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Ñòðóêòóðà äîêëàäà

Ïîñòàíîâêà çàäà÷è: îáùèé ñëó÷àé

Ïðåäûäóùèå èññëåäîâàíèÿ

Ïîñòàíîâêà çàäà÷è: îäíà ìàøèíà

NP-òðóäíîñòü

Ïîäõîäû ê ðåøåíèþ

Çàêëþ÷åíèå è ïëàíû
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Ïîñòàíîâêà çàäà÷è

J , |J | = n, � ìíîæåñòâî ðàáîò.

M, |M| = m, � ìíîæåñòâî ìàøèí.

Îäíîñòàäèéíûå è ìíîãîñòàäèéíûå ñèñòåìû.

pvj � äëèòåëüíîñòü îïåðàöèè v ðàáîòû j.

Kl = {1, . . . , kl} � ìíîæåñòâî ïîçèöèé ìàøèíû l.

Ïðåäïèñàíèÿ ðàáîò: Xi,l � ìíîæåñòâî ðàáîò (îïåðàöèé),

êîòîðûå ìîãóò âûïîëíÿòüñÿ â ïîçèöèè i ∈ Kl ìàøèíû l.

Öåëü � íàçíà÷èòü ðàáîòû (èëè îïåðàöèè) â ïîçèöèè ìàøèí

òàê, ÷òîáû ïîëèíîìèàëüíî âû÷èñëèìûé êðèòåðèé

ïðèíèìàë ìèíèìàëüíîå çíà÷åíèå.
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Ìîòèâàöèÿ

Òåõíîëîãè÷åñêèå îãðàíè÷åíèÿ

Òåõíîëîãè÷åñêèå îãðàíè÷åíèÿ â ïðîèçâîäñâåííûõ è

ìíîãîïðîöåññîðíûõ êîìïüþòåðíûõ ñèñòåìàõ, ãäå ïîðÿäîê ðàáîò

îáóñëàâëèâàåòñÿ ïåðåíàëàäêîé îáîðóäîâàíèÿ, ôèêñèðîâàííûìè

ìàðøðóòàìè, ñòðóêòóðíûìè îãðàíè÷åíèÿìè è äðóãèìè

ôàêòîðàìè.

Îïòèìàëüíàÿ ðåêîìáèíàöèÿ

Äàíî äâà ðîäèòåëüñêèõ ðåøåíèÿ � ïåðåñòàíîâêè ðàáîò

π1 = (π1
1, . . . , π

1
n) è π2 = (π2

1, . . . , π
2
n). Òðåáóåòñÿ íàéòè

ïåðåñòàíîâêó-ïîòîìêà π′ = (π′1, . . . , π
′
n), òàêóþ ÷òî

(I) π′i = π1
i or π′i = π2

i äëÿ âñåõ i = 1, . . . , n;

(II) π′ èìååò ìèíèìàëüíîå çíà÷åíèå öåëåâîé ôóíêöèè ñðåäè

âñåõ ïåðåñòàíîâîê, óäîâëåòâîðÿþùèõ óñëîâèþ (I).

Òîãäà ðàáîòû π1
i è π2

i îáðàçóþò ïðåäïèñàíèå Xi,1 äëÿ

ïîçèöèè i ìàøèíû.
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Ìîòèâàöèÿ

Òåõíîëîãè÷åñêèå îãðàíè÷åíèÿ

Òåõíîëîãè÷åñêèå îãðàíè÷åíèÿ â ïðîèçâîäñâåííûõ è

ìíîãîïðîöåññîðíûõ êîìïüþòåðíûõ ñèñòåìàõ, ãäå ïîðÿäîê ðàáîò

îáóñëàâëèâàåòñÿ ïåðåíàëàäêîé îáîðóäîâàíèÿ, ôèêñèðîâàííûìè

ìàðøðóòàìè, ñòðóêòóðíûìè îãðàíè÷åíèÿìè è äðóãèìè

ôàêòîðàìè.

