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×àñòü ïåðâàÿ, îñíîâíàÿ.

Î ëîêàëèçàöèè îïòèìóìîâ äëÿ RO2||Rmax.



Open shop è ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

Ïîñòàíîâêà çàäà÷è Om||Cmax

Äëÿ äàííîãî ìíîæåñòâà ìàøèí M = {M1, . . . ,Mm} è ìíîæåñòâà
ðàáîò J = {J1, . . . , Jn} ñîñòàâèòü ðàñïèñàíèå âûïîëíåíèÿ êàæäîé
ìàøèíîé îïåðàöèé êàæäîé ðàáîòû òàê, ÷òîáû èíòåðâàëû
âûïîëíåíèÿ îïåðàöèé îäíîé ìàøèíû/îäíîé ðàáîòû íå ïåðåñåêàëèñü.
Äëèòåëüíîñòè îïåðàöèé pji äàíû. Öåëü � ìèíèìèçèðîâàòü äëèíó
ðàñïèñàíèÿ Cmax.

Îáîçíà÷åíèÿ

ℓi =
n∑

j=1

pji � íàãðóçêà ìàøèíû Mi .

dj =
n∑

i=1

pji � äëèíà ðàáîòû Jj .

ℓmax = max ℓi , dmax = max dj

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

Cmax ⩾ C̄ = max{ℓmax, dmax}

Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2||Rmax 3 / 40



Open shop è ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

Ïîñòàíîâêà çàäà÷è Om||Cmax

Äëÿ äàííîãî ìíîæåñòâà ìàøèí M = {M1, . . . ,Mm} è ìíîæåñòâà
ðàáîò J = {J1, . . . , Jn} ñîñòàâèòü ðàñïèñàíèå âûïîëíåíèÿ êàæäîé
ìàøèíîé îïåðàöèé êàæäîé ðàáîòû òàê, ÷òîáû èíòåðâàëû
âûïîëíåíèÿ îïåðàöèé îäíîé ìàøèíû/îäíîé ðàáîòû íå ïåðåñåêàëèñü.
Äëèòåëüíîñòè îïåðàöèé pji äàíû. Öåëü � ìèíèìèçèðîâàòü äëèíó
ðàñïèñàíèÿ Cmax.

Îáîçíà÷åíèÿ

ℓi =
n∑

j=1

pji � íàãðóçêà ìàøèíû Mi .

dj =
n∑

i=1

pji � äëèíà ðàáîòû Jj .

ℓmax = max ℓi , dmax = max dj

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

Cmax ⩾ C̄ = max{ℓmax, dmax}

Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2||Rmax 3 / 40



Open shop è ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

Ïîñòàíîâêà çàäà÷è Om||Cmax

Äëÿ äàííîãî ìíîæåñòâà ìàøèí M = {M1, . . . ,Mm} è ìíîæåñòâà
ðàáîò J = {J1, . . . , Jn} ñîñòàâèòü ðàñïèñàíèå âûïîëíåíèÿ êàæäîé
ìàøèíîé îïåðàöèé êàæäîé ðàáîòû òàê, ÷òîáû èíòåðâàëû
âûïîëíåíèÿ îïåðàöèé îäíîé ìàøèíû/îäíîé ðàáîòû íå ïåðåñåêàëèñü.
Äëèòåëüíîñòè îïåðàöèé pji äàíû. Öåëü � ìèíèìèçèðîâàòü äëèíó
ðàñïèñàíèÿ Cmax.

Îáîçíà÷åíèÿ

ℓi =
n∑

j=1

pji � íàãðóçêà ìàøèíû Mi .

dj =
n∑

i=1

pji � äëèíà ðàáîòû Jj .

ℓmax = max ℓi , dmax = max dj

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

Cmax ⩾ C̄ = max{ℓmax, dmax}
Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2||Rmax 3 / 40



Íåìíîãî î òî÷íîñòè C̄?

Ïðèìåð ñ òðåìÿ ìàøèíàìè

J1 = (1, 1, 1), J2 = (2, 0, 0),

J3 = (0, 2, 0), J4 = (0, 0, 2).

1 2 3 4

M1

M2

M3

Cmax

Îöåíêà C∗
max ⩽

4
3
C̄ ÿâëÿåòñÿ òî÷íîé äëÿ O3||Cmax.

