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Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

ℓi =
n∑

j=1

pji � íàãðóçêà Mi , dj =
m∑
i=1

pji � äëèíà Jj ,

ℓmax = max ℓi � ìàêñèìàëüíàÿ íàãðóçêà,

dmax(v) = max
Jj∈J (v)

dj � ìàêñèìàëüíàÿ äëèíà ðàáîòû èç v ,

T ∗ � äëèíà êðàò÷àéøåãî îáõîäà ãðàôà G ìàøèíîé Mi

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà äëÿ ROm||Rmax

R̄ = max

{
ℓmax + T ∗,max

v∈V

(
dmax(v) + 2dist(v0, v)

)}
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Ìèíè-îáçîð çàäà÷è RO2||Rmax

Ñëîæíîñòü

RO2||Rmax NP-òðóäíà â ñèëüíîì ñìûñëå

RO2|G = K2|Rmax NP-òðóäíà, ñóùåñòâóåò FPTAS

RO2|G = K2, j-prpt|Rmax NP-òðóäíà

Ëîêàëèçàöèÿ îïòèìóìîâ

Ñòðóêòóðà G Îöåíêà âåðõíåé ãðàíèöû èíòåðâàëà

G = K2 6/5R̄
G = K3 6/5R̄
G = tree 6/5R̄
G = C4 5/4R̄
G ïðîèçâîëüíûé ⩽ 4/3R̄

Ïðèáëèæåííûå àëãîðèòìû

7/4-ïðèáëèæåííûé [Averbakh, Berman, Ch 2006]

13/8-ïðèáëèæåííûé [Ch, Kononov, Sevastyanov 2013]

4/3-ïðèáëèæåííûé [Ch, Kononov, Sevastyanov 2013]
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Ñâîåâðåìåííîå íàïîìèíàíèå ïðî TSP

Ïîñòàíîâêà

Äàí ð¼áåðíî-
âçâåøåííûé
ïîëíûé ãðàô
G = ⟨V ;E ⟩.
Òðåáóåòñÿ:
íàéòè ÃÖ
ìèíèìàëüíîãî
âåñà w∗.

Ñëîæíîñòü TSP

NP-òðóäíà â
ñèëüíîì
ñìûñëå.

Â ìåòðè÷åñêîì
ñëó÷àå òîæå.

Àëãîðèòì Êðèñòîôèäåñà-Ñåðäþêîâà äëÿ
ìåòðè÷åñêîé TSP [1976]

1 Íàéòè â G îñòîâ T ìèíèìàëüíîãî âåñà

(w(T ) ⩽ w∗).

2 Ïóñòü O = {v ∈ V | degT (v) íå÷¼òíà}.
Ïîñòðîèòü íà O ïàðîñî÷åòàíèå M
íàèìåíüøåãî âåñà

(w(M) ⩽ 1
2
w∗).

3 Íàéòè ýéëåðîâ öèêë E â T ∪M

(w(E ) = w(T ) + w(M) ⩽ 3
2
w∗).

4 Èñêîìûé ãàìèëüòîíîâ öèêë σ îáõîäèò
âåðøèíû â ïîðÿäêå, â êîòîðîì îíè
ïîÿâëÿþòñÿ â E ïåðâûé ðàç

(w(σ) ⩽ w(E ) ⩽ 3
2
w∗).

Òåîðåìà

Àëãîðèòì Êðèñòîôèäåñà-Ñåðäþêîâà ÿâëÿåòñÿ
3/2-ïðèáëèæ¼ííûì äëÿ ìåòðè÷åñêîé TSP.
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Ïîñòðîèòü íà O ïàðîñî÷åòàíèå M
íàèìåíüøåãî âåñà (w(M) ⩽ 1

2
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Òåîðåìà
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3/2-ïðèáëèæ¼ííûì äëÿ ìåòðè÷åñêîé TSP.

Èëüÿ ×åðíûõ Çàäà÷à open shop ñ ìàðøðóòèçàöèåé è òîííåëÿìè 5 / 37



Âñòóïëåíèå: çàäà÷à ñåëüñêîãî ïî÷òàëüîíà (RPP)

Äàíî:

Âçâåøåííûé ñâÿçíûé ãðàô G = ⟨V ;E ⟩, w(e) � âåñ ðåáðà e ∈ E ,
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3/2-ïðèáëèæ¼ííûé àëãîðèòì äëÿ RPP
[Frederickson 1979]

1 Ðàññìîòðèì âñïîìîãàòåëüíûé ïîëíûé ãðàô G ′, âåðøèíàìè
êîòîðîãî ÿâëÿþòñÿ êîìïîíåíòû ñâÿçíîñòè â ãðàôå G (N), à
ðàññòîÿíèÿ ìåæäó âåðøèíàìè îïðåäåëÿþòñÿ äëèíàìè
êðàò÷àéøèõ öåïåé, ñîåäèíÿþùèõ ýòè êîìïîíåíòû â G .

2 Íàéòè â G ′ îñòîâíîå äåðåâî T ′ ìèíèìàëüíîãî âåñà. Ïîñòðîèòü
ãðàô G ′′ = T ′ ∪ N.

3 Ïóñòü O � ìíîæåñòâî âåðøèí íå÷¼òíîé ñòåïåíè â G ′′. Ïîñòðîèì
íà íèõ ïàðîñî÷åòàíèå ìèíèìàëüíîãî âåñà M.

4 Èñêîìûé ìàðøðóò � ýéëåðîâ îáõîä ãðàôà G ′′ ∪M.
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Çàäà÷à ñ òîííåëÿìè RO||Rmax

v0

v1

v2

v3

v4

v5

v6

v0 � áàçà.

Íåêîòîðûå âåðøèíû (áàçà è êðàñíûå) ñîäåðæàò ðàáîòû
(âîçìîæíî, íåñêîëüêî ðàáîò â âåðøèíå).

Íåêîòîðûå ð¼áðà (÷¼ðíûå) èñïîëüçóþòñÿ äëÿ ïåðåìåùåíèÿ.

Îñòàëüíûå ð¼áðà (äâîéíûå ñèíèå) � òîííåëè:

Ìîãóò áûòü èñïîëüçîâàíû äëÿ ïåðåìåùåíèÿ (èìåþò äëèíó).
Ñîäåðæàò ïî îäíîé ðàáîòå (äëèòåëüíîñòè îïåðàöèé!).
Ëþáîå êîëè÷åñòâî ìàøèí ìîãóò ïåðåìåùàòüñÿ ïî òîííåëþ
îäíîâðåìåííî, íî äâå ìàøèíû íå ìîãóò âûïîëíÿòü îïåðàöèè
îäíîâðåìåííî â îäíîì òîííåëå.
Ìàøèíà âûïîëíÿåò îïåðàöèþ â òîííåëå â ïðîöåññå
ïåðåìåùåíèÿ.

