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Ðàçäåë 1

Çàäà÷è

1. Ââîäíûé ñåìèíàð

1.1. Íàéäèòå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè u(x, y) = xy.

Ïóñòü u = u(x1, . . . , xn). Òîãäà äèôôåðåíöèàëüíûé îïåðàòîð ∆u =
∂2u

∂x2
1

+ · · ·+ ∂2u

∂x2
n

íàçû-

âàåòñÿ îïåðàòîðîì Ëàïëàñà. Â ÷àñòíîñòè, åñëè u = u(x, y), òî ∆u =
∂2u

∂x2
+

∂2u

∂y2
.

1.2. Íàéäèòå ∆u, åñëè à) u = sinx ch y; á) u = ln
√
x2 + y2.

Äèôôåðåíöèðîâàíèå ñëîæíîé ôóíêöèè. Ïóñòü u(x, y) = f(ξ(x, y), η(x, y)). Òîãäà

∂u

∂x
(x, y) =

∂f

∂ξ
(ξ(x, y), η(x, y)) · ∂ξ

∂x
(x, y) +

∂f

∂η
(ξ(x, y), η(x, y)) · ∂η

∂x
(x, y).

Èëè â ñîêðàùåííîé çàïèñè
∂u

∂x
=

∂f

∂ξ
· ∂ξ

∂x
+

∂f

∂η
· ∂η

∂x
.

Çàìåòèì, ÷òî ÷èñëî ïåðåìåííûõ ôóíêöèè f íå îáÿçàíî ñîâïàäàòü ñ ÷èñëîì ïåðåìåííûõ ôóíê-

öèè u. Àíàëîãè÷íî ìîæíî çàïèñàòü ôîðìóëû äëÿ ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèé u(x, y) =
f(ξ(x, y)), u(x) = f(ξ(x), η(x)) è ò.ä.

1.3. Íàéäèòå ÷àñòíûå ïðîèçâîäíûå ïî x è ïî y ôóíêöèé à) u = f(x + y, x2 + y2); á)
u = f(x− y, xy).

1.4. Íàéäèòå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè u = f(x, xy, xyz) ïî x, y è z.

1.5. Ïðîâåðüòå, ÷òî ôóíêöèÿ u = f(x2 + y2), ãäå f(ξ) � ïðîèçâîëüíàÿ äèôôåðåíöèðó-

åìàÿ ôóíêöèÿ, óäîâëåòâîðÿåò óðàâíåíèþ y
∂u

∂x
− x

∂u

∂y
= 0.

1.6. Ïðîâåðüòå, ÷òî ôóíêöèÿ u =
y2

3x
+ f(xy), ãäå f(ξ) � ïðîèçâîëüíàÿ äèôôåðåíöè-

ðóåìàÿ ôóíêöèÿ, óäîâëåòâîðÿåò óðàâíåíèþ x2∂u

∂x
− xy

∂u

∂y
+ y2 = 0.

1.7. Íàéäèòå ðåøåíèå u(x, y) óðàâíåíèÿ
∂u

∂x
= cos x + xy, óäîâëåòâîðÿþùåå óñëîâèþ

u(0, y) = y2.
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1.8. Ðåøèòå óðàâíåíèÿ à)
∂2z

∂x2
= 0, z = z(x, y); á)

∂3u

∂x∂y∂z
= 0, u = u(x, y, z).

1.9. Ïðîâåðüòå, ÷òî ôóíêöèÿ u = f(x − at) + g(x + at), ãäå f è g � ïðîèçâîëüíûå

äâàæäû äèôôåðåíöèðóåìûå ôóíêöèè, óäîâëåòâîðÿåò óðàâíåíèþ
∂2u

∂t2
= a2∂

2u

∂x2
.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1.10. Íàéäèòå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè u = f(xy)g(yz), ãäå f è g � ïðîèçâîëü-
íûå äèôôåðåíöèðóåìûå ôóíêöèè.

1.11. Íàéäèòå ðåøåíèå óðàâíåíèÿ
∂u

∂y
= x2 + y2 òàêîå, ÷òî u(x, x) = 0.

1.12. Íàéäèòå ÷àñòíûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà ôóíêöèé

à) u = f(x+ y, x2 + y2); á) u = f(xy,
x

y
).

