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Ïîñòàíîâêà çàäà÷è open shop Om||Cmax

Âõîäíûå äàííûå p11 p21 · · · pn1
...

...
...

p1m p2m · · · pnm


Ðàñïèñàíèå

Äëÿ êàæäîé îïåðàöèè Oji íàçíà÷èòü èíòåðâàë âûïîëíåíèÿ [sji , cji ],
cji = sji + pji .

Îãðàíè÷åíèÿ

Îïåðàöèè îäíîé ìàøèíû èëè îïåðàöèè îäíîé ðàáîòû íå
äîëæíû âûïîëíÿòüñÿ îäíîâðåìåííî.

Îïåðàöèè ìîãóò âûïîëíÿòüñÿ â ïðîèçâîëüíîì ïîðÿäêå.

Öåëåâàÿ ôóíêöèÿ (makespan, Cmax)

Öåëü: ìèíèìèçèðîâàòü äëèíó ðàñïèñàíèÿ Cmax = max
j,i

cji .

Èëüÿ ×åðíûõ Om|rank P = 1|Cmax 2 / 19
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Ñëîæíîñòü

O2||Cmax ðàçðåøèìà çà O(n) [Gonzalez, Sahni 1976] (5 èçâåñòíûõ
àëãîðèòìîâ);

O3||Cmax NP-òðóäíà (ñèëüíàÿ NP-òðóäíîñòü � îòêðûòûé âîïðîñ)
[Gonzalez, Sahni 1976];

Om||Cmax: PTAS [Sevastyanov, Woeginger 2001]

O||Cmax NP-òðóäíà â ñèëüíîì ñìûñëå, åñòü ïîðîã
íåïðèáëèæàåìîñòè 5

4
[Williamson et al 1997].
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×àñòíûé ñëó÷àé

Ñîðàçìåíûå äëèòåëüíîñòè îïåðàöèé (proportionate)

Îãðàíè÷åíèå íà äëèòåëüíîñòè îïåðàöèé: pji = pj , P =

(
p1 p2 ··· pn
...

...
p1 p2 ··· pn

)

Òðàäèöèîííîå îáîçíà÷åíèå: prpt (e.g., Om|prpt|Cmax).

Áîëåå òî÷íîå îáîçíà÷åíèå [Sevastyanov, 2019]: j-prpt è m-prpt

P =

(
p1 p2 ··· pn
...
...

...
p1 p2 ··· pn

)
P =

 p1 ··· p1
p2 ··· p2
...

...
pm ··· pm


j-prpt m-prpt

O3|j-prpt|Cmax NP-òðóäíà [Lui, Bul�n 1987];

äëÿ O3|j-prpt|Cmax ñóùåñòâóåò ïñåâäîïîëèíîìèàëüíûé àëãîðèòì
[Sevastyanov 2019].
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Îáîáùåíèå ÷àñòíîãî ñëó÷àÿ

Îãðàíè÷åíèå íà äëèòåëüíîñòè îïåðàöèé: ñòðîêè (è ñòîëáöû)
ìàòðèöû P ïðîïîðöèîíàëüíû (proportional̸=proportionate).

Ïðåäëàãàåìîå íàçâàíèå: çàäà÷à ñ ïðîïîðöèîíàëüíûìè

äëèòåëüíîñòÿìè îïåðàöèé.
Ïðåäëàãàåìîå îáîçíà÷åíèå: rankP = 1.

◦

rankP = 1

j-prpt m-prpt

pij = p

rankP ⩽ 2

rankP = 2

· · ·
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Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

J1 J2 . . . Jn

Σ

M1 p11 p21 . . . pn1

ℓ1

...
...

Mm p1m p2m . . . pnm

ℓ2
Σ d1 d2 . . . dn

Íèæíÿÿ îöåíêà äëèíû ðàñïèñàíèÿ

C∗
max ⩾ C̄

.
= max

i,j
{ℓi , dj} = max{ℓmax, dmax}.

Îïðåäåëåíèå

Äîïóñòèìîå ðàñïèñàíèå S íîðìàëüíî, åñëè Cmax(S) = C̄ . Ïðèìåðû
çàäà÷è, äëÿ êîòîðûõ ñóùåñòâóåò íîðìàëüíîå ðàñïèñàíèå, òàêæå
áóäåì íàçûâàòü íîðìàëüíûìè.