Òðåáóåòñÿ âûïîëíèòü âñå ðàáîòû è âåðíóòüñÿ íà áàçó ASAP.
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Ñâÿçü ìåæäó çàäà÷àìè RO2||Rmax è RO2||Rmax

1 RO2||Rmax � îáîáùåíèå çàäà÷è RO2||Rmax.

2 Ñâåäåíèå ñ ñîõðàíåíèåì íèæíåé îöåíêè:

Òåîðåìà

Ëþáîé ïðèìåð çàäà÷è RO2||Rmax ìîæíî ñâåñòè ê ïðèìåðó çàäà÷è

RO2|G = P + |Rmax ñ ñîõðàíåíèåì ñòàíäàðòíîé íèæíåé îöåíêè, ãäå

ñòðóêòóðà P+ èìååò âèä v0 v1

τ1

τ2

ñ îäíîé ðàáîòîé â v0 è íå

áîëåå òðåìÿ â v1.

Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2||Rmax

Ñòðóêòóðà G Îöåíêà âåðõíåé ãðàíèöû èíòåðâàëà

G = K2 6/5R̄
G = K3 6/5R̄
G = tree 6/5R̄
G = C4 5/4R̄
G ïðîèçâîëüíûé ⩽ 4/3R̄
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Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà äëÿ çàäà÷è ñ òîííåëÿìè

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà äëÿ ROm||Rmax

R̄ = max

{
ℓmax + T ∗,max

v∈V

(
dmax(v) + 2dist(v0, v)

)}

v0

v1 v2

v3

v4v5

v0

v1

v2

v3

v4
v5

v6

Çàäà÷à
êîìèâîÿæåðà

Çàäà÷à
äåðåâåíñêîãî
ïî÷òàëüîíà

� äëèíà
êðàò÷àéøåãî îáõîäà

â TSP.

T ∗
RPP � äëèíà

êðàò÷àéøåãî îáõîäà
â RPP.
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Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà äëÿ çàäà÷è ñ òîííåëÿìè

Îáîçíà÷åíèÿ ROm||Rmax

T ⊆ E � ìíîæåñòâî òîííåëåé, T ∗
RPP � îïòèìóì RPP,

∀τ = [v , u] ∈ T :
|τ | = w(τ) � âðåìÿ ïåðåìåùåíèÿ ïî τ ,
j(τ) � ðàáîòà, ðàñïîëîæåííàÿ â τ ,
dist(v0, τ) = min{dist(v0, v), dist(v0, u)}.

R = max

{
ℓmax + T ∗

RPP ,max
v∈V

(dmax(v) + 2dist(v0, v)) ,

max
τ∈T

(
dj(τ) + 2|τ |+ 2dist(v0, τ)

)}
.

M1

M2

dist(v0, v)

dist(v0, u)

|τ| + aj(τ)
dist(v0, u)

|τ| + bj(τ)
dist(v0, v)

v0

v

u

d
is
t
(v 0

, v
)

dist(v0 , u)

τ
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Ïðèáëèæ¼ííûé àëãîðèòì äëÿ RO2||Rmax

Òåîðåìà 1

Äëÿ çàäà÷è RO2||Rmax ñóùåñòâóåò 2-ïðèáëèæ¼ííûé àëãîðèòì.

Èäåÿ àëãîðèòìà

1 Íàéòè 3
2
-ïðèáëèæ¼ííîå ðåøåíèå äëÿ çàäà÷è äåðåâåíñêîãî

ïî÷òàëüîíà. Çàíóìåðîâàòü ðàáîòû â ñîîòâåòñòâèè ñ ýòèì
ðåøåíèåì.

2 Ìàøèíà M1 âûïîëíÿåò ðàáîòû â ïîðÿäêå ýòîé íóìåðàöèè, à M2

â îáðàòíîì ïîðÿäêå.

3 Â ñëó÷àå êîíôëèêòà ðàññìîòðåòü äâà âîçìîæíûõ ñïîñîáà åãî
ðàçðåøåíèÿ, âûáðàòü ëó÷øèé.
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Ïðèáëèæ¼ííûé àëãîðèòì äëÿ RO2||Rmax

Òåîðåìà 1

Äëÿ çàäà÷è RO2||Rmax ñóùåñòâóåò 2-ïðèáëèæ¼ííûé àëãîðèòì.

Èäåÿ àëãîðèòìà

1 Íàéòè 3
2
-ïðèáëèæ¼ííîå ðåøåíèå äëÿ çàäà÷è äåðåâåíñêîãî

ïî÷òàëüîíà. Çàíóìåðîâàòü ðàáîòû â ñîîòâåòñòâèè ñ ýòèì
ðåøåíèåì.

2 Ìàøèíà M1 âûïîëíÿåò ðàáîòû â ïîðÿäêå ýòîé íóìåðàöèè, à M2

â îáðàòíîì ïîðÿäêå.

3 Â ñëó÷àå êîíôëèêòà ðàññìîòðåòü äâà âîçìîæíûõ ñïîñîáà åãî
ðàçðåøåíèÿ, âûáðàòü ëó÷øèé.
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Àëãîðèòì A â äåòàëÿõ
1 Ïóñòü σ � ïðèáëèæ¼ííîå ðåøåíèå çàäà÷è RPP àëãîðèòìîì

Ôðåäåðèêñîíà. Îáîçíà÷èì ÷åðåç D íåêîòîðûé ïîðÿäîê ðàáîò,
ñîãëàñîâàííûé ñ σ, à ÷åðåç D−1 � ïðîòèâîïîëîæíûé ïîðÿäîê.

2 Ñòðîèì ðàñïèñàíèå S , â êîòîðîì ìàøèíà M1 âûïîëíÿåò ðàáîòû
áåç ïðîñòîåâ â ïîðÿäêå D, à ìàøèíà M2 � â ïîðÿäêå D−1. Åñëè
S ÿâëÿåòñÿ äîïóñòèìûì � âûâîäèì åãî è îñòàíàâëèâàåì
àëãîðèòì. Èíà÷å ïåðåõîäèì íà ñëåäóþùèé øàã.

3 Íàçîâ¼ì êîíôëèêòíîé ðàáîòó, âûïîëíåíèå êîòîðîé â S íàðóøàåò
äîïóñòèìîñòü. Ñ ó÷¼òîì âûáîðà ïîðÿäêîâ D è D−1 òàêàÿ ðàáîòà
åäèíñòâåííàÿ, îáîçíà÷èì å¼ ÷åðåç Jc .

