration. O′ := O∪{0, nm+1}.

x̄ol =

{
1, if operation o immediately proceeds operation l,
0 otherwise,

tfo ≥ 0 is the completion time of operation o,
T f
i ≥ 0 is the completion time of producing the last product

of customer i,
o, l ∈ O′, i ∈ M.
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Mathematical Programming Model 3 (constraints)

Criterion. The sum of completion times
m∑
i=1

T f
i → min (17)

Constraints ∑
l∈O′\{0}

x̄ol = 1, o ∈ O′ \ {nm+ 1}, (18)

∑
o∈O′\{nm+1}

x̄ol = 1, l ∈ O′ \ {0}, (19)

tfo ≥ tfl + slo + po −H(1− x̄lo), o, l ∈ O′, (20)

T f
i ≥ tfo , o ∈ Oi, i ∈ M, (21)

T f
i ≥ 0, tfo ≥ 0, x̄ol ∈ {0, 1}, yi ∈ {0, 1}, i ∈ M, o, l ∈ O′. (22)
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Mathematical Programming Model 4

x̄ol =

{
1, if operation o immediately proceeds operation l,
0 otherwise,

zol =

{
1, if operation o proceeds operation l,
0 otherwise,

wolo′ =

{
1, if zlo′ = 1 and xol = 1,
0 otherwise,

o, o′, l ∈ O′.

Yu. Zakharova, A. Zakharov Methods for Solving COS 12



Mathematical Programming Model 4 (constraints)
Criterion. The sum of completion times

m∑
i=1

T
f
i → min (23)

Constraints ∑
l∈O′\{0}

x̄ol = 1, o ∈ O
′ \ {nm + 1}, (24)

∑
o∈O′\{nm+1}

x̄ol = 1, l ∈ O
′ \ {0}, (25)

t
f

o′ =
∑

o,l∈O′
wolo′sol +

∑
l∈O′

zlo′pl + po′ , o
′ ∈ O

′
, (26)

wolo′ ≥ zlo′ + x̄ol − 1, o, l, o
′ ∈ O

′
, (27)

zo,o′ + zo′,o = 1, o
′
, o ∈ O

′
, o

′ ̸= o, (28)

xo,o′ + x̄o′,o ≤ 1, o
′
, o ∈ O

′
, o

′ ̸= o, (29)

∑
o∈O

zoo′ −
∑
o∈O

zol + (nm − 1)x̄o′l ≤ nm, o
′
, l ∈ O. (30)

T
f
i ≥ t

f
o , o ∈ Oi, i ∈ M, (31)

T
f
i ≥ 0, t

f
o ≥ 0, x̄ol ∈ {0, 1}, yi ∈ {0, 1}, i ∈ M, o, l ∈ O

′
. (32)
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Additional constraints

x̄oo′ ≤ zoo′ , o, o′ ∈ O′, (33)

∑
o∈O′

zoo′ +
∑

o∈O′\{0}

zo′o = nm+ 1, o′ ∈ O′ \ {0}. (34)
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Lower Bound: Total Completion Time

m∑
i=1

 n∑
j=1

pσi,j

 (m− i+ 1) +m

n∑
j=1

min{min
j′ ̸=j

sj′,j ; s′j}
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Experiment: Total Completion Time (50 cust, 25 prod)

Deviations from the record, %.

Gurobi
Objective function Lower bound

Res. LB0 M1 M2 M3 M4 M1 M2 M3 M4
min 0 0 8 2 12 95 62 91 94
max 0 5 49 40 46 100 97 93 94
aver 0 0 32 12 26 97 73 92 94

SCIP
Objective function Lower bound

Res. LB0 M1 M2 M3 M4 M1 M2 M3 M4
min 0 2 28 6 15 97 92 96 92
max 0 23 87 40 69 100 97 100 98
aver 0 14 47 22 40 98 95 98 94
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Experiment: Weighted Throughput (50 cust, 25 prod)

Deviations from the record, %.

Gurobi SCIP
Res. M1 M2 M3 M4 M1 M2 M3 M4
min 0 0 0 0 0 15 13 15
max 42 64 53 190 53 96 65 1060
aver 10 27 23 81 24 62 49 332
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Memetic Algorithm

Generate tentative solutions to form the initial population.
Repeat until the stopping criterion is met.
2.1: Select two solutions from the current population.
2.2: Build offspring by a recombination (crossover) and a

mutation.
2.3: Choose solutions for the next generation.
Return the best found solution.
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Crossover Operators

Cycle Crossover (CX)

Order Crossover (OX)
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Crossover Operators

Partially Mapped Crossover (PMX)

One Point Crossover (1PX)
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Mutation Operators

Exchange (swap) mutation

Shift (insert) mutation
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Optimal Recombination

We have two parent permutations π1 and π2 . It is required to
find a permutation π′ such that:
(I) π′

i = π1
i or π′

i = π2
i for all i = 1, . . . , nm;

(II) π′ has the optimum value of objective function among all
permutations that satisfy condition (I).

The optimal recombination problem for the weighted
throughput criterion is NP-hard.

The complexity status of the ORP for the total completion time
criterion is an open question.
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Experimental Results: Total completion time
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Experimental Results: Weighted Throughput
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Experimental Results

Hazir, O., Gunalay, Y., Erel, E. (2008). Customer order
scheduling problem: a comparative metaheuristics study:
n : 5, 10, 15, 20, m : 5, 10, 15, 20
setup times: (10, 20), (1, 30), (25, 35), (15, 45)
durations: (1, 15)
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Conclusion

We provide and compare several approaches to construct integer
programming models for the problem.

We propose a memetic algorithm for searching near optimal
solutions.

The results of the experimental evaluation on instances of
various structures are analysed.
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Thank you for your attention!
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