Â äàëüíåéøåì áåç îãðàíè÷åíèÿ îáùíîñòè

ℓ1 ⩾ ℓ2 ⩾ · · · ⩾ ℓm

Èëüÿ ×åðíûõ Om|rank P = 1|Cmax 6 / 19
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Öåëü èññëåäîâàíèå: íîðìàëüíîñòü â çàâèñèìîñòè îò

êîýôôèöèåíòîâ ïðîïîðöèîíàëüíîñòè

Ðàññìîòðèì O3|rankP = 1|Cmax:

P =

αβp1 αβp2 αβp3 · · · αβpn
βp1 βp2 βp3 · · · βpn
p1 p2 p3 · · · pn

 ,

α, β ⩾ 1.

α
1 ∞

β

1

∞

Äëÿ êàêèõ α, β

ãàðàíòèðîâàíà
íîðìàëüíîñòü ïðèìåðà?

÷àñòíûé ñëó÷àé
ïîëèíîìèàëüíî ðàçðåøèì?
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Ïî÷åìó íå O2|rankP = 1|Cmax?

O2||Cmax ðàçðåøèìà çà O(n).
Äëÿ ëþáîãî ïðèìåðà çàäà÷è O2||Cmax íîðìàëüíîñòü
ãàðàíòèðîâàíà.

Êàê ìîæíî óñëîæíèòü çàäà÷ó O2||Cmax

O2|rj |Cmax

O2|prec |Cmax

×àñòü ðàáîò óäàë¼ííûå:
1 Ìíîæåñòâî ðàáîò ðàçäåëÿåòñÿ íà äâå ãðóïïû: ëîêàëüíûå and

óäàë¼ííûå.
2 Ïåðåêëþ÷åíèå ìåæäó ãðóïïàìè çàíèìàåò τ åäèíèö âðåìåíè äëÿ

êàæäîé ìàøèíû.
3 Ìàøèíû èçíà÷àëüíî ðàñïîëîæåíû ëîêàëüíî, ïî îêîí÷àíèþ

âûïîëíåíèÿ âñåõ ðàáîò äîëæíû âåðíóòüñÿ äîìîé.

τ
J1

J2
J3

J4J5

J6

J7

J8

J9

J10

M1

M2
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Ïî÷åìó íå O2|rankP = 1|Cmax?

O2||Cmax ðàçðåøèìà çà O(n).
Äëÿ ëþáîãî ïðèìåðà çàäà÷è O2||Cmax íîðìàëüíîñòü
ãàðàíòèðîâàíà.

Êàê ìîæíî óñëîæíèòü çàäà÷ó O2||Cmax

O2|rj |Cmax

O2|prec |Cmax

×àñòü ðàáîò óäàë¼ííûå:
1 Ìíîæåñòâî ðàáîò ðàçäåëÿåòñÿ íà äâå ãðóïïû: ëîêàëüíûå and

óäàë¼ííûå.
2 Ïåðåêëþ÷åíèå ìåæäó ãðóïïàìè çàíèìàåò τ åäèíèö âðåìåíè äëÿ

êàæäîé ìàøèíû.
3 Ìàøèíû èçíà÷àëüíî ðàñïîëîæåíû ëîêàëüíî, ïî îêîí÷àíèþ

âûïîëíåíèÿ âñåõ ðàáîò äîëæíû âåðíóòüñÿ äîìîé.

τ
J1

J2
J3

J4J5

J6

J7

J8

J9

J10

M1

M2

Èëüÿ ×åðíûõ Om|rank P = 1|Cmax 8 / 19



Ïî÷åìó íå O2|rankP = 1|Cmax?

O2||Cmax ðàçðåøèìà çà O(n).
Äëÿ ëþáîãî ïðèìåðà çàäà÷è O2||Cmax íîðìàëüíîñòü
ãàðàíòèðîâàíà.

Êàê ìîæíî óñëîæíèòü çàäà÷ó O2||Cmax

O2|rj |Cmax

O2|prec |Cmax

×àñòü ðàáîò óäàë¼ííûå:
1 Ìíîæåñòâî ðàáîò ðàçäåëÿåòñÿ íà äâå ãðóïïû: ëîêàëüíûå and

óäàë¼ííûå.
2 Ïåðåêëþ÷åíèå ìåæäó ãðóïïàìè çàíèìàåò τ åäèíèö âðåìåíè äëÿ

êàæäîé ìàøèíû.
3 Ìàøèíû èçíà÷àëüíî ðàñïîëîæåíû ëîêàëüíî, ïî îêîí÷àíèþ

âûïîëíåíèÿ âñåõ ðàáîò äîëæíû âåðíóòüñÿ äîìîé.

τ
J1

J2
J3

J4J5

J6

J7

J8

J9

J10

M1

M2

Èëüÿ ×åðíûõ Om|rank P = 1|Cmax 8 / 19



Âñïîìíèì RO2||Rmax

RO2|rankP = 1,G = K2|Rmax.

v0 v1
τ

Äëèòåëüíîñòè îïåðàöèé: P =

(
a1 . . . an
b1 . . . bn

)
=

(
αp1 . . . αpn
p1 . . . pn

)
,

áåç îãðàíè÷åíèÿ îáùíîñòè α ⩾ 1.