4 Ïîñòðîèì äâà äîïóñòèìûõ ðàñïèñàíèÿ:
S1: ìàøèíà M1 âûïîëíÿåò îïåðàöèè â òî÷íîñòè êàê â S , ìàøèíà
M2 âûïîëíÿåò â ïîðÿäêå D−1, íî ïðîñòàèâàåò ïåðåä íà÷àëîì
îïåðàöèè ðàáîòû Jc äî îêîí÷àíèÿ îáðàáîòêè å¼ ìàøèíîé M1.
Äàëåå ïðîäîëæàåò áåç ïðîñòîåâ.
S1: ìàøèíà M2 âûïîëíÿåò îïåðàöèè â òî÷íîñòè êàê â S , ìàøèíà
M1 âûïîëíÿåò â ïîðÿäêå D, íî ïðîñòàèâàåò ïåðåä íà÷àëîì
îïåðàöèè ðàáîòû Jc äî îêîí÷àíèÿ îáðàáîòêè å¼ ìàøèíîé M2.
Äàëåå ïðîäîëæàåò áåç ïðîñòîåâ.

5 Âûâîäèì ëó÷øåå èç äâóõ ðàñïèñàíèé S1 è S2.
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Ñâîéñòâî àëãîðèòìà

Ëåììà

Ïóñòü SA � ðàñïèñàíèå, ïîñòðîåííîå àëãîðèòìîì A. Òîãäà

Rmax(SA) ⩽
3

2
T ∗
RPP+ℓmax+


0, åñëè êîíôëèêòà íå áûëî,
dc
2
, åñëè Jc íàõîäèòñÿ â âåðøèíå v ,

dc
2

+ |τ |, åñëè Jc íàõîäèòñÿ â òîííåëå τ .

Äîêàçàòåëüñòâî

Ñëó÷àé 1: êîíôëèêòà íå áûëî. Òîãäà ìàøèíû ðàáîòàþò áåç ïðîñòîåâ
è Rmax = ℓmax + w(σ) ⩽ ℓmax +

3
2
T ∗
RPP .
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Ñâîéñòâî àëãîðèòìà

Ëåììà

Ïóñòü SA � ðàñïèñàíèå, ïîñòðîåííîå àëãîðèòìîì A. Òîãäà

Rmax(SA) ⩽
3

2
T ∗
RPP+ℓmax+


0, åñëè êîíôëèêòà íå áûëî,
dc
2
, åñëè Jc íàõîäèòñÿ â âåðøèíå v ,

dc
2

+ |τ |, åñëè Jc íàõîäèòñÿ â òîííåëå τ .

Äîêàçàòåëüñòâî

Ñëó÷àé 1: êîíôëèêòà íå áûëî. Òîãäà ìàøèíû ðàáîòàþò áåç ïðîñòîåâ
è Rmax = ℓmax + w(σ) ⩽ ℓmax +

3
2
T ∗
RPP .
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Ñâîéñòâî àëãîðèòìà (ïðîäîëæåíèå)

Äîêàçàòåëüñòâî

Ñëó÷àé 2. Êîíôëèêòíàÿ ðàáîòà â âåðøèíå v .

M1

M2

ac

bc
x

Ôðàãìåíò ðàñïèñàíèÿ S

M1

M2

ac

bc
δ2

x

Ôðàãìåíò ðàñïèñàíèÿ S1

M1

M2

ac

bc

δ1

x

Ôðàãìåíò ðàñïèñàíèÿ S2

Rmax(S1) ⩽ ℓ2 +
3

2
T ∗
RPP + δ2 = ℓ2 +

3

2
T ∗
RPP + ac − x ,

Rmax(S2) ⩽ ℓ1 +
3

2
T ∗
RPP + δ1 = ℓ1 +

3

2
T ∗
RPP + bc + x ,

min{Rmax(S1),Rmax(S2)} ⩽
1

2
(Rmax(S1)+Rmax(S2)) ⩽ ℓmax+

3

2
T ∗
RPP+

dc
2
.
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Ñâîéñòâî àëãîðèòìà (ïðîäîëæåíèå)

Äîêàçàòåëüñòâî

Ñëó÷àé 3. Êîíôëèêòíàÿ ðàáîòà â òîííåëå τ .

M1

M2

aj + |τ|

bj + |τ|

x

Ôðàãìåíò ðàñïèñàíèÿ S

M1

M2

aj + |τ|

bj + |τ|δ2
x

Ôðàãìåíò ðàñïèñàíèÿ S1

M1

M2

aj + |τ|

bj + |τ|

δ1

x

Ôðàãìåíò ðàñïèñàíèÿ S2

Rmax(S1) ⩽ ℓ2 +
3

2
T ∗
RPP + δ2 = ℓ2 +

3

2
T ∗
RPP + ac + |τ | − x ,

Rmax(S2) ⩽ ℓ1 +
3

2
T ∗
RPP + δ1 = ℓ1 +

3

2
T ∗
RPP + bc + |τ |+ x ,

min{Rmax(S1),Rmax(S2)} ⩽ ℓmax +
3

2
T ∗
RPP +

dc
2

+ |τ |.
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Äîêàçàòåëüñòâî 2-ïðèáëèæ¼ííîñòè

R = max

{
ℓmax + T∗

RPP ,max
v∈V

(dmax(v) + 2dist(v0, v)) ,

max
τ∈T

(
dj(τ) + 2|τ |+ 2dist(v0, τ)

)}
.

Rmax(SA) ⩽
3

2
T∗
RPP + ℓmax +


0, åñëè êîíôëèêòà íå áûëî,
dc

2
, åñëè Jc íàõîäèòñÿ â âåðøèíå v ,

dc

2
+ |τ |, åñëè Jc íàõîäèòñÿ â òîííåëå τ .
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Äîêàçàòåëüñòâî 2-ïðèáëèæ¼ííîñòè

R = max

{
ℓmax + T∗

RPP ,max
v∈V

(dmax(v) + 2dist(v0, v)) ,

max
τ∈T

(
dj(τ) + 2|τ |+ 2dist(v0, τ)

)}
.

Rmax(SA) ⩽
3

2
T∗
RPP + ℓmax +


0, åñëè êîíôëèêòà íå áûëî,
dc

2
, åñëè Jc íàõîäèòñÿ â âåðøèíå v ,

dc

2
+ |τ |, åñëè Jc íàõîäèòñÿ â òîííåëå τ .