Ðàñïèñàíèå è ìàðøðóòèçàöèÿ
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Ïðåäûäóùèå èññëåäîâàíèÿ

Çàäà÷è ñîñòàâëåíèÿ ðàñïèñàíèé

Serdyukov A.I.: On travelling salesman problem with prohibitions, Upravlaemye
systemi (1978)

Eremeev A., Kovalenko Yu. On complexity of optimal recombination for one
scheduling problem with setup times, Diskretn. Anal. Issled. Oper. (2012)

Eremeev A., Kovalenko Yu.: Optimal recombination in genetic algorithms for
combinatorial optimization problems, Yug. J. Oper. Res. (2014)

Eremeev A., Kovalenko Yu.: On solving travelling salesman problem with vertex
requisitions, Yugoslav Journal of Operations Research (2017)

Eremeev A., Kovalenko Yu.: A memetic algorithm with optimal recombination
for the asymmetric travelling salesman problem, Memetic Computing (2020)

Chernykh I., Kononov A., Sevastyanov S.: E�cient approximation algorithms for
the routing open shop problem, Computers and Operations Research (2013)

Äðóãèå çàäà÷è

Yagiura M., Ibaraki T.: The use of dynamic programming in genetic algorithms
for permutation problems, Eur. Jour. Oper. Res. (1996)
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operator, LNCS (2019)
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Çàäà÷è íà îäíîé ìàøèíå ñ ïðåäïèñàíèÿìè

Âõîäíûå äàííûå

Ðàáîòû j ∈ J : ìîìåíò ïîñòóïëåíèÿ rj , äèðåêòèâíûé ñðîê

dj , äëèòåëüíîñòü pj è âåñ wj .

Ïðåäïèñàíèÿ ðàáîò: Xi, i = 1, . . . , n = |J |.

Êðèòåðèè

1|rj |
∑

j Cj (the total completion time);
1|rj = 0, Cj ≤ dj , wj |

∑
j wjCj (the weighted total completion time);

1|rj , dj |
∑

j Uj (the number of tardy jobs);
1|rj = 0, dj , wj |

∑
j wjUj (the weighted number of tardy jobs);

1|rj , dj |
∑

j Tj (the total tardiness);
1|rj , dj |

∑
j wjTj (the total weighted tardiness);

1||Cmax = maxj Cj (the makespan);
1|rj , dj |Lmax = maxj Lj (the maximum lateness);

2||Cmax, Lmax,
∑

j Uj ,
∑

j Tj .
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NP-òðóäíîñòü

Óïîðÿäî÷åííîå 2-Ðàçáèåíèå

Äàíî óïîðÿäî÷åííîå ìíîæåñòâî A = {a1, a2, . . . , a2n0} è âåñ ei
êàæäîãî ýëåìåíòà ai ∈ A, òàêîé ÷òî

∑
ai∈A ei = 2E è

ei < ei+1, i = 1, . . . , 2n0 − 1.
Òðåáóåòñÿ îïðåäåëèòü, ìîæíî ëè ìíîæåñòâî A ðàçáèòü íà äâà

ïîäìíîæåñòâà A1 è A2, òàêèõ ÷òî∑
ai∈A1

ei =
∑
ai∈A2

ei = E, |A1| = |A2| = n0,

è ïîäìíîæåñòâî A1 ñîäåðæèò òîëüêî îäèí ýëåìåíò èç êàæäîé

ïàðû a2i−1, a2i, i = 1, . . . , n0.
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NP-òðóäíîñòü

Ñâîéñòâà

Ðàñïèñàíèå íàçûâàåòñÿ íåïðåðûâíûì, åñëè ìàøèíà íå

ïðîñòàèâàåò â èíòåðâàëå [rmin, dmax]
Ïðèìåð çàäà÷è èìååò ñâîéñòâî áûòü íåïðåðûâíûì, åñëè âñå

äîïóñòèìûå ðàñïèñàíèÿ íåïðåðûâíû.