Äîêàçàòåëüñòâî ïîëó÷åíî ñ ïîìîùüþ êîìüþòåðíîãî ìåòîäà,
ñïåöèàëüíî èçîáðåòåííîãî äëÿ ýòîãî èññëåäîâàíèÿ. [Sevastyanov,
Ch. 1998]

Çàäà÷à íàõîæäåíèÿ òî÷íîé îöåíêè òàêîãî âèäà íàçûâàåòñÿ
çàäà÷åé ëîêàëèçàöèè îïòèìóìîâ.
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Äâóõìàøèííàÿ çàäà÷à open shop

Òåîðåìà (Gonzalez, Sahni 1976)

Äëèíà îïòèìàëüíîãî ðàñïèñàíèÿ äëÿ çàäà÷è O2||Cmax ñîâïàäàåò ñî
ñòàíäàðòíîé íèæíåé îöåíêîé C̄ .

Èçâåñòíûå àëãîðèòìû â õðîíîëîãè÷åñêîì ïîðÿäêå

T. Gonzalez, S. Sahni 1976

M. Pinedo, L. Schrage 1982

D. de Werra 1989

A. Soper 2013

A. Khramova, Ch 2021
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Íåôîðìàëüíîå íàïîìèíàíèå î ïîñòàíîâêå çàäà÷è open
shop c ìàðøðóòèçàöèåé

Êîìáèíàöèÿ open shop è ìåòðè÷åñêîé çàäà÷è êîììèâîÿæåðà

v0

v1 v2

v3

v4v5

Depot

{J1, . . . , Jn}

M1

.

.

.

Mm

G = ⟨V ,E ⟩ � òðàíñïîðòíàÿ ñåòü;

dist(u, v) � âðåìÿ ïåðåìåùåíèÿ ìåæäó u è v ;

J (v) � ðàáîòû èç óçëà v ;

Ri (S) = max
v

max
Jj∈J (v)

(
cji (S) + dist(v0, v)

)
;

Rmax(S) = maxRi (S) → minS � äëèíà ðàñïèñàíèÿ.
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Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà äëÿ çàäà÷è open shop ñ
ìàðøðóòèçàöèåé

ℓmax = max ℓi � ìàêñèìàëüíàÿ íàãðóçêà ìàøèíû,

dmax(v) = max
Jj∈J (v)

dj � ìàêñèìàëüíàÿ äëèíà ðàáîòû èç óçëà v ,

T ∗ � äëèíà êðàò÷àéøåãî îáõîäà G (îïòèìóì TSP)

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

R̄ = max

{
ℓmax + T ∗,max

v

(
dmax(v) + 2dist(v0, v)

)}

Çàäà÷à ëîêàëèçàöèè îïòèìóìîâ

ρ∗ = sup
R∗
max

R̄
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Ïðèáëèæåííûå àëãîðèòìû äëÿ RO2||Rmax

RO2||Rmax

7
4
-ïðèáëèæåíèå

[Averbakh, Berman, Ch 2006]

13
8
-ïðèáëèæåíèå

[Ch, Kononov, Sevastyanov 2013]

RO2|easy -TSP|Rmax

4
3
-ïðèáëèæåíèå

[Ch, Kononov, Sevastyanov 2013]

RO2|G = K2|Rmax

6
5
-ïðèáëèæåíèå

[Averbakh, Berman, Ch 2005]

R∗
max ⩽

6
5
R̄

RO2|G = K3|Rmax

6
5
-ïðèáëèæåíèå

[Ch, Lgotina 2016]

RO2|G = tree|Rmax

6
5
-ïðèáëèæåíèå

[Ch, Krivonogova 2018]

Ãèïîòåçà: RO2||Rmax
?
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Òî÷íîñòü îöåíêè äëÿ RO2|G = K2|Rmax

v0 v1
τ

[I. Averbakh, O. Berman, IC 2005]

J1 = (4, 0); τ = 1; J2 = (2, 4); J3 = (2, 4).