2. Çàìåíà ïåðåìåííûõ

2.1. Ðåøèòå óðàâíåíèå zy−zx = 0, ïåðåéäÿ ê íîâûì íåçàâèñèìûì ïåðåìåííûì u = x+y,
v = x− y.

2.2. Ââåäÿ íîâûå íåçàâèñèìûå ïåðåìåííûå u è v, ðåøèòå äèôôåðåíöèàëüíîå óðàâíå-

íèå: xzx + yzy = z, åñëè u = x, v =
y

x
.

2.3. Ðåøèòå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè, ââåäÿ íîâûå íåçàâèñèìûå ïåðåìåí-
íûå u è v: yzx − xzy = 0, åñëè u = x, v = x2 + y2.

2.4. Â óðàâíåíèè
∂u

∂x
+
∂u

∂y
+
∂u

∂z
= 0 ñäåëàéòå çàìåíó t = x, s = y − x, p = z − x.

2.5. Ââåäÿ íîâûå íåçàâèñèìûå ïåðåìåííûå, ïðåîáðàçóéòå âûðàæåíèå B = (zx)
2 +(zy)

2,
åñëè x = r cosϕ, y = r sinϕ.

2.6. Ðåøèòå äèôôåðåíöèàëüíîå óðàâíåíèå, ââåäÿ íîâûå ïåðåìåííûå u, v è w, ãäå w =

w(u, v): xzx + (y + 1)zy = 0, åñëè x = u+ v, y =
v

u
, z =

w

u
.

2.7. Äîêàæèòå, ÷òî ëþáîå óðàâíåíèå zxy + azx + bzy + cz = 0, a, b, c ∈ R, ïóòåì çàìåíû
z = ueαx+βy, α, β ∈ R, u = u(x, y), ìîæíî ïðèâåñòè ê âèäó uxy + qu = 0, q ∈ R.

Ïóñòü óðàâíåíèå F (x, y, z) = 0 íåÿâíî çàäà¼ò ïîâåðõíîñòü, íà êîòîðîé ëåæèò òî÷êà M◦ =
(x◦, y◦, z◦). Òîãäà Fx(M◦)(x◦−x)+Fy(M◦)(y◦−y)+Fz(M◦)(z◦−z) = 0 � óðàâíåíèå êàñàòåëüíîé

ïëîñêîñòè â òî÷êå M◦, à
x◦ − x

Fx(M◦)
=

y◦ − y

Fy(M◦)
=

z◦ − z

Fz(M◦)
� óðàâíåíèå íîðìàëè ê ïîâåðõíîñòè â

òî÷êå M◦.

2.8. Íàïèøèòå óðàâíåíèÿ êàñàòåëüíîé ïëîñêîñòè è íîðìàëè ê ïîâåðõíîñòè x2+y2+z2 =
169 â òî÷êå M(3, 4, 12).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ
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2.9. Ââåäÿ íîâûå íåçàâèñèìûå ïåðåìåííûå u è v, ïðåîáðàçóéòå äèôôåðåíöèàëüíîå
óðàâíåíèå: yzx − xzy = yex2+y2

, åñëè u = x2 + y2, v = y.

Îòâåò: zv = ± v√
u− v2

eu.

2.10. Ðåøèòå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè, ââåäÿ íîâûå íåçàâèñèìûå ïåðå-
ìåííûå u è v: azx + bzy = 0, åñëè u = ax+ by, v = bx− ay.
Îòâåò: zu = 0, z = f(bx− ay), ãäå f(v) � ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ.

2.11. Ââåäÿ íîâûå íåçàâèñèìûå ïåðåìåííûå, ïðåîáðàçóéòå âûðàæåíèå: B = zxx + zyy,
åñëè x = r cosϕ, y = r sinϕ.

Îòâåò: B = zrr +
1

r
zr +

1

r2
zϕϕ.

3. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó ëèíåéíûõ óðàâ-

íåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà

3.1. Óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè

Ðàññìîòðèì óðàâíåíèå

a11uxx + 2a12uxy + a22uyy + b1ux + b2uy + cu + f = 0. (1.1)

Âñÿêàÿ âçàèìíîîäíîçíà÷íàÿ çàìåíà ïåðåìåííûõ ξ = ξ(x, y), η = η(x, y) ïðèâîäèò ê íîâîìó

óðàâíåíèþ, êîòîðîå ýêâèâàëåíòíî (1.1). Êàê æå âûáðàòü ξ è η òàê, ÷òîáû â ýòèõ ïåðåìåííûõ

óðàâíåíèå èìåëî íàèáîëåå ïðîñòóþ ôîðìó? Äëÿ òîãî, ÷òîáû ïîñëå çàìåíû ÷àñòü êîýôôèöè-

åíòîâ îáðàòèëàñü â íîëü, íåîáõîäèìî íàéòè õàðàêòåðèñòèêè óðàâíåíèÿ (1.1) (õàðàêòåðèñòèêè

� ýòî òàêàÿ êîîðäèíàòíàÿ ñåòêà íà ïëîñêîñòè (x, y), â êîòîðîé óðàâíåíèå (1.1) ïðèîáðåòàåò

êàíîíè÷åñêèé âèä). Õàðàêòåðèñòèêàìè óðàâíåíèÿ (1.1) ÿâëÿþòñÿ ïåðâûå èíòåãðàëû óðàâíå-

íèÿ

a11dy2 − 2a12dxdy + a22dx2 = 0. (1.2)

Â çàâèñèìîñòè îò çíàêà äèñêðèìèíàíòà ∆ = a2
12 − a11a22 ðàçëè÷àþò òðè ñëó÷àÿ:

1) Ãèïåðáîëè÷åñêèé (∆ > 0). Óðàâíåíèå (1.2) ðàñïàäàåòñÿ íà äâà ÎÄÓ dy
dx = a12±

√
∆

a11
(íå

îãðàíè÷èâàÿ îáùíîñòè ñ÷èòàåì, ÷òî a11 6= 0, â ïðîòèâíîì ñëó÷àå ðàññìîòðèâàþò óðàâíåíèÿ
dx
dy = a12±

√
∆

a22
). Èç ýòèõ óðàâíåíèé íàõîäèì èíòåãðàëû f1(x, y) = C1, f2(x, y) = C2. Çàìåíà

ïåðåìåííûõ ξ = f1(x, y), η = f2(x, y) ïðåîáðàçóåò óðàâíåíèå (1.1) ê âèäó uξη = − F̄
a12

, ïðàâàÿ

÷àñòü êîòîðîãî íå ñîäåðæèò âòîðûõ ïðîèçâîäíûõ ôóíêöèè u.

2) Ïàðàáîëè÷åñêèé (∆ = 0). Óðàâíåíèå (1.2) ýêâèâàëåíòíî óðàâíåíèþ dy
dx = a12

a11
, èíòåãðèðóÿ

êîòîðîå íàõîäèì f(x, y) = C. Çàìåíà ïåðåìåííûõ ξ = f(x, y), η = g(x, y) (ãäå g � ïðîèçâîëüíàÿ

ôóíêöèÿ, ëèíåéíî íåçàâèñèìàÿ ñ f) ïðåîáðàçóåò óðàâíåíèå (1.1) ê âèäó uηη = − F̄
a22

, ïðàâàÿ

÷àñòü êîòîðîãî íå ñîäåðæèò âòîðûõ ïðîèçâîäíûõ ôóíêöèè u.

3) Ýëëèïòè÷åñêèé (∆ < 0). Óðàâíåíèå (1.2) ðàñïàäàåòñÿ íà óðàâíåíèÿ dy
dx = a12±i

√
|∆|

a11
,

ðåøàÿ êîòîðûå íàõîäèì èíòåãðàëû f(x, y) ± ig(x, y) = C1 ± iC2. Ïîñëå çàìåíû ξ = f(x, y),
η = g(x, y) óðàâíåíèå (1.1) ïðèìåò âèä ã11uξξ+ã22uηη = −F̄ , ã11ã22 > 0, ïðàâàÿ ÷àñòü êîòîðîãî
íå ñîäåðæèò âòîðûõ ïðîèçâîäíûõ ôóíêöèè u.

Çàìåòèì, ÷òî îäíî è òî æå óðàâíåíèå ìîæåò èìåòü ðàçíûé òèï â ðàçíûõ ÷àñòÿõ ïëîñêîñòè.