Ñâîäèìîñòü

Äîêàçàòåëüñâî NP-òðóäíîñòè îñíîâàíî íà ïîëèíîìèàëüíîé

ñâîäèìîñòè çàäà÷è Óïîðÿäî÷åííîå 2-Ðàçáèåíèå ê

ðàñïîçíîâàòåëüíîé âåðñèè çàäà÷è ñîñòàâëåíèÿ ðàñïèñàíèé.

Ïîëó÷àåìûå èíäèâèäóàëüíûå çàäà÷è ðàñïîçíîâàíèÿ èìåþò

ñâîéñòâî áûòü íåïðåðûâíûìè.

Áàçîâûå ðàáîòû j ñîîòâåñòâóþò ðàáîòàì aj è ïðåäïèñàíèÿ

ðàáîò ñîäåðæàò ïàðû a2i−1, a2i.

Ââîäèòñÿ ïîðîãîâîå çíà÷åíèå äëÿ êðèòåðèÿ è äîïîëíèòåëüíûå

êðèòè÷åñêèå ðàáîòû.

Òðåáóåòñÿ ðàçáèòü ìíîæåñòâî áàçîâûõ ðàáîò íà äâå ÷àñòè.
Þ.Â. Çàõàðîâà Ðàñïèñàíèÿ ñ ïðåäïèñàíèÿìè ðàáîò 9



1|rj = 0, dj = d, wj, X
i|
∑

j wjUj

×èñëî ðàáîò n = 2n0.

Õàðàêòåðèñòèêè ðàáîò pj = wj = ej , dj = E, j ∈ J .
Ïðåäïèñàíèÿ ðàáîò Xi+n0 = Xi = {2i− 1, 2i}, i = 1, . . . , n0.

Ïîðîãîâîå çíà÷åíèå
∑

j wjUj(π) ≤ E.

 

1      2                                          n0 

1      3                                        2n0-1 

2      4                                            2n0 

n0+1   n0+2                                       2n0 

1         3                                         2n0-1 

2         4                                            2n0 

E 
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NP-òðóäíîñòü

Çàäà÷à

1|rj = 0, dj = d,wj , X
i|
∑

j wjUj

1|rj , dj , Xi|γ, γ ∈ {Lmax;
∑

j Uj ;
∑

j Tj}

1|rj = 0, dj , wj , X
i|
∑

j wjTj}

1|rj = 0, Cj ≤ dj , wj , Xi|
∑

j wjCj

1|rj , Xi|
∑

j Cj

P2|Xi,l|γ, γ ∈ {Cmax, Lmax,
∑

j Uj ,
∑

j Tj}
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Ïîäõîä ê ðåøåíèþ, |X i| ≤ 2

Îñíîâíàÿ èäåÿ

Ḡ = (Xn, X, Ū) � äâóäîëüíûé ãðàô.

Ū = {{i, x} : i ∈ Xn, x ∈ Xi} � ìíîæåñòâî ðåáåð.

Âåðøèíû ëåâîé ÷àñòè ↔ ïîçèöèè.

Âåðøèíû ïðàâîé ÷àñòè ↔ ðàáîòû.

Ñóùåñòâóåò âçàèìîîäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó

ìíîæåñòâîì ñîâåðøåííûõ ïàðîñî÷åòàíèé W â Ḡ è

ìíîæåñòâîì Π äîïóñòèìûõ ïåðåñòàíîâîê çàäà÷è I(γ, Xi)a.

aSerdyukov A.I. (1978); Eremeev A., Kovalenko Yu. (2017)

Òèïû ðåáåð

Ðåáðî {i, x} ∈ Ū íàçûâàåòñÿ îñîáûì, åñëè {i, x}
ïðèíàäëåæèò âñåì ñîâåðøåííûì ïàðîñî÷åòàíèÿì ãðàôà Ḡ.