B

A

1 3 4 5 8 9 10 11 12

6

5
⩽ ρ∗ ⩽

4

3
.
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Ìåòîäèêà: óïðîùåíèå ïðèìåðîâ äëÿ RO2||Rmax

Ìåòîä Ýôôåêò Ðåçóëüòàò

Ñêëåèâàíèå
ðàáîò

Ñîêðàùåíèå ÷èñëà
ðàáîò

Íå áîëåå îäíîé ðàáîòû â
âåðøèíå, çà èñêëþ÷åíèåì
ïåðåãðóæåííîé, â êîòîðîé íå
áîëåå òðåõ ðàáîò.

Ñòÿãèâàíèå
âèñÿ÷èõ ðåáåð

Óïðîùåíèå
ñòðóêòóðû ãðàôà

Íå áîëåå îäíîãî
ïåðåãðóæåííîãî ðåáðà.

Ñòÿãèâàíèå
âèñÿ÷èõ öèêëîâ

Óïðîùåíèå
ñòðóêòóðû ãðàôà

Íå áîëåå îäíîãî
ïåðåãðóæåííîãî öèêëà.
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Èñòîðèÿ èññëåäîâàíèÿ �ïðîñòûõ ïðèìåðîâ� RO2||Rmax

G = K2 G = K3 G = tree

R∗
max ⩽

6
5
R̄

Ñêëåèâàíèå ðàáîò

Ñòÿãèâàíèå ðåáåð

G = C4

???

ÈÄÅß!

Êîìïüþòåðíîå äîêàçàòåëüñòâî
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Íîâàÿ íèæíÿÿ îöåíêà ρ∗.

v0

v1

v3
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τ

τ

τ

τ

[A. Chechushkov, Ch 2023]

τ = 1; J0 = (0, 0); J1 = (0, 2); J2 = (4, 0); J3 = (0, 2);

M1
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5

4
⩽ ρ∗ ⩽

4

3
.

Íîâàÿ ãèïîòåçà: R∗
max ⩽

5
4
R̄.

Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2||Rmax 12 / 40



Íîâàÿ íèæíÿÿ îöåíêà ρ∗.

v0

v1

v3

v2
τ

τ

τ

τ

[A. Chechushkov, Ch 2023]

τ = 1; J0 = (0, 0); J1 = (0, 2); J2 = (4, 0); J3 = (0, 2);

M1

M2

1 2 3 4 6 7 8 9 10

5

4
⩽ ρ∗ ⩽

4

3
.

Íîâàÿ ãèïîòåçà: R∗
max ⩽

5
4
R̄.

Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2||Rmax 12 / 40



Èäåÿ: ñâåäåíèå ê çàäà÷å ñ òóííåëÿìè

Ïîñòàíîâêà çàäà÷è

Ðàáîòû íå òîëüêî â âåðøèíàõ, íî è íà íåêîòîðûõ ðåáðàõ
(òóííåëÿõ). Êàæäûé òóííåëü ñîäåðæèò ðîâíî îäíó ðàáîòó.

Ðàáîòà â òóííåëå âûïîëíÿåòñÿ ïàðàëëåëüíî ñ ïåðåäâèæåíèåì.
Ïîñëå âûïîëíåíèÿ ðàáîòû ìàøèíà îêàçûâàåòñÿ â äðóãîì êîíöå
òóííåëÿ.

Ïåðåäâèæåíèå áåç âûïîëíåíèÿ ðàáîòû âîçìîæíî, êàê è ðàíüøå.
Âûïîëíåíèå ðàáîòû îäíîé ìàøèíîé íå ìåøàåò ïåðåäâèæåíèþ
äðóãîé.

Ïåðåñå÷åíèå èíòåðâàëîâ âûïîëíåíèÿ òóííåëüíûõ ðàáîò
çàïðåùåíî.
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Òåîðåìà [Ch 2021]

Ëþáîé ïðèìåð çàäà÷è RO2||Rmax ìîæåò áûòü ñâåäåí ñ ñîõðàíåíèåì
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ïàðàëëåëüíûìè òóííåëÿìè, îäíîé ðàáîòîé â áàçå è íå áîëåå òðåìÿ
ðàáîòàìè â âåðøèíå v .

v0 v
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P+ :
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5

4
R?
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Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2|G = P+|Rmax

Òåîðåìà

Äëÿ ëþáîãî ïðèìåðà çàäà÷è RO2|G = P+|Rmax äëèíà îïòèìàëüíîãî

ðàñïèñàíèÿ íå ïðåâûøàåò 4
3
R, è ýòà îöåíêà òî÷íà.

v0 v

J1, τ1

J2, τ2

J3

Ïðèìåð

J1 = (0, 2), τ1 = 1, J2 = (0, 2), τ2 = 1, J3 = (4, 0).