Òàêæå îòìåòèì, ÷òî çàìåíà ïåðåìåííûõ ξ = ξ(x, y), η = η(x, y) âçàèìíîîäíîçíà÷íà, åñëè

åå ÿêîáèàí d(ξ,η)
d(x,y) =

∣∣∣∣ ξx ξy

ηx ηy

∣∣∣∣ íåïðåðûâåí è îòëè÷åí îò íóëÿ äëÿ âñåõ (x, y).
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3.1. Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ
à) uxx − 2uxy + uyy + 9ux − 9uy − 9u = 0;
á) 2uxx + 3uxy + uyy + 7ux + 4uy − 2u = 0;
â) uxx + 4uxy + 13uyy + 3ux + 24uy − 9u+ 9(x+ y) = 0;
ã) (1 + x2)2uxx + uyy + 2x(1 + x2)ux = 0;
ä) uxx − (1 + y2)2uyy − 2y(1 + y2)uy = 0.
Îòâåò:
à) ξ = x+ y, η = x, uηη + 18uξ + 9uη − 9u = 0 (ïàðàáîëè÷åñêîå âñþäó);
á) ξ = y − x, η = 2y − x, uξη + 3uξ − uη + 2u = 0 (ãèïåðáîëè÷åñêîå âñþäó);
â) ξ = y − 2x, η = 3x, uξξ + uηη + 2uξ + uη − u+ ξ + η = 0 (ýëëèïòè÷åñêîå âñþäó);
ã) ξ = y, η = arctg x, uξξ + uηη = 0 (ýëëèïòè÷åñêîå âñþäó);
ä) ξ = arctg y − x, η = arctg y + x, uξη = 0 (ãèïåðáîëè÷åñêîå âñþäó).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

3.2. Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ
à) uxx + uxy − 2uyy − 3ux − 15uy + 27x = 0;
á) uxx + 4uxy + 10uyy − 24ux + 42uy + 2(x+ y) = 0;
â) y2uxx + 2xyuxy + x2uyy = 0.
Îòâåò:
à) ξ = 2x− y, η = x+ y, uξη + uξ − 2uη + ξ + η = 0 (ãèïåðáîëè÷åñêîå âñþäó);
á) ξ = y − 2x, η = x, 6uξξ + uηη + 90uξ − 24uη + 2ξ + 6η = 0 (ýëëèïòè÷åñêîå âñþäó);

â) ξ = y2 − x2, η = x2, uηη −
ξ

2η(ξ + η)
uξ +

1

2η
uη = 0 (ïàðàáîëè÷åñêîå âñþäó, êðîìå

òî÷êè (0, 0), â êîòîðîé óðàâíåíèå âûðîæäàåòñÿ).

4. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó ëèíåéíûõ óðàâ-

íåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà

4.1. Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó óðàâíåíèå uxx−(1+y2)2uyy−2y(1+y2)uy = 0.
Îòâåò: ξ = arctg y − x, η = arctg y + x, uξη = 0 (ãèïåðáîëè÷åñêîå âñþäó).

4.1. Óäàëåíèå ìëàäøèõ ïðîèçâîäíûõ (ýêñïîíåíöèàëüíàÿ çàìå-
íà)

4.2. Äîêàæèòå, ÷òî ëþáîå óðàâíåíèå âèäà uxy + aux + buy + cu = 0, a, b, c ∈ R, ïóòåì
çàìåíû u = veαx+βy, α, β ∈ R, v = v(x, y), ìîæíî ïðèâåñòè ê âèäó vxy + qv = 0, q ∈ R.

4.3. Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó è èçáàâüòåñü îò ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà
â ñëåäóþùèõ óðàâíåíèÿõ:
à) uxx − 6uxy + 9uyy − ux + 2uy = 0;
á) uxx − uyy + ux + uy − 4u = 0.
Îòâåò:
à) ξ = 3x+ y, η = x, vηη − vξ = 0, ãäå u(ξ, η) = e−

1
2
ξ+ 1

2
ηv(ξ, η);

á) ξ = x− y, η = x+ y, uξη − u = 0, ãäå u(ξ, η) = e−
1
2
ξ.
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4.2. Óðàâíåíèÿ ñ òðåìÿ íåçàâèñèìûìè ïåðåìåííûìè è ïîñòîÿí-
íûìè êîýôôèöèåíòàìè