Ñëó÷àé 1. Rmax(SA) ⩽ 3
2
T ∗
RPP + ℓmax.

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax ⩽

3

2
(T ∗

RPP + ℓmax) ⩽
3

2
R ⩽ 2R.
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Äîêàçàòåëüñòâî 2-ïðèáëèæ¼ííîñòè

R = max

{
ℓmax + T∗

RPP ,max
v∈V

(dmax(v) + 2dist(v0, v)) ,

max
τ∈T

(
dj(τ) + 2|τ |+ 2dist(v0, τ)

)}
.

Rmax(SA) ⩽
3

2
T∗
RPP + ℓmax +


0, åñëè êîíôëèêòà íå áûëî,
dc

2
, åñëè Jc íàõîäèòñÿ â âåðøèíå v ,

dc

2
+ |τ |, åñëè Jc íàõîäèòñÿ â òîííåëå τ .

Ñëó÷àé 2. Rmax(SA) ⩽ 3
2
T ∗
RPP + ℓmax + dc/2.

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

2ℓmax

2
=

3

2
T ∗
RPP + 2ℓmax ⩽ 2R.
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Äîêàçàòåëüñòâî 2-ïðèáëèæ¼ííîñòè

R = max

{
ℓmax + T∗

RPP ,max
v∈V

(dmax(v) + 2dist(v0, v)) ,

max
τ∈T

(
dj(τ) + 2|τ |+ 2dist(v0, τ)

)}
.

Rmax(SA) ⩽
3

2
T∗
RPP + ℓmax +


0, åñëè êîíôëèêòà íå áûëî,
dc

2
, åñëè Jc íàõîäèòñÿ â âåðøèíå v ,

dc

2
+ |τ |, åñëè Jc íàõîäèòñÿ â òîííåëå τ .

Ñëó÷àé 3. Rmax(SA) ⩽ 3
2
T ∗
RPP + ℓmax + dc/2+ |τ |.

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

2ℓmax

2
+

1

2
T ∗
RPP ⩽ 2R.
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Ïîïûòêà óëó÷øèòü îöåíêó òî÷íîñòè

Ñëó÷àé 1: 3/2.

Ñëó÷àé 2: 2.

Ñëó÷àé 3: 2.

Ñëó÷àé 2:
Ñëó÷àé 2.1. dc ⩽ T ∗

RPP + ℓmax.

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

T ∗
RPP + ℓmax

2
= 2T ∗

RPP +
3

2
ℓmax

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

2ℓmax

2
=

3

2
T ∗
RPP + 2ℓmax

Ñëó÷àé 2.2. dc > T ∗
RPP + ℓmax ⩾ T ∗

RPP + 1
2
dc , ñëåäîâàòåëüíî

1
2
dc ⩾ T ∗

RPP :

Rmax(SA) ⩽ (T ∗
RPP + ℓmax) +

1

2
T ∗
RPP +

dc
2

⩽ dc +
3

4
dc ⩽

7

4
R.
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Ïîïûòêà óëó÷øèòü îöåíêó òî÷íîñòè

Ñëó÷àé 1: 3/2.

Ñëó÷àé 2: 2.

Ñëó÷àé 3: 2.

Ñëó÷àé 2:
Ñëó÷àé 2.1. dc ⩽ T ∗

RPP + ℓmax.

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

T ∗
RPP + ℓmax

2
= 2T ∗

RPP +
3

2
ℓmax

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

2ℓmax

2
=

3

2
T ∗
RPP + 2ℓmax

Ñëó÷àé 2.2. dc > T ∗
RPP + ℓmax ⩾ T ∗

RPP + 1
2
dc , ñëåäîâàòåëüíî

1
2
dc ⩾ T ∗

RPP :

Rmax(SA) ⩽ (T ∗
RPP + ℓmax) +

1

2
T ∗
RPP +

dc
2

⩽ dc +
3

4
dc ⩽

7

4
R.
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Ïîïûòêà óëó÷øèòü îöåíêó òî÷íîñòè

Ñëó÷àé 1: 3/2.

Ñëó÷àé 2: 7/4.

Ñëó÷àé 3: 2.

Ñëó÷àé 2:
Ñëó÷àé 2.1. dc ⩽ T ∗

RPP + ℓmax.

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

T ∗
RPP + ℓmax

2
= 2T ∗

RPP +
3

2
ℓmax

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

2ℓmax

2
=

3

2
T ∗
RPP + 2ℓmax

Ñëó÷àé 2.2. dc > T ∗
RPP + ℓmax ⩾ T ∗

RPP + 1
2
dc , ñëåäîâàòåëüíî

1
2
dc ⩾ T ∗

RPP :

Rmax(SA) ⩽ (T ∗
RPP + ℓmax) +

1

2
T ∗
RPP +

dc
2

⩽ dc +
3

4
dc ⩽

7

4
R.
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Lifehack: íàõîæäåíèå îöåíêè òî÷íîñòè àëãîðèòìà

Ñëó÷àé 2: Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax + dc/2

R ⩾ max {ℓmax + T ∗
RPP , dc}

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc
LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1
c1 ⩽ 2L

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 ⩽ 1,

c1 ⩽ 2L,
3
2
T + L+ c1

2
⩾ ρ,

T , L, c1, ρ ⩾ 0

Îïòèìàëüíîå ðåøåíèå

L =
1

2
, T =

1

2
, c1 = 1, ρ =

7

4
.
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Lifehack: íàõîæäåíèå îöåíêè òî÷íîñòè àëãîðèòìà

Ñëó÷àé 2: Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax + dc/2

R ⩾ max {ℓmax + T ∗
RPP , dc}

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc
LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1
c1 ⩽ 2L

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 ⩽ 1,

c1 ⩽ 2L,
3
2
T + L+ c1

2
⩾ ρ,

T , L, c1, ρ ⩾ 0

Îïòèìàëüíîå ðåøåíèå

L =
1

2
, T =

1

2
, c1 = 1, ρ =

7

4
.
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Lifehack: íàõîæäåíèå îöåíêè òî÷íîñòè àëãîðèòìà

Ñëó÷àé 2: Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax + dc/2

R ⩾ max {ℓmax + T ∗
RPP , dc}

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc
LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1
c1 ⩽ 2L

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 ⩽ 1,

c1 ⩽ 2L,
3
2
T + L+ c1

2
⩾ ρ,

T , L, c1, ρ ⩾ 0

Îïòèìàëüíîå ðåøåíèå

L =
1

2
, T =

1

2
, c1 = 1, ρ =

7

4
.
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Lifehack: íàõîæäåíèå îöåíêè òî÷íîñòè àëãîðèòìà