M2

M1

a2

b2

a3

b3

a3

1 3 5 6 8
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Îñíîâíîé ðåçóëüòàò: ëîêàëèçàöèÿ îïòèìóìîâ äëÿ
RO2||Rmax

(íå ïîëó÷èëîñü)

v0 v

. . .

. . .

τ = 1
n

n − 1

, Jj = (0, 2
n−1

)

n − 1

, Jj = (0, 2
n−1

)

J0 = (0, 0)

J2n = (4, 0)

1
a2n = 4

1+ K 2
n−11+ 2

(n − 1− K )( 1n + 2
n−1

)

T

T = (n − 1− K ) 1n
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Îöåíêà äëèíû ðàñïèñàíèÿ

1
a2n = 4

1+ K 2
n−11+ 2

(n − 1− K )( 1n + 2
n−1

)

T

T = (n − 1− K ) 1n

1 Rmax ⩾ 6+ K 2
n−1

= R1.

2 Îöåíèì âðåìÿ ðàáîòû âòîðîé ìàøèíû:

Rmax ⩾ 3+(n− 1−K )

(
1

n
+

2

n − 1

)
+(n− 1−K )

1

n
+ 1+K

2

n − 1

= 4+
2(n − 1− K + K )

n − 1
+ 2

n − 1− K

n
= 6+ 2

n − 1− K

n
= R2

n − 1

n
R1 + R2 ⩾ 6

n − 1

n
+ 6+ 2

n − 1

n
> 14

n − 1

n
...
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Ïîïðîáóåì ïî-äðóãîìó...

c1
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1

2
dc3
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1

2
dc2
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3
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min{R1,R2} ⩽
3
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min{R1,R2,R3} ⩽
7

5
R̄...
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Íîâàÿ èäåÿ

(òîæå íå ïîëó÷èëîñü)
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Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ RO2|G = P+, j-prpt|Rmax

Òåîðåìà

Äëÿ ëþáîãî ïðèìåðà çàäà÷è RO2|G = P+, j-prpt|Rmax äëèíà

îïòèìàëüíîãî ðàñïèñàíèÿ íå ïðåâûøàåò 4
3
R, è ýòà îöåíêà òî÷íà.

v0 v

J1, τ1

J2, τ2

J3

Ïðèìåð

J1 = (1, 1), τ1 = 1, J2 = (1, 1), τ2 = 1, J3 = (2, 2).

M2

M1

1 3 5 7 8
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Íîâûé ïðèìåð äëÿ çàäà÷è RO2|j-prpt,G = C4|Rmax
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×òî ìû çíàåì ïðî ëîêàëèçàöèþ îïòèìóìîâ äëÿ
RO2||Rmax

Ñòðóêòóðà ãðàôà Äëèòåëüíîñòè
cîðàçìåðíûå ïðîèçâîëüíûå

G = K2 [R̄, 7
6
R̄] [R̄, 6

5
R̄]

G = K3 [R̄, 7
6
R̄] [R̄, 6

5
R̄]

G = tree [R̄, 7
6
R̄] [R̄, 6

5
R̄]

G = C4 [R̄, 5
4
R̄] [R̄, 5

4
R̄]

G ïðîçâîëüíûé [R̄, 4
3
R̄]? [R̄, 4

3
R̄]?
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Çàäà÷à open shop ñ ìàðøðóòèçàöèåé è èíäèâèäóàëüíûìè
âðåìåíàìè ïåðåìåùåíèÿ ìàøèí

Îñîáåííîñòè ïîñòàíîâêè

Äëÿ êàæäîé ìàøèíû Mi åñòü ñâîÿ ôóíêöèÿ disti , îïðåäåëÿþùàÿ
âðåìÿ ïåðåìåùåíèÿ ìåæäó âåðøèíàìè.

Ðàçëè÷àåì ïîñòàíîâêè ñ îäíîðîäíûìè (RO2|Qtt|Rmax) è
íåçàâèñèìûìè (RO2|Rtt|Rmax) âðåìåíàìè ïåðåìåùåíèÿ.