Âñå ðåáðà, êðîìå îñîáûõ è ñìåæíûõ ñ íèìè, ðàçáèâàþòñÿ

íà öèêëû.
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Àëãîðèòì ðåøåíèÿ I(γ, X i)

Øàã 1. Ïîñòðîèòü ãðàô Ḡ, èäåíòèôèöèðîâàòü îñîáûå ðåáðà è

öèêëû, íàéòè ìàêñèìàëüíûå ïàðîñî÷åòàíèÿ â öèêëàõ.

Øàã 2. Ïåðåáèðàòü âñå ñîâåðøåííûå ïàðîñî÷åòàíèÿ W ∈ W
ãðàôà Ḡ êîìáèíàöèåé ìàêñèìàëüíûõ ïàðîñî÷åòàíèé â öèêëàõ è

îñîáûõ ðåáåð.

Øàã 3. Ïîñòðîèòü ñîîòâåòñòâóþùåå ðåøåíèå π ∈ Π äëÿ

êàæäîãî W ∈ W è âû÷èñëèòü γ(π).
Øàã 4. Âåðíóòü â êà÷åñòâå ðåçóëüòàòà π∗ ∈ Π, òàêóþ ÷òî

γ(π∗) = min
π∈Π

γ(π).

Âû÷èñëèòåëüíàÿ ñëîæíîñòü

O(T (γ)2q(I)), ãäå q(I) = q(Ḡ) ≤ bn2 c è ïîñëåäíåå íåðàâåñòâî

äîñòèæèìî, T (γ) � âðåìÿ âû÷èñëåíèÿ ôóíêöèè γ.
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Ïðèìåð
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�Ïî÷òè âñå� èíäèâèäóàëüíûå çàäà÷è

Ãðàô Ḡ = (Xn, X, Ū) íàçûâàåòñÿ �õîðîøèì�, åñëè âûïîëíÿåòñÿ

íåðàâåíñòâî q(Ḡ) ≤ 1.1lnn.

χ̄n � ìíîæåñòâî �õîðîøèõ� ãðàôîâ Ḡ = (Xn, X, Ū).

χn � ìíîæåñòâî âñåõ ãðàôîâ Ḡ = (Xn, X, Ū).

|χ̄n|
|χn| → 1 ïðè n→∞ (Serdyukov A.I., 1978).

Òåîðåìà

�Ïî÷òè âñå� ñèñòåìû ïðåäïèñàíèé ðàáîò ñ

|Xi| ≤ 2, i = 1, . . . , n, ïðèâîäÿò ê èíäèâèäóàëüíûì çàäà÷àì

I(γ, Xi), èìåþùèì íå áîëåå n äîïóñòèìûõ ðåøåíèé è

ðàçðåøèìûì çà âðåìÿ O(n2).
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Çàâèñèìûå è íåçàâèñèìûå öèêëû
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Ìîäåëü öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ

Áóëåâû ïåðåìåííûå

xij =

{
1, åñëè ðàáîòà j âûïîëíÿåòñÿ â ïîçèöèè i,

0 èíà÷å,

i = 1, . . . , n, j ∈ Xi.

Íåïðåðûâíûå ïåðåìåííûå

yi ≥ 0 � äëèòåëüíîñòü ðàáîòû â ïîçèöèè i;

zi ≥ 0 � ìîìåíò ïîñòóïëåíèÿ ðàáîòû â ïîçèöèè i;

vi ≥ 0 � äèðåêòèâíûé ñðîê ðàáîòû â ïîçèöèè i;

Ci � ìîìåíò îêîí÷àíèÿ ðàáîòû â ïîçèöèè i.
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Ìîäåëü öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ

∑
j∈Xi

xij = 1, i = 1, . . . , n, (1)

∑
i∈Y j

xij = 1, j ∈ J , (2)

Ci ≥ Ci−1 + yi, i = 2, . . . , n, (3)

Ci ≥ zi + yi, i = 1, . . . , n, (4)

yi =
∑
j∈Xi

xijpj , i = 1, . . . , n, (5)

zi =
∑
j∈Xi

xijrj , i = 1, . . . , n, (6)

vi =
∑
j∈Xi

xijdj , i = 1, . . . , n, (7)