Ðàññìîòðèì óðàâíåíèå

a11uxx + a22uyy + a33uzz + 2a12uxy + 2a13uxz + 2a23uyz + a1ux + a2uy + a3uz + au = 0. (1.3)

Äëÿ òîãî, ÷òîáû ïðèâåñòè óðàâíåíèå (1.3) ê êàíîíè÷åñêîìó âèäó, íåîáõîäèìî:

1. Âûäåëÿÿ ïîëíûå êâàäðàòû ìåòîäîì Ëàãðàíæà, ïðåîáðàçîâàòü êâàäðàòè÷íóþ ôîðìó

F (λ) = λT Aλ = a11λ
2
1 + a22λ

2
2 + a33λ

2
3 + 2a12λ1λ2 + 2a13λ1λ3 + 2a23λ2λ3

ê âèäó

F (λ) = b11(m11λ1+m12λ2+m13λ3)2+b22(m21λ1+m22λ2+m23λ3)2+b33(m31λ1+m32λ2+m33λ3)2,

ãäå b11, b22, b33 ∈ {−1, 0, 1}.
2. Ñîñòàâèòü èç êîýôôèöèåíòîâ mij ìàòðèöó M è âû÷èñëèòü ìàòðèöó C = (M−1)T .

3. Çàìåíà ïåðåìåííûõ

 ξ
η
δ

 = C

 x
y
z

 ïðèâåäåò óðàâíåíèå (1.3) ê êàíîíè÷åñêîé ôîðìå

b11uξξ + b22uηη + b33uδδ + b1uξ + b2uη + b3uδ + bu = 0.

Óðàâíåíèå íàçûâàåòñÿ:

1) Ýëëèïòè÷åñêèì, åñëè b11, b22, b33 � îòëè÷íû îò íóëÿ è îäíîãî çíàêà.

2) Ãèïåðáîëè÷åñêèì, åñëè b11, b22, b33 � îòëè÷íû îò íóëÿ è ðàçíûõ çíàêîâ.

3) Ïàðàáîëè÷åñêèì, åñëè îäèí èç êîýôôèöèåíòîâ b11, b22, b33 ðàâåí íóëþ, à îñòàëüíûå îäíîãî

çíàêà.

Îáîñíóåì ïðèâåäåííûé àëãîðèòì. Ïóñòü B =

 b11 0 0
0 b22 0
0 0 b33

 è G(µ) = µT Bµ, òîãäà

G(Mλ) = λT MT BMλ = F (λ) è, ñëåäîâàòåëüíî,A = MT BM . Ðàññìîòðèì äèôôåðåíöèàëüíûé

îïåðàòîð êâàäðàòè÷íîé ÷àñòè óðàâíåíèÿ (1.3)

L = a11
∂2

∂x2 + a22
∂2

∂y2 + a33
∂2

∂z2 + 2a12
∂2

∂x∂y + 2a13
∂2

∂x∂z + 2a23
∂2

∂y∂z = ( ∂
∂x , ∂

∂y , ∂
∂z )A

 ∂
∂x
∂
∂y
∂
∂z

 .

Åñëè

 ξ
η
δ

 = C

 x
y
z

, òî
 ∂

∂x
∂
∂y
∂
∂z

 = CT

 ∂
∂ξ
∂
∂η
∂
∂δ

. Çíà÷èò, L = ( ∂
∂ξ
, ∂

∂η
, ∂

∂δ
)CACT

 ∂
∂ξ
∂
∂η
∂
∂δ

.
Âûáðàâ ìàòðèöó C â âèäå C = (M−1)T , ìû ïîëó÷èì, ÷òî ìàòðèöà CACT =
(M−1)TAM−1 = B áóäåò ìàòðèöåé îïåðàòîðà L â ïåðåìåííûõ ξ, η, δ. À ýòî, â ñâîþ
î÷åðåäü, îçíà÷àåò, ÷òî îïåðàòîð L ïðèîáðåòåò êàíîíè÷åñêèé âèä.