α
1 ∞

Òå æå âîïðîñû:

1 Äëÿ êàêèõ α ãàðàíòèðóåòñÿ
íîðìàëüíîñòü?

2 Äëÿ êàêèõ α çàäà÷à
ïîëèíîìèàëüíî ðàçðåøèìà?
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Ðåçóëüòàò

Òåîðåìà [Àãçÿìîâà, ×.]

Äëÿ ëþáîãî ïðèìåðà RO2|rankP = 1,G = K2|Rmax äëèíà
îïòèìàëüíîãî ðàñïèñàíèÿ R∗

max ⩽ F (α)R̄, ãäå

F (α) =

{
4α2+3α

5α2+2α−1
, α ∈ [1,Φ),

1, α ⩾ Φ.

Äëÿ ëþáîãî ïðèìåðà ðàñïèñàíèå äëèíû Rmax ⩽ F (α)R̄ ìîæåò áûòü
ïîñòðîåíî çà ëèíåéíîå âðåìÿ.

α

1 Φ

Ñëîæíîñòü

Íîðìàëüíîñòü

???
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Âåðíåìñÿ ê çàäà÷å O3|rankP = 1|Cmax

Ðàññìîòðèì O3|rankP = 1|Cmax:

P =

αβp1 αβp2 αβp3 · · · αβpn
βp1 βp2 βp3 · · · βpn
p1 p2 p3 · · · pn

 ,

α, β ⩾ 1.

α
1 ∞

β

1

∞

Îáîçíà÷èì êëàññ ïðèìåðîâ I(α, β).

Çàäà÷à: îïèñàòü ìíîæåñòâà

N = {(α, β)|êëàññ I(α, β) � íîðìàëüíûé}

P = {(α, β)|I(α, β) � ïîëèíîì. ðàçð.}
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Î ñòðóêòóðå ìíîæåñòâà N .

Ëåììà

Ïóñòü (α1, β1) ∈ N è α2 ⩾ α1, β2 ⩾ β1. Òîãäà (α2, β2) ∈ N

P2 =

(
α2β2p1 ··· α2β2pn
β2p1 ··· β2pn
p1 ··· pn

)
P1 =

(
α1β1p1 ··· α1β1pn
β1p1 ··· β1pn
p1 ··· pn

)

(
α2β2p1 ··· α2β2pn
α2β2
α1

p1 ··· α2β2
α1

pn
α2β2
α1β1

p1 ··· α2β2
α1β1

pn

)
= P ′

1

×α2β2/α1β1

=
≤

≤

S ′
1S2
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Ñòðóêòóðà ìíîæåñòâà N

α
1 ∞

β

1

∞

Íîðìàëüíûå ïðèìåðû
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Ñòðóêòóðà ìíîæåñòâà N
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Äîñòàòî÷íîå óñëîâèå íîðìàëüíîñòè
for O3|rankP = 1|Cmax

ℓ1 = αℓ2 = α · βℓ3,

ℓ2 = βℓ3.

Äîñòàòî÷íîå óñëîâèå

ℓ1 ⩾ ℓ2 + ℓ3, or

αβ ⩾ β + 1.

α
1 5

β

1

5
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×àñòíûé ñëó÷àé α = 1

P =

βp1 βp2 βp3 · · · βpn
βp1 βp2 βp3 · · · βpn
p1 p2 p3 · · · pn


Áåç îãðàíè÷åíèÿ îáùíîñòè p1 ⩾ p2 ⩾ · · · ⩾ pn.

Ñëó÷àé 1. C̄ = ℓmax = βℓ = β
n∑

j=1

pj .
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βp3

· · ·
· · ·
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p2p3 pn

· · ·

p1

Âñ¼ õîðîøî, åñëè ℓ− p2 ⩽ β(ℓ− p1).
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Êàçàëîñü áû, ïðè÷¼ì òóò Φ...

Õîòèì: ℓ− p1 − p2 ⩽ βp1.

Èìååì: C̄ = (2β + 1)p1 ⩽ βℓ.

ℓ ⩽
2β + 1

β
p1 =

(
2+

1

β

)
p1,

ℓ− p1 ⩽

(
1+

1

β

)
p1.

Äîñòàòî÷íî, ÷òîáû 1+
1

β
⩽ β.

Ìèíèìàëüíîå ïîëîæèòåëüíîå ðåøåíèå íåðàâåíñòâà: β = Φ.
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