Ñëó÷àé 2: Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax + dc/2

R ⩾ max {ℓmax + T ∗
RPP , dc}

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc
LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1
c1 ⩽ 2L

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 ⩽ 1,

c1 ⩽ 2L,
3
2
T + L+ c1

2
⩾ ρ,

T , L, c1, ρ ⩾ 0

Îïòèìàëüíîå ðåøåíèå

L =
1

2
, T =

1

2
, c1 = 1, ρ =

7

4
.
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Lifehack: íàõîæäåíèå îöåíêè òî÷íîñòè àëãîðèòìà

Ñëó÷àé 2: Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax + dc/2

R ⩾ max {ℓmax + T ∗
RPP , dc}

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc
LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1
c1 ⩽ 2L

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 ⩽ 1,

c1 ⩽ 2L,
3
2
T + L+ c1

2
⩾ ρ,

T , L, c1, ρ ⩾ 0

Îïòèìàëüíîå ðåøåíèå

L =
1

2
, T =

1

2
, c1 = 1, ρ =

7

4
.
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Lifehack: íàõîæäåíèå îöåíêè òî÷íîñòè àëãîðèòìà

Ñëó÷àé 3: Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax + dc/2+ |τ |

R ⩾ max {ℓmax + T ∗
RPP , dc + 2|τ |}

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc
t1 = |τ |
LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1
c1 ⩽ 2L
2t1 ⩽ T

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 ⩽ 1,

c1 ⩽ 2L,

2t1 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

T , L, c1, ρ ⩾ 0

Îïòèìàëüíîå ðåøåíèå

L = 0, T = 1, c1 = 0, t1 = 1/2, ρ = 2.
Èëüÿ ×åðíûõ Çàäà÷à open shop ñ ìàðøðóòèçàöèåé è òîííåëÿìè 20 / 37



Íîâûé ïðèáëèæ¼ííûé àëãîðèòì äëÿ RO2||Rmax

Òåîðåìà 2

Äëÿ çàäà÷è RO2||Rmax ñóùåñòâóåò 23/12-ïðèáëèæ¼ííûé àëãîðèòì.

Äîêàçàòåëüñòâî

Øàã 1: Ïîñòðîèì ðàñïèñàíèå SA àëãîðèòìîì èç Òåîðåìû 1.
Ïðåäïîëàãàåì, ÷òî êîíôëèêòíàÿ ðàáîòà Jc1 íàõîäèòñÿ â òîííåëå τ1

Rmax(SA) ⩽
3

2
T ∗
RPP + ℓmax +

dc1
2

+ |τ1|

(ñëó÷àé 3, èíà÷å îöåíêà íå õóæå 7
4
).
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Èäåÿ ïîñòðîåíèÿ âòîðîãî ðàñïèñàíèÿ

Àëãîðèòì â Òåîðåìå 1 îïèðàëñÿ
íà ïðèáëèæåííîå ðåøåíèå σ1
çàäà÷è RPP, ïîñòðîåííîå
àëãîðèòìîì Ôðåäåðèêñîíà:

σ1

v0

τ1

Õî÷åòñÿ ïîñòðîèòü îáõîä σ2,
êîòîðûé ñîäåðæèò �ðåáðî�,
ñîîòâåòñòâóþùåå ðàññòîÿíèþ îò
v0 äî τ1:

σ2

v0

τ
1

dist(v
0 , τ

1 )

x
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Èäåÿ ïîñòðîåíèÿ âòîðîãî ðàñïèñàíèÿ

Àëãîðèòì â Òåîðåìå 1 îïèðàëñÿ
íà ïðèáëèæåííîå ðåøåíèå σ1
çàäà÷è RPP, ïîñòðîåííîå
àëãîðèòìîì Ôðåäåðèêñîíà:

σ1

v0

τ1

Õî÷åòñÿ ïîñòðîèòü îáõîä σ2,
êîòîðûé ñîäåðæèò �ðåáðî�,
ñîîòâåòñòâóþùåå ðàññòîÿíèþ îò
v0 äî τ1:

σ2

v0

τ
1

dist(v
0 , τ

1 )

x
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Ïîñòðîåíèå îáõîäà σ2

Àëãîðèòì Ôðåäåðèêñîíà

1 Ðàññìîòðèì âñïîìîãàòåëüíûé ïîëíûé ãðàô G ′ íà êîìïîíåíòàõ
ñâÿçíîñòè â ãðàôå G (N).

2 Íàéòè â G ′ îñòîâíîå äåðåâî T ′ ìèíèìàëüíîãî âåñà. Ïîñòðîèòü
ãðàô G ′′ = T ′ ∪ N.

3 Ïóñòü O � ìíîæåñòâî âåðøèí íå÷¼òíîé ñòåïåíè â G ′′. Ïîñòðîèì
íà íèõ ïàðîñî÷åòàíèå ìèíèìàëüíîãî âåñà M.

4 Èñêîìûé ìàðøðóò � ýéëåðîâ îáõîä ãðàôà G ′′ ∪M.

Óòâåðæäåíèå

w(σ2) ⩽
3

2
w∗ + w(x).
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Ïîñòðîåíèå îáõîäà σ2

Ìîäèôèêàöèÿ àëãîðèòì Ôðåäåðèêñîíà

1 Ðàññìîòðèì âñïîìîãàòåëüíûé ïîëíûé ãðàô G ′ íà êîìïîíåíòàõ
ñâÿçíîñòè â ãðàôå G (N).

2 Íàéòè â G ′ îñòîâíîå äåðåâî T ′ ìèíèìàëüíîãî âåñà. Ïîñòðîèòü
ãðàô G ′′ = T ′ ∪ N ∪ {x}.

3 Ïóñòü O � ìíîæåñòâî âåðøèí íå÷¼òíîé ñòåïåíè â G ′′. Ïîñòðîèì
íà íèõ ïàðîñî÷åòàíèå ìèíèìàëüíîãî âåñà M.

4 Èñêîìûé ìàðøðóò � ýéëåðîâ îáõîä ãðàôà G ′′ ∪M.

Óòâåðæäåíèå

w(σ2) ⩽
3

2
w∗ + w(x).

Èëüÿ ×åðíûõ Çàäà÷à open shop ñ ìàðøðóòèçàöèåé è òîííåëÿìè 23 / 37



Ïîñòðîåíèå îáõîäà σ2

Ìîäèôèêàöèÿ àëãîðèòì Ôðåäåðèêñîíà

1 Ðàññìîòðèì âñïîìîãàòåëüíûé ïîëíûé ãðàô G ′ íà êîìïîíåíòàõ
ñâÿçíîñòè â ãðàôå G (N).