Ci ≥ 0, xij ∈ {0, 1}, i = 1, . . . , n, j ∈ Xi. (8)
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Ìîäåëü öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ

the maximum lateness

Lmax ≥ Ci − vi, i = 1, . . . , n,

the total tardiness

T∑ =

n∑
i=1

Ti,

Ti ≥ 0, Ti ≥ Ci − vi, i = 1, . . . , n,

the total completion time

C∑ =

n∑
i=1

Ci,

the number of tardy jobs

U∑ =

n∑
i=1

Ui,

Ci ≤ vi + Ui ·BigM, Ui ∈ {0, 1}, i = 1, . . . , n.
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Íîâàÿ ìîäåëü öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ

Áóëåâû ïåðåìåííûå

xl =

{
0, åñëè ïåðâîå ïàðîñî÷åòàíèå âûáðàíî â öèêëå l,

1, åñëè âòîðîå ïàðîñî÷åòàíèå âûáðàíî â öèêëå l,

l = 1, . . . , q(Ḡ).

Íåïðåðûâíûå ïåðåìåííûå

yi ≥ 0 � äëèòåëüíîñòü ðàáîòû â ïîçèöèè i;

zi ≥ 0 � ìîìåíò ïîñòóïëåíèÿ ðàáîòû â ïîçèöèè i;

vi ≥ 0 � äèðåêòèâíûé ñðîê ðàáîòû â ïîçèöèè i;

Ci � ìîìåíò îêîí÷àíèÿ ðàáîòû â ïîçèöèè i.
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Íîâàÿ ìîäåëü öåëî÷èñëåííîãî ïðîãðàììèðîâàíèÿ

Ci ≥ Ci−1 + yi, i = 2, . . . , n, (9)

Ci ≥ zi + yi, i = 1, . . . , n, (10)

yi = p0
i (1− xl) + p1

ixl, l = 1, . . . , q(Ḡ), i ∈ Nl, (11)

yi = p0
i , i = 1, . . . , n : |Xi| = 1,

zi = r0
i (1− xl) + r1

i xl, l = 1, . . . , q(Ḡ), i ∈ Nl, (12)

zi = r0
i , i = 1, . . . , n : |Xi| = 1,

vi = d0
i (1− xl) + d1

ixl, l = 1, . . . , q(Ḡ), i ∈ Nl, (13)

vi = d0
i , i = 1, . . . , n : |Xi| = 1,

Ci ≥ 0, i = 1, . . . , n, (14)

xl ∈ {0, 1}, l = 1, . . . , q(Ḡ). (15)
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Çàäà÷à íà íåñêîëüêèõ ìàøèíàõ

Àëãîðèòì

Îáùåå ÷èñëî ïîçèöèé ïî âñåì ìàøèíàì ðàâíî ÷èñëó ðàáîò.

Çàäà÷à ñ íåñêîëüêèìè ìàøèíàìè ìîæåò áûòü ðåøåíà òåìè æå

ìåòîäàìè, ÷òî çàäà÷à íà îäíîé ìàøèíå.

Ïðèìåð

 

M1  {j1, j5}   {j9, j10} 

M2  {j3, j5}   {j4, j6}   {j6, j7}   {j2, j8} 

M3  {j2, j9}   {j7, j8}   {j1, j10} 

M4  {j11}      {j3, j4} 
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Çàêëþ÷åíèå è ïëàíû

Çàêëþ÷åíèå

1 Äîêàçàòåëüñòâà NP-òðóäíîñòè äëÿ çàäà÷ ñîñòàâëåíèÿ

ðàñïèñàíèé ñ ïðåäïèñàíèÿìè ðàáîò.

2 Ìåòîäû ïåðåáîðíîãî òèïà è ìîäåëè öåëî÷èñëåííîãî

ïðîãðàììèðîâàíèÿ.