Äîïîëíèòåëüíûå îáîçíà÷åíèÿ

Âìåñòî dist(v , u): dist1(v , u) è dist2(v , u).

Âìåñòî T ∗: T ∗
1 è T ∗

2 .

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

R̄ = max
{
max

i
(ℓi + T ∗

1 ),max
v

(dmax(v) + dist1(v0, v) + dist2(v0, v)
}
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Òî÷íîñòü íèæíåé îöåíêè äëÿ RO2|Qtt|Rmax è
RO2|Rtt|Rmax

v0 v1

[Ch, Lgotina 2019]

J1 = (4, 0); dist1 = 1; dist2 = ε; J2 = (1, 4− ε); J3 = (1, 4− ε).

M2

M1

4 5 6 8 9 10
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Àëãîðèòì Êîíîíîâà äëÿ RO2|Rtt|Rmax

1 Äëÿ êàæäîé ìàøèíû íàéòè ïðèáëèæåííûé îáõîä ñ ïîìîùüþ
àëãîðèòìà Êðèñòîôèäåñà-Ñåðäþêîâà:

T1 ⩽
3

2
T ∗
1 , T2 ⩽

3

2
T ∗
2

2 Êàæäàÿ ìàøèíà âûïîëíÿåò îïåðàöèè â ïîðÿäêå, îïðåäåë¼ííîì
ñâîèì îáõîäîì.

3 Â ñëó÷àå âîçíèêíîâåíèÿ êîíôëèêòà ïðèîðèòåò îòäàåòñÿ òîé
ìàøèíå, êîòîðàÿ çàêîí÷èò ñâîþ îïåðàöèþ ðàíüøå, åñëè ïîéäåò
ïåðâîé.

Ñâîéñòâî: ìàøèíà Mi çàêàí÷èâàåò ðàáîòó â ìîìåíò âðåìåíè

Ri ⩽
3

2
T ∗
i + 2ℓi ⩽ 2R̄.

Òåîðåìà

Äëÿ ëþáîãî ïðèìåðà çàäà÷è RO2|Rtt|Rmax ìîæíî çà
ïîëèíîìèàëüíîå âðåìÿ ïîñòðîèòü ðàñïèñàíèå äëèíû íå áîëüøå 2R̄.
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2 Êàæäàÿ ìàøèíà âûïîëíÿåò îïåðàöèè â ïîðÿäêå, îïðåäåë¼ííîì
ñâîèì îáõîäîì.

3 Â ñëó÷àå âîçíèêíîâåíèÿ êîíôëèêòà ïðèîðèòåò îòäàåòñÿ òîé
ìàøèíå, êîòîðàÿ çàêîí÷èò ñâîþ îïåðàöèþ ðàíüøå, åñëè ïîéäåò
ïåðâîé.

Ñâîéñòâî: ìàøèíà Mi çàêàí÷èâàåò ðàáîòó â ìîìåíò âðåìåíè

Ri ⩽
3

2
T ∗
i + 2ℓi ⩽ 2R̄.

Òåîðåìà

Äëÿ ëþáîãî ïðèìåðà çàäà÷è RO2|Rtt|Rmax ìîæíî çà
ïîëèíîìèàëüíîå âðåìÿ ïîñòðîèòü ðàñïèñàíèå äëèíû íå áîëüøå 2R̄.
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Èñòîðèÿ èññëåäîâàíèÿ �ïðîñòûõ ïðèìåðîâ�
RO2|Rtt|Rmax

G = K2

[Ch, Lgotina 2019]

G = K3

[Ch, Lgotina 2019]

G = tree
[Ch, Krivonogova 2020]

Rmax ⩽ 5
4
R̄

Ñêëåèâàíèå ðàáîò

Ñòÿãèâàíèå ðåáåð

G = C4

???

Êîìïüþòåðíîå äîêàçàòåëüñòâî
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Íîâûé ïðèìåð äëÿ RO2|Rtt,G = C4|Rmax

v0

v1

v2

v3

τ1,
τ2 τ

1 , τ
2

τ
1 , τ

2 τ1,
τ2

Ïðèìåð

J1(2, 1); J2(0, 2); J3(5, 0); τ1 = 0, τ2 = 1.