2 Íàéòè â G ′ îñòîâíîå äåðåâî T ′ ìèíèìàëüíîãî âåñà. Ïîñòðîèòü
ãðàô G ′′ = T ′ ∪ N ∪ {x}.

3 Ïóñòü O � ìíîæåñòâî âåðøèí íå÷¼òíîé ñòåïåíè â G ′′. Ïîñòðîèì
íà íèõ ïàðîñî÷åòàíèå ìèíèìàëüíîãî âåñà M.

4 Èñêîìûé ìàðøðóò � ýéëåðîâ îáõîä ãðàôà G ′′ ∪M.

Óòâåðæäåíèå

w(σ2) ⩽
3

2
w∗ + w(x).
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Øàã 2: Ïîñòðîèòü ðàñïèñàíèå SB àíàëîãè÷íî àëãîðèòìó A èç
Òåîðåìû 1, òîëüêî èñïîëüçóÿ îáõîä σ2 âìåñòî σ1.

Ëåììà

Ïóñòü SB � ðàñïèñàíèå, ïîñòðîåííîå íà Øàãå 2. Òîãäà

Rmax(SB) ⩽
3

2
T ∗
RPP + ℓmax + dist(v0, τ1)+

+


0, åñëè êîíôëèêòà íå áûëî

èëè êîíôëèêò â τ1,

dc2/2, åñëè Jc2 íàõîäèòñÿ â âåðøèíå v ,

dc2/2+ |τ2|, åñëè Jc2 íàõîäèòñÿ â òîííåëå τ2 ̸= τ1.
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Ïîÿñíåíèå: êîíôëèêò îïÿòü â τ1

M1

M2

dist(v0, τ1)
a1 + |τ1|

b1 + |τ1|
dist(v0, τ1)

C (M1) ⩽
3

2
T ∗
RPP + dist(v0, τ1) + ℓmax

C (M2) = 2dist(v0, τ1) + dc1 + 2|τ1| ⩽ R.
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 1: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1).

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
t1 = |τ1|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
c1 ⩽ 2L
2x + t1 ⩽ T

ρ∗ =
7

4

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c1 ⩽ 2L,

2x + t1 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x ⩾ ρ,

T , L, c1, t1, x , ρ ⩾ 0
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 1: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1).

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
t1 = |τ1|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
c1 ⩽ 2L
2x + t1 ⩽ T

ρ∗ =
7

4

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c1 ⩽ 2L,

2x + t1 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x ⩾ ρ,

T , L, c1, t1, x , ρ ⩾ 0
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 1: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1).

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
t1 = |τ1|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
c1 ⩽ 2L
2x + t1 ⩽ T

ρ∗ =
7

4

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c1 ⩽ 2L,

2x + t1 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x ⩾ ρ,

T , L, c1, t1, x , ρ ⩾ 0

Èëüÿ ×åðíûõ Çàäà÷à open shop ñ ìàðøðóòèçàöèåé è òîííåëÿìè 26 / 37



Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 2: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

.

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
c2 = dc2
t1 = |τ1|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
LB ⩾ c2
c1 + c2 ⩽ 2L
2x + t1 ⩽ T

ρ∗ =
7

4

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c2 ⩽ 1,

c1 + c2 ⩽ 2L,

2x + t1 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x + c2

2
⩾ ρ,

T , L, c1, c2, t1, x , ρ ⩾ 0
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 2: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

.

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
c2 = dc2
t1 = |τ1|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
LB ⩾ c2
c1 + c2 ⩽ 2L
2x + t1 ⩽ T

ρ∗ =
7

4

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c2 ⩽ 1,

c1 + c2 ⩽ 2L,

2x + t1 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x + c2

2
⩾ ρ,

T , L, c1, c2, t1, x , ρ ⩾ 0
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 2: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

.

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
c2 = dc2
t1 = |τ1|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
LB ⩾ c2
c1 + c2 ⩽ 2L
2x + t1 ⩽ T

ρ∗ =
7

4

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c2 ⩽ 1,

c1 + c2 ⩽ 2L,

2x + t1 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x + c2

2
⩾ ρ,

T , L, c1, c2, t1, x , ρ ⩾ 0
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 3: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

+ |τ2|.

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
c2 = dc2
t1 = |τ1|
t2 = |τ2|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
LB ⩾ c2 + 2t2
c1 + c2 ⩽ 2L
2x + t1 ⩽ T
x + t1 + t2 ⩽ T

ρ∗ = 2

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c2+ 2t1 ⩽ 1,

c1 + c2 ⩽ 2L,

2x + t1 ⩽ T ,

x + t1 + t2 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x + c2

2
+ t2 ⩾ ρ,

T , L, c1, c2, t1, t2, x , ρ ⩾ 0
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Ñëó÷àé 3: Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

+ |τ2|.

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

c1 = dc1
c2 = dc2
t1 = |τ1|
t2 = |τ2|
x = dist(v0, τ1)

LB = R

Íèæíèå îöåíêè è
äîïîëíèòåëüíûå
íåðàâåíñòâà

LB ⩾ T + L
LB ⩾ c1 + 2t1 + 2x
LB ⩾ c2 + 2t2
c1 + c2 ⩽ 2L
2x + t1 ⩽ T
x + t1 + t2 ⩽ T

ρ∗ = 2

ÇËÏ

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c2+ 2t1 ⩽ 1,

c1 + c2 ⩽ 2L,

2x + t1 ⩽ T ,

x + t1 + t2 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x + c2

2
+ t2 ⩾ ρ,

T , L, c1, c2, t1, t2, x , ρ ⩾ 0
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Èäåÿ ïîñòðîåíèÿ òðåòüåãî ðàñïèñàíèÿ

Õî÷åòñÿ ïîñòðîèòü îáõîä σ3, êîòîðûé ñîäåðæèò �ðåáðà�,
ñîîòâåòñòâóþùèå ðàññòîÿíèÿì îò v0 äî τ1 è îò v0 äî τ2:

σ3

v0

τ
1 τ 2

dist(v
0 , τ

1 )

x

di
st
(v0

, τ2
)y

Óòâåðæäåíèå

w(σ3) ⩽
3

2
w∗ + w(x) + w(y).
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v0

τ
1 τ 2

dist(v
0 , τ

1 )

x
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(v0

, τ2
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Øàã 3: Ïîñòðîèòü ðàñïèñàíèå SC àíàëîãè÷íî àëãîðèòìó A èç
Òåîðåìû 1, òîëüêî èñïîëüçóÿ îáõîä σ3 âìåñòî σ1.