4.4. Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ:
à) uxx + 4uyy + uzz + 4uxy + 2uxz + 4uyz + 2u = 0;
á) uxy + uzz + ux − uy = 0.
Îòâåò:
à) uξξ + 2u = 0;
á) uξξ − uηη + uδδ + 2uξ = 0.
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Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

4.5. Ïðèâåäèòå ê êàíîíè÷åñêîìó âèäó è óïðîñòèòå ïðè ïîìîùè ýêñïîíåíöèàëüíîé çà-
ìåíû ñëåäóþùèå óðàâíåíèÿ:
à) uxy − uxz − ux + uy + uz + u = 0;
á) uyy − 2uxy + uzz + ux + uy + uz + u = 0.
Îòâåò:
à) ξ = x+ y, η = −x+ y, ζ = y + z, uξξ − uηη + 2uη + 2uζ + u = 0,
u = veη−ζ , vξξ − vηη + 2vζ = 0.
á) ξ = y, η = x+ y, ζ = z, uξξ − uηη + uζζ + uξ + 2uη + uζ + u = 0,

u = ve−
1
2
ξ+η− 1

2
ζ , vξξ − vηη + vζζ + 3

2
v = 0.

5. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà 1

5.1. Íàéäèòå îáùåå ðåøåíèå ñëåäóþùèõ óðàâíåíèé:
à) 2uxx − 5uxy + 3uyy = 0;
á) uxy + xux − u+ cos y = 0 (óêàçàíèå: ñäåëàéòå çàìåíó v = uxx);
â) chx uxy + (shx+ y chx)uy − chx u = 0 (óêàçàíèå: ñäåëàéòå çàìåíó v = uyy chx).

Îòâåò:
a) u = f(x+ y) + g(3x+ 2y);

á) u = cos y + xg(y) + g′(y) +
x∫
0

(x− s)e−ysf(s)ds;

â) u = 1
ch x

(
yg(x) + g′(x) +

y∫
0

(y − s)e−sxf(s)ds

)
.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

5.2. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ ∂
∂y

(ux + u) + 2x2y(ux + u) = 0.

Îòâåò: u = e−x

(
f(y) +

x∫
0

es−s2y2
g(s)ds

)
.

5.3. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:
à) eyuxy − uyy + uy = 0, u(0, y) = −x2/2, uy(x, 0) = − sin x;
á) 3uxx − 5uxy + 2uyy = 0, u(x, x) = x

1+x2 , uy(x, x) = cosx.
Îòâåò:
a) u = −x2

2
+ cos(x− 1 + ey)− cosx;

á) u = 12(x+y)
4+(x+y)2

+ 10 cos x+y
2
− 25(2x+3y)

25+(2x+3y)2
− 10 cos 2x+3y

5
.

6. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà 2

6.1. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:
à) 4y2uxx + 2(1− y2)uxy − uyy − 2y

1+y2 (2ux − uy) = 0, u(x, 0) = ϕ(x), uy(x, 0) = ψ(x);

á) uxx − 2uxy + 4ey = 0, u(0, y) = ϕ(y), ux(0, y) = ψ(y);
â) uxx + 2 cosxuxy − sin2 xuyy − sin xuy = 0, u(x, sin x) = x+ cosx, uy(x, sin x) = sinx;
ã) eyuxy − uyy + uy = xe2y, u(x, 0) = sinx, uy(x, 0) = 1

1+x2 .
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Îòâåò:

a) u = ϕ(x− 2
3
y3) + 1

2

x+2y∫
x− 2

3
y3

ψ(s)ds;

á) u = (1 + 2x− e2x)ey + ϕ(y) + 1
2

2x+y∫
y

ψ(s)ds;

â) u = x+ cos(x− y + sinx);
ã) u = 1

2
x2(ey − 1) + sinx+ 1

6
(x3 − (x− ey − 1)3) + arctg(x+ ey − 1)− arctg x.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

6.2. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:
à) uxx + 2 cos xuxy − sin2 xuyy + ux + (1 − sin x + cos x)uy = 0, u(x, sin x) = cos x,
uy(x, sin x) = sinx;
á) 2ux − uy − 4u = ex+y, u(x, 0) = ϕ(x);

Îòâåò:
a) u = cos(y − x− sin x);
á) u = ex−2y

(
e−(x+2y)ϕ(x+ 2y)− 1

3
e3y + 1

3

)
;

7. Êîíòðîëüíàÿ ðàáîòà 1

8. Óðàâíåíèå ïîïåðå÷íûõ êîëåáàíèé ñòðóíû

Ðàññìîòðèì ñòðóíó, êîòîðàÿ â ñîñòîÿíèè ïîêîÿ ñîâïàäàåò ñ îòðåçêîì [0; `] îñè x. Ïóñòü
ýòà ñòðóíà ñîâåðøàåò ïîïåðå÷íûå êîëåáàíèÿ â ïëîñêîñòè (x, u). Îáîçíà÷èì ÷åðåç u(x, t)
îòêëîíåíèå òî÷êè x ñòðóíû îò ïîëîæåíèÿ ðàâíîâåñèÿ â ìîìåíò t. Öåëü: ïîñòàâèòü
çàäà÷ó íà íàõîæäåíèå ôóíêöèè u(x, t). Äëÿ ýòîãî íåîáõîäèìî íàó÷èòüñÿ âû÷èñëÿòü
êèíåòè÷åñêóþ è ïîòåíöèàëüíóþ ýíåðãèþ ñòðóíû.

8.1. Ñòðóíà (0 6 x 6 `) ñ ëèíåéíîé ïëîòíîñòüþ ρ = ρ(x) ñîâåðøàåò ïîïåðå÷íûå êî-
ëåáàíèÿ u = u(x, t). Íàéäèòå êèíåòè÷åñêóþ ýíåðãèþ K = K(u)(t) ñòðóíû â ìîìåíò
âðåìåíè t äëÿ ñëó÷àåâ, êîãäà ñòðóíà
à) íå èìååò ñîñðåäîòî÷åííûõ ìàññ;
á) â òî÷êàõ xi èìååò ñîñðåäîòî÷åííûå ìàññû mi, i = 1, . . . , n.

Èçâåñòíî, ÷òî ïîòåíöèàëüíàÿ ýíåðãèÿ ýëåìåíòà ñòðóíû ïðîïîðöèîíàëüíà ïðèðàùå-
íèþ äëèíû ýòîãî ýëåìåíòà. Êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè íàçûâàåòñÿ íàòÿæåíè-
åì ñòðóíû.

8.2. Ñòðóíà (0 6 x 6 `) ñ ëèíåéíîé ïëîòíîñòüþ ρ = ρ(x) è íàòÿæåíèåì T ñîâåðøà-
åò ïîïåðå÷íûå êîëåáàíèÿ u = u(x, t). Èñïîëüçóÿ ýòî, íàéäèòå ïîòåíöèàëüíóþ ýíåðãèþ
U = U(u)(t) ñòðóíû â ìîìåíò âðåìåíè t äëÿ ñëó÷àåâ, êîãäà:
à) êîíöû ñòðóíû çàêðåïëåíû æåñòêî;
á) êîíöû ñòðóíû çàêðåïëåíû æåñòêî è ñòåïåíÿìè ux âûøå âòîðîé ìîæíî ïðåíåáðå÷ü
(ò.å. ñ÷èòàÿ, ÷òî êîëåáàíèÿ ìàëûå);
â) ê êîíöàì ñòðóíû ïðèëîæåíû ñèëû F1(t) è F2(t), íàïðàâëåííûå âåðòèêàëüíî ââåðõ
(óêàçàíèå: ïîòåíöèàëüíàÿ ýíåðãèÿ ñèëû F , íå çàâèñÿùåé îò òî÷êè ïðèëîæåíèÿ, ðàâíà
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−Fh, ãäå h � âûñîòà íàä íóëåâûì óðîâíåì);
ã) êîíöû ñòðóíû çàêðåïëåíû óïðóãî, òî åñòü îíè èñïûòûâàþò äåéñòâèå ñèëû, ïðîïîðöè-
îíàëüíîé èõ îòêëîíåíèþ è íàïðàâëåííîé ïðîòèâîïîëîæíî îòêëîíåíèþ (óêàçàíèå: ïî-
òåíöèàëüíàÿ ýíåðãèÿ ñèëû F = F (u), çàâèñÿùåé îò òî÷êè ïðèëîæåíèÿ u, ðàâíà ðàáîòå
ïî ïðåîäîëåíèþ ýòîé ñèëû ïðè ïåðåìåùåíèè èç òî÷êè u1 â òî÷êó u2: A = −

∫ u2

u1
F (u)du);

ä) íà êàæäûé ýëåìåíò ñòðóíû äåéñòâóåò âíåøíÿÿ ñèëà f(x, t)dx, íàïðàâëåííàÿ âåðòè-
êàëüíî ââåðõ (f(x, t) � ïëîòíîñòü âíåøíèõ ñèë).