M2

M1 a3

b1

a1

b2

1 2 3 4 5 6 7 8 9
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Òî÷íîñòü íîâîé îöåíêè

Ëåììà

Äëÿ ëþáîãî ïðèìåðà RO2|Rtt,G = C4|Rmax áåç ïåðåãðóæåííûõ
âåðøèí äëèíà îïòèìàëüíîãî ðàñïèñàíèÿ íå ïðåâûøàåò 9

7
R̄, è ýòà

îöåíêà òî÷íà. Äîïóñòèìîå ðàñïèñàíèå äëèíû íå áîëüøå 9
7
R̄ ìîæåò

áûòü ïîñòðîåíî çà ëèíåéíîå âðåìÿ.

Ïðèìå÷àíèå: äëÿ RO2|Qtt,G = C4|Rmax îöåíêà òàêæå òî÷íà.

J1(2, 1); J2(0, 2); J3(5− 4ε, 0); τ1 = ε, τ2 = 1.

M2

M1 a3

b1

a1

b2

1 2 3 4 5 6 7 8 9− 2ε
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À åñëè åñòü ïåðåãðóæåííàÿ âåðøèíà?

1 Åñëè ïåðåãðóæåíà áàçà, òî R∗
max = R̄ [Ch 2021]

2 Åñëè ïåðåãðóæåíà îäíà èç âåðøèí v1, v2, òî çàäà÷à ñâîäèòñÿ ê
ñëåäóþùåé ñòðóêòóðå:

v0 v1

τ1, τ2

3 Ñàìûé ñëîæíûé ñëó÷àé � êîãäà ïåðåãðóæåíà âåðøèíà v3.

v0

v1

v2

v3

τ11
, τ12

τ
21 , τ

22

τ
31 , τ

32 τ41
, τ42

disti (v0, v3) = min{τ1i + τ2i , τ3i + τ4i}
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Èòîãè
1 Äëÿ çàäà÷è RO2||Rmax âåðõíÿÿ ãðàíèöà èíòåðâàëà ëîêàëèçàöèè

îïòèìóìîâ ëåæèò ìåæäó 5
4
è 4

3

2 Àêòóàëüíàÿ ãèïîòåçà: [R̄, 5
4
R̄]

3 Ìåòîäèêà ñâåäåíèÿ ê çàäà÷å ñ òóííåëÿìè âåðîÿòíî íå ïîìîæåò
ïîäòâåðäèòü ãèïîòåçó.

4 Ïîèñê êîíòðïðèìåðîâ áóäåò ïðîäîëæàòüñÿ ñ ïîìîùüþ
êîìïüþòåðà. (Çàäà÷à: ïðèäóìàòü ïåðñïåêòèâíûå ïðîñòûå

ñòðóêòóðû òðàíñïîðòíîé ñåòè)

5 Äëÿ çàäà÷ RO2|G = P+|Rmax è RO2|G = P+, j-prpt|Rmax íàéäåí

òî÷íûé èíòåðâàë ëîêàëèçàöèè îïòèìóìîâ: [R, 4
3
R].

6 Íàéäåí ïðèìåð äëÿ çàäà÷è RO2|G = C4, j-prpt|Cmax, äëÿ
êîòîðîãî C∗

max =
5
4
C̄ .

7 Äëÿ çàäà÷è RO2|Rtt,G = C4|Rmax íàéäåí íîâûé ðåêîðäíûé
ïðèìåð ñ îòíîøåíèåì îïòèìóìà ê ñòàíäàðòíîé íèæíåé îöåíêå 9

7

8 Âåðîÿòíî, ýòîò ïðèìåð ÿâëÿåòñÿ êðèòè÷åñêèì äëÿ G = C4, à
îöåíêà 9

7
� òî÷íîé (ëèáî âåðíî, ëèáî íàéäåòñÿ íîâàÿ áîëåå

ñèëüíàÿ îöåíêà).
9 Ïðîãðàììà ðàáîòàåò! Áóäóò íîâûå ðåçóëüòàòû.
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Åñòü åùå èäåÿ...

c1

T ∗áàçà

M1

M2

ac1

bc1
X

v0 c1

. . .

. . .