Ëåììà

Ïóñòü SC � ðàñïèñàíèå, ïîñòðîåííîå íà Øàãå 2. Òîãäà

Rmax(SC ) ⩽
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) + dist(v0, τ2)+

+


0, åñëè êîíôëèêòà íå áûëî

èëè êîíôëèêò â τ1 èëè â τ2,

dc3/2, åñëè Jc3 íàõîäèòñÿ â âåðøèíå v ,

dc3/2+ |τ3|, åñëè Jc3 íàõîäèòñÿ â òîííåëå τ3.
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

+ |τ2|,

Ñëó÷àé 1: Rmax(SC ) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) + dist(v0, τ2).

R ⩾ max{T ∗
RPP+ℓmax, dc1+2dist(v0, τ1)+2|τ1|, dc2+2dist(v0, τ2)+2|τ2|}.

Ïðè ýòîì

dist(v0, τ1) + |τ1|+ |τ2|+ dist(v0, τ2) ⩽ T ∗
RPP ,

dc1 + dc2 ⩽ 2ℓmax.

Ïðè ðåøåíèè ñîîòâåòñòâóþùåé ÇËÏ ïîëó÷àåì ρ∗ = 15
8
.
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

+ |τ2|,

Ñëó÷àé 2: Rmax(SC ) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) + dist(v0, τ2) +

dc3
2

.

R ⩾ max{T ∗
RPP+ℓmax, dc1+2dist(v0, τ1)+2|τ1|, dc2+2dist(v0, τ2)+2|τ2|}.

Ïðè ýòîì

dist(v0, tau1) + |τ1|+ |τ2|+ dist(v0, τ2) ⩽ T ∗
RPP ,

dc1 + dc2 + dc3 ⩽ 2ℓmax.

Ïðè ðåøåíèè ñîîòâåòñòâóþùåé ÇËÏ ïîëó÷àåì ρ∗ = 15
8
.
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Ïðîäîëæåíèå äîêàçàòåëüñòâà Òåîðåìû 2

Rmax(SA) =
3

2
T ∗
RPP + ℓmax + dc1/2+ |τ1|,

Rmax(SB) =
3

2
T ∗
RPP + ℓmax + dist(v0, τ1) +

dc2
2

+ |τ2|,

Ñëó÷àé 3: Rmax(SC ) =
3

2
T ∗
RPP+ℓmax+dist(v0, τ1)+dist(v0, τ2)+

dc3
2

+|τ3|.

R ⩾ max{T ∗
RPP+ℓmax, dc1+2dist(v0, τ1)+2|τ1|, dc2+2dist(v0, τ2)+2|τ2|}.

Ïðè ýòîì

dist(v0, τ1) + |τ1|+ |τ2|+ dist(v0, τ2) ⩽ T ∗
RPP ,

min{dist(v0, τ1), dist(v0, τ2)}+ |τ1|+ |τ2|+ |τ3| ⩽ T ∗
RPP ,

dc1 + dc2 + dc3 ⩽ 2ℓmax.

Ïðè ðåøåíèè ñîîòâåòñòâóþùåé ÇËÏ ïîëó÷àåì ρ∗ = 23
12
.
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ÇËÏ äëÿ ïîñëåäíåãî ñëó÷àÿ

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax

t1,2,3 = |τ1,2,3|
c1,2,3 = dc1,2,3
x = dist(v0, τ1)
y = dist(v0, τ2)

ρ → max

T + L ⩽ 1,

c1 + 2t1 + 2x ⩽ 1,

c2 + 2t2 + 2y ⩽ 1,

c1 + c2 + c3 ⩽ 2L,

x + y + t1 + t2 ⩽ T ,

x ⩽ y ,

x + t1 + t2 + t3 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x + c2

2
+ t2 ⩾ ρ,

3
2
T + L+ x + y + c3

2
+ t3 ⩾ ρ,

T , L, c1, c2, c3, t1, t2, t3, x , y ⩾ 0.

Îïòèìàëüíîå ðåøåíèå

L = c1 = c2 = c3 = 0,T = 1, x =
1

12
, y =

1

6
, t1 =

5

12
, t2 =

1

3
, t3 =

1

6
, ρ =

23

12
.
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ÇËÏ äëÿ ïîñëåäíåãî ñëó÷àÿ

Îáîçíà÷åíèÿ

T = T ∗
RPP

L = ℓmax
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x + t1 + t2 + t3 ⩽ T ,
3
2
T + L+ c1

2
+ t1 ⩾ ρ,

3
2
T + L+ x + c2

2
+ t2 ⩾ ρ,

3
2
T + L+ x + y + c3

2
+ t3 ⩾ ρ,
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Îïòèìàëüíîå ðåøåíèå

L = c1 = c2 = c3 = 0,T = 1, x =
1

12
, y =

1

6
, t1 =

5

12
, t2 =

1

3
, t3 =

1

6
, ρ =

23

12
.
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Ñòðóêòóðà äîêàçàòåëüñòâà
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Çàêëþ÷èòåëüíûå çàìå÷àíèÿ
1 Òåîðåìà 1 ïîâòîðÿåò èäåþ [Averbakh, Berman, Ch 2006]

ïîñòðîåíèÿ 7
4
-ïðèáëèæåííîãî àëãîðèòìà äëÿ RO2||Rmax.

2 Èäåÿ ïîñòðîåíèÿ �èñïîð÷åííîãî� ïðèáëèæåííîãî îáõîäà
ïðèíàäëåæèò À.Â. Êîíîíîâó. Íà íåé îñíîâàí 13

8
ïðèáëèæåííûé

àëãîðèòì èç [Ch, Kononov, Sevastyanov 2013].

3 Îáîñíîâàíèÿ îöåíîê ñ ïîìîùüþ ÇËÏ êîððåêòíû, íî òðóäíî
âîñïðèíèìàþòñÿ. Â ñòàòüå îïèñûâàþòñÿ äîêàçàòåëüñòâà ÷åðåç
öåïî÷êè íåðàâåíñòâ (êàê â Òåîðåìå 1). Íàøè ÇËÏ ãàðàíòèðóþò,
÷òî òàêèå äîêàçàòåëüñòâà ñóùåñòâóþò.

4 Ñóùåñòâóåò åùå îäèí lifehack, êîòîðûé ïîçâîëÿåò
àâòîìàòèçèðîâàòü ïîñòðîåíèå äîêàçàòåëüñòâ â âèäå öåïî÷åê
íåðàâåíñòâ.