Ïëàíû

1 Âû÷èñëèòåëüíàÿ ñëîæíîñòü ìíîãîñòàäèéíûõ è

ìíîãîïðîöåññîðíûõ çàäà÷ ñ ðàçëè÷íûìè êðèòåðèÿìè.

2 Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå ðàëè÷íûõ ïîäõîäîâ ê

ðåøåíèþ.

3 Íîâûå ñâîéñòâà öèêëîâ â äâóäîëüíûõ ãðàôàõ è

ïàðàëëåëüíûå àëãîðèòìû.
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Ñïàñèáî çà âíèìàíèå!
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1|rj, dj, X i|γ, γ ∈ {Lmax;
∑

j Uj;
∑

j Tj}

The number of jobs n = 2n0 + 1.
Job characteristics:

pj = ej , dj = 2E + 1, rj = 0 for j = 1, . . . , 2n0;

p2n0+1 = 1, r2n0+1 = E, d2n0+1 = E + 1.
Job requisitions:

Xi+n0+1 = Xi = {2i− 1, 2i}, i = 1, . . . , n0;

Xn0+1 = {2n0 + 1}.
Threshold value Lmax(π) ≤ 0 (

∑
j Uj(π) ≤ 0 or

∑
j Tj(π) ≤ 0).

 

n0+1 

2n0+1 

1      2                                          n0 

1      3                                        2n0-1 

2      4                                            2n0 

n0+2   n0+3                                   2n0+1 

 

1         3                                         2n0-1 

2         4                                            2n0 

E E+1 
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1|rj = 0, Cj ≤ dj, wj, X
i|
∑

j wjCj

The number of jobs n = 2n0 + 1.
Job characteristics:

pj = wj = ej , dj = 2E + 1 for j = 1, . . . , 2n0;

p2n0+1 = 1, w2n0+1 = 0, d2n0+1 = E + 1.
Job requisitions:

Xi+n0+1 = Xi = {2i− 1, 2i}, i = 1, . . . , n0;

Xn0+1 = {2n0 + 1}.
Threshold value

∑
j wjCj(π) ≤

∑
1≤i≤j≤2n0

eiej + E.

 

n0+1 

2n0+1 

1      2                                          n0 

1      3                                        2n0-1 

2      4                                            2n0 

n0+2   n0+3                                   2n0+1 

 

1         3                                         2n0-1 

2         4                                            2n0 

E E+1 
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1|rj, X i|
∑

j Cj

The number of jobs n = 2n0 + 2.
Job characteristics:

pj = ej , rj = 0 for j = 1, . . . , 2n0;

p2n0+1 = p2n0+2 = 1,
r2n0+1 = E, r2n0+3 = 2E + 1.
Job requisitions:

Xi+n0+1 = Xi = {2i− 1, 2i}, i = 1, . . . , n0;

Xn0+1 = {2n0 + 1}, X2n0+2 = {2n0 + 2}.
Threshold value

∑
j Cj(π

′) ≤
(E+1)+(2E+2)+

(∑n0
j=1(n0 − j + 1)(e2j−1 + e2j) + (E + 1)n0

)
.

 

2E+2 

2n0+2 

2n0+2 

n0+1 

2n0+1 

1     2                                            n0 

1      3                                        2n0-1 

2      4                                            2n0 

n0+2   n0+3                                   2n0+1 

 

1         3                                         2n0-1 

2         4                                            2n0 

E E+1 
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P2|X i,l|γ, γ ∈ {Cmax, Lmax,
∑

j Uj,
∑

j Tj}

The number of jobs n = 2n0.

Job characteristics:

pj = ej , rj = 0, dj = E for j = 1, . . . , 2n0;

Job requisitions:

Xi,1 = Xi,2 = {2i− 1, 2i}, i = 1, . . . , n0.

Threshold value Cmax ≤ E, Lmax ≤ 0,
∑

j Uj ≤ 0,
∑

j Tj ≤ 0.

 

1      2                                            n0 

1      3                                        2n0-1 

2      4                                            2n0 

E 
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