∑
bj + 2

∑
τj ⩽ X

∑
bj + 2

∑
τj ⩽ X
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×àñòü âòîðàÿ, äîïîëíèòåëüíàÿ.

Î ëîêàëèçàöèè îïòèìóìîâ äëÿ F4||Cmax.



Ïîñòàíîâêà è îáçîð

Ïîñòàíîâêà

Òðåáóåòñÿ ñîñòàâèòü ðàñïèñàíèå âûïîëíåíèÿ n ðàáîò m ìàøèíàìè
çà êðàò÷àéøåå âðåìÿ. Ïðè ýòîì îïåðàöèè êàæäîé ðàáîòû äîëæíû
âûïîëíÿòüñÿ â îäíîé è òîé æå ïîñëåäîâàòåëüíîñòè: ñíà÷àëà íà
ìàøèíå M1, ïîòîì íà M2 è òàê äàëåå. Îäíîâðåìåííîå âûïîëíåíèå
äâóõ îïåðàöèé íà îäíîé ìàøèíå çàïðåùåíî.
Çàìå÷àíèå: ðàçíûå ìàøèíû ìîãóò âûïîëíÿòü ðàáîòû â ðàçíîì
ïîðÿäêå.

Ñëîæíîñòü

1 Çàäà÷à F2||Cmax ðàçðåøèìà çà O(n log n) [Johnson 1953]

2 Çàäà÷à F3||Cmax NP-òðóäíà â ñèëüíîì ñìûñëå.

Ñòàíäàðòíàÿ íèæíÿÿ îöåíêà

C̄ = max{ℓmax, dmax}
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Ëîêàëèçàöèÿ îïòèìóìîâ

F2||Cmax: C
∗
max ⩽ 3/2C̄

J1 = (1, 1), J2 = (1, 1)

J1

J1

J2

J2

F3||Cmax: C
∗
max ⩽ 2C̄

J1 = (1, 1, 0), J2 = (1, 1, 0),

J3 = (0, 2, 0)

J1

J1

J2

J2

J3
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Íàèëó÷øèé èçâåñòíûé ïðèìåð äëÿ F4||Cmax

F4||Cmax

J1 = (13, 3, 8, 8), J2 = (9, 3, 9, 11), J3 = (10, 3, 9, 10), J4 = (0, 23, 6, 3)

C∗
max = 67 =

67

32
C̄ = 2.09375C̄ .

Òî÷íîñòü íå ïîäòâåðæäåíà.

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67
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Íåêîòîðûå îñîáåííîñòè çàäà÷è
Äëÿ ìíîæåñòâà I4 âñåõ íåòðèâèàëüíûõ ïðèìåðîâ çàäà÷è F4||Cmax ìû
õîòèì íàéòè

ρ∗ = sup
I∈I4

C∗
max(I )

C̄ (I )
.

1 Äîñòàòî÷íî ðàññìàòðèâàòü ïðèìåðû ñ íå áîëåå ÷åì 7 ðàáîòàìè.
Äëÿ íà÷àëà îãðàíè÷èìñÿ ñëó÷àåì n = 4.

2 Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî C̄ = 1.

3 Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî íàãðóçêè âñåõ
ìàøèí ðàâíû C̄ .

4 Äëÿ çàäà÷è F4||Cmax âñåãäà ñóùåñòâóåò îïòèìàëüíîå ðàñïèñàíèå,
â êîòîðîì ñîâïàäàåò ïîðÿäîê âûïîëíåíèÿ ðàáîò íà ïåðâûõ äâóõ
ìàøèíàõ, è ñîâïàäàåò ïîðÿäîê íà ïîñëåäíèõ äâóõ ìàøèíàõ.

5 Òàêèì îáðàçîì, äëÿ ïðèìåðà ñ n ðàáîòàìè äîñòàòî÷íî
ïåðåáðàòü (n!)2 ðàñïèñàíèé.