5 Â ïîñëåäíåì ñëó÷àå äîêàçàòåëüñòâà Òåîðåìû 2: åñëè
èñïîëüçîâàòü íåðàâåíñòâî
dist(v0, τ1) + dist(v0, τ2) + |τ1|+ |τ2|+ |τ3| ⩽ T ∗

RPP , îêîí÷àòåëüíàÿ
îöåíêà òî÷íîñòè ïîëó÷àåòñÿ 15/8 (âìåñòî 23/12). Ê ñîæàëåíèþ,
ìû íå ìîæåì ãàðàíòèðîâàòü ýòî íåðàâåíñòâî. Âìåñòî íåãî
èñïîëüçóþòñÿ äâà äðóãèõ:

dist(v0, τ1) + dist(v0, τ2) + |τ1|+ |τ2| ⩽ T ∗
RPP ,

min{dist(v0, τ1), dist(v0, τ2)}+ |τ1|+ |τ2|+ |τ3| ⩽ T ∗
RPP .
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àëãîðèòì èç [Ch, Kononov, Sevastyanov 2013].
3 Îáîñíîâàíèÿ îöåíîê ñ ïîìîùüþ ÇËÏ êîððåêòíû, íî òðóäíî
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öåïî÷êè íåðàâåíñòâ (êàê â Òåîðåìå 1). Íàøè ÇËÏ ãàðàíòèðóþò,
÷òî òàêèå äîêàçàòåëüñòâà ñóùåñòâóþò.

4 Ñóùåñòâóåò åùå îäèí lifehack, êîòîðûé ïîçâîëÿåò
àâòîìàòèçèðîâàòü ïîñòðîåíèå äîêàçàòåëüñòâ â âèäå öåïî÷åê
íåðàâåíñòâ.

5 Â ïîñëåäíåì ñëó÷àå äîêàçàòåëüñòâà Òåîðåìû 2: åñëè
èñïîëüçîâàòü íåðàâåíñòâî
dist(v0, τ1) + dist(v0, τ2) + |τ1|+ |τ2|+ |τ3| ⩽ T ∗

RPP , îêîí÷àòåëüíàÿ
îöåíêà òî÷íîñòè ïîëó÷àåòñÿ 15/8 (âìåñòî 23/12). Ê ñîæàëåíèþ,
ìû íå ìîæåì ãàðàíòèðîâàòü ýòî íåðàâåíñòâî. Âìåñòî íåãî
èñïîëüçóþòñÿ äâà äðóãèõ:

dist(v0, τ1) + dist(v0, τ2) + |τ1|+ |τ2| ⩽ T ∗
RPP ,

min{dist(v0, τ1), dist(v0, τ2)}+ |τ1|+ |τ2|+ |τ3| ⩽ T ∗
RPP .
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Çàêëþ÷èòåëüíûå çàìå÷àíèÿ
1 Òåîðåìà 1 ïîâòîðÿåò èäåþ [Averbakh, Berman, Ch 2006]

ïîñòðîåíèÿ 7
4
-ïðèáëèæåííîãî àëãîðèòìà äëÿ RO2||Rmax.

2 Èäåÿ ïîñòðîåíèÿ �èñïîð÷åííîãî� ïðèáëèæåííîãî îáõîäà
ïðèíàäëåæèò À.Â. Êîíîíîâó. Íà íåé îñíîâàí 13

8
ïðèáëèæåííûé

àëãîðèòì èç [Ch, Kononov, Sevastyanov 2013].
3 Îáîñíîâàíèÿ îöåíîê ñ ïîìîùüþ ÇËÏ êîððåêòíû, íî òðóäíî

âîñïðèíèìàþòñÿ. Â ñòàòüå îïèñûâàþòñÿ äîêàçàòåëüñòâà ÷åðåç
öåïî÷êè íåðàâåíñòâ (êàê â Òåîðåìå 1). Íàøè ÇËÏ ãàðàíòèðóþò,
÷òî òàêèå äîêàçàòåëüñòâà ñóùåñòâóþò.

4 Ñóùåñòâóåò åùå îäèí lifehack, êîòîðûé ïîçâîëÿåò
àâòîìàòèçèðîâàòü ïîñòðîåíèå äîêàçàòåëüñòâ â âèäå öåïî÷åê
íåðàâåíñòâ.

5 Â ïîñëåäíåì ñëó÷àå äîêàçàòåëüñòâà Òåîðåìû 2: åñëè
èñïîëüçîâàòü íåðàâåíñòâî
dist(v0, τ1) + dist(v0, τ2) + |τ1|+ |τ2|+ |τ3| ⩽ T ∗

RPP , îêîí÷àòåëüíàÿ
îöåíêà òî÷íîñòè ïîëó÷àåòñÿ 15/8 (âìåñòî 23/12). Ê ñîæàëåíèþ,
ìû íå ìîæåì ãàðàíòèðîâàòü ýòî íåðàâåíñòâî. Âìåñòî íåãî
èñïîëüçóþòñÿ äâà äðóãèõ:

dist(v0, τ1) + dist(v0, τ2) + |τ1|+ |τ2| ⩽ T ∗
RPP ,

min{dist(v0, τ1), dist(v0, τ2)}+ |τ1|+ |τ2|+ |τ3| ⩽ T ∗
RPP .
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Îòêðûòûå âîïðîñû íà áóäóùåå

1 Óëó÷øèòü îöåíêó òî÷íîñòè àëãîðòèìà (ñëåäóþùàÿ öåëü � 15
8
)

2 Èññëåäîâàòü îáîáùåííóþ ïîñòàíîâêó çàäà÷è ñ
èíäèâèäóàëüíûìè âðåìåíàìè ïåðåìåùåíèÿ

3 Èññëåäîâàòü ÷àñòíûé ñëó÷àé çàäà÷è ñ ñîðàçìåðíûìè
äëèòåëüíîñòÿìè îïåðàöèé.

Ñïàñèáî çà âíèìàíèå!
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Îòêðûòûå âîïðîñû íà áóäóùåå

1 Óëó÷øèòü îöåíêó òî÷íîñòè àëãîðòèìà (ñëåäóþùàÿ öåëü � 15
8
)

2 Èññëåäîâàòü îáîáùåííóþ ïîñòàíîâêó çàäà÷è ñ
èíäèâèäóàëüíûìè âðåìåíàìè ïåðåìåùåíèÿ

3 Èññëåäîâàòü ÷àñòíûé ñëó÷àé çàäà÷è ñ ñîðàçìåðíûìè
äëèòåëüíîñòÿìè îïåðàöèé.

Ñïàñèáî çà âíèìàíèå!
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