Òåïåðü âñå ãîòîâî äëÿ òîãî, ÷òîáû âûâåñòè óðàâíåíèå êîëåáàíèÿ ñòðóíû. Âûâîäèòü
áóäåì èç ïðèíöèïà Ãàìèëüòîíà: â ¾òî÷êå¿ u = u(x, t) òîæäåñòâåííî ðàâíà íóëþ ïåðâàÿ
âàðèàöèÿ ôóíêöèîíàëà

A(u) =

∫ t2

t1

(
K(u)(t)− U(u)(t)

)
dt, 0 6 t1 < t2 � ïðîèçâîëüíû.

Ïåðâîé âàðèàöèåé ôóíêöèîíàëà A(u) â òî÷êå u íàçûâàåòñÿ ëèíåéíàÿ ïî δu ÷àñòü ïðè-
ðàùåíèÿ A(u+ δu)− A(u). Ïåðâóþ âàðèàöèþ â òî÷êå u áóäåì îáîçíà÷àòü DA(u)(δu).

8.3. Ñòðóíà (0 6 x 6 `) ñ ëèíåéíîé ïëîòíîñòüþ ρ = ρ(x) è íàòÿæåíèåì T ñîâåðøàåò
ìàëûå ïîïåðå÷íûå êîëåáàíèÿ u = u(x, t). Ïóñòü u(x, 0) = ϕ(x) (íà÷àëüíîå îòêëîíåíèå),
ut(x, 0) = ψ(x) (íà÷àëüíàÿ ñêîðîñòü). Íà îñíîâàíèè ïðèíöèïà Ãàìèëüòîíà ñôîðìóëè-
ðóéòå çàäà÷ó íà íàõîæäåíèå ôóíêöèè u(x, t), êîãäà:
à) êîíöû ñòðóíû çàêðåïëåíû æåñòêî;
á) êîíöû ñòðóíû ñâîáîäíû;
â) ê êîíöàì ñòðóíû ïðèëîæåíû ñèëû F1(t) è F2(t), íàïðàâëåííûå âåðòèêàëüíî ââåðõ;
ã) êîíöû ñòðóíû çàêðåïëåíû óïðóãî;
ä) ëåâûé êîíåö çàêðåïëåí æåñòêî, à ïðàâûé � óïðóãî;
å) êîíöû ñòðóíû çàêðåïëåíû æåñòêî, è íà ñòðóíó äåéñòâóåò âíåøíÿÿ ñèëà ñ ïëîòíî-
ñòüþ f(x, t), íàïðàâëåííàÿ âåðòèêàëüíî ââåðõ.

9. Óðàâíåíèå ïðîäîëüíûõ êîëåáàíèé ñòåðæíÿ

Ðàññìîòðèì óïðóãèé ñòåðæåíü (äëÿ ðàñòÿæåíèÿ èëè èçãèáàíèÿ óïðóãîãî ñòåðæíÿ ñëå-
äóåò ïðèëîæèòü îïðåäåëåííîå óñèëèå � ýòî îòëè÷àåò åãî îò ñòðóíû, êîòîðàÿ ãíåòñÿ
ñâîáîäíî). Áóäåì ñ÷èòàòü, ÷òî:
1) öåíòðû òÿæåñòè âñåõ ïîïåðå÷íûõ (ïåðïåíäèêóëÿðíûõ îñè x) ñå÷åíèé îáðàçóþò îò-
ðåçîê [0; `] ÷èñëîâîé îñè x;
2) ïîïåðå÷íûå ñå÷åíèÿ ñòåðæíÿ ìîãóò ñìåùàòüñÿ (ñîâåðøàòü ïðîäîëüíûå êîëåáàíèÿ)
âäîëü îñè x;
3) âî âðåìÿ ñìåùåíèÿ ïîïåðå÷íûå ñå÷åíèÿ îñòàþòñÿ ïëîñêèìè è îðòîãîíàëüíûìè îñè
x (ýòî äîïóùåíèå îïðàâäàíî, êîãäà òîëùèíà ñòåðæíÿ ìíîãî ìåíüøå åãî äëèíû);

Äëÿ ñòåðæíÿ, íàõîäÿùåãîñÿ â