6 Äëÿ íàõîæäåíèÿ äëèíû ðàñïèñàíèÿ, çàäàííîãî ïàðîé
ïåðåñòàíîâîê, äîñòàòî÷íî ïåðåáðàòü äëèíû âñåõ ïîëíûõ ïóòåé â
ãðàôå ÷àñòè÷íîãî ïîðÿäêà âûïîëíåíèÿ îïåðàöèé (äëÿ n = 4
òàêèõ ïóòåé 20).
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Îïòèìèçàöèîííàÿ ïîñòàíîâêà

Äîïóñòèìûå ðåøåíèÿ (ïðèìåðû çàäà÷è): äâàæäû ñòîõàñòè÷åñêèå
ìàòðèöû 4õ4. (Ñòðîêè � ìàøèíû, ñòîëáöû � ðàáîòû.)

Öåëåâàÿ ôóíêöèÿ: äëèíà îïòèìàëüíîãî ðàñïèñàíèÿ
ñîîòâåòñòâóþùåãî ïðèìåðà.

F (A) = min
(π1,π2)

max
P∈P(π1,π2)

|P(A)|,

ãäå

π1, π2 � ïåðåñòàíîâêè ÷åòûðåõ ýëåìåíòîâ,
P(π1, π2) � ìíîæåñòâî ïîëíûõ ïóòåé â ãðàôå ïðåäøåñòâîâàíèÿ,
çàäàííîãî ïåðåñòàíîâêàìè,
|P(A)| � äëèíà ïóòè P íà ñîîòâåòñòâóþùèõ ýëåìåíòàõ ìàòðèöû
A.

F (A) → max .
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Ëîêàëüíûé ïîèñê/VNS

Îêðåñòíîñòü 4-cycle 
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44



δ

δ
Îêðåñòíîñòü 2-swap 

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44


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a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44



Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ F4||Cmax 37 / 40



Åùå îêðåñòíîñòè

Îêðåñòíîñòü 8-cycle 
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44



Îêðåñòíîñòü 6-cycle 
a11 a12 a13 a14

a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44



δ

δ

δ

δ

δ δ

δ
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Åùå îêðåñòíîñòè
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a31 a32 a33 a34
a41 a42 a43 a44



δ

δ

δ

δ

δ δ

δ
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δ
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δ
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Åùå îêðåñòíîñòè
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
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È ñíîâà îêðåñòíîñòè

Îêðåñòíîñòü permutation � ïåðåñòàíîâêà ñòðîê.

Îêðåñòíîñòü randon shift � âûïóêëàÿ êîìáèíàöèÿ ñî ñëó÷àéíîé
äâàæäû-ñòîõàñòè÷åñêîé ìàòðèöåé.

Îêðåñòíîñòü partial 4-cycle � �ïåðåìåùåíèå� ïî êîðîòêîìó öèêëó
òîëüêî ÷àñòè ìèíèìàëüíîãî ýëåìåíòà.

Îêðåñòíîñòü double 4-cycle
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44



Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ F4||Cmax 39 / 40
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È ñíîâà îêðåñòíîñòè
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

Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ F4||Cmax 39 / 40



Ãåíåòè÷åñêèé àëãîðèòì: íóæíû èäåè

1 Ãåíåðàöèÿ ñëó÷àéíûõ äâàæäû-ñòîõàñòè÷åñêèõ ìàòðèö
(ñëó÷àéíûå âûïóêëûå êîìáèíàöèè ñëó÷àéíûõ ìàòðèö
ïîäñòàíîâîê / ïåðåñòàíîâî÷íûõ ìàòðèö).

2 Äëÿ êàæäîé îñîáè çàïóñêàåì ëîêàëüíûé ïîèñê â îêðåñòíîñòè
4-cycle

3 Ñêðåùèâàíèå: äëÿ ñëó÷àéíîãî α ∈ [0, 1]

parent1

parent2

child1 = αparent1 + (1− α)parent2

child2 = (1− α)parent1 + αparent2

4 Äëÿ äåòåé òîæå çàïóñêàåì ëîêàëüíûé ïîèñê
5 Ìóòàöèÿ � ???

Ìóòèðóåì ñëó÷àéíûé ýëåìåíò
Ïîêà ìàòðèöà íå äâàæäû-ñòîõàñòè÷åñêàÿ

Íîðìàëèçóåì ñòðîêè

Íîðìàëèçóåì ñòîëáöû

(ñõîäèòñÿ, íî äîëãî)

Èëüÿ ×åðíûõ Ëîêàëèçàöèÿ îïòèìóìîâ äëÿ F4||Cmax 40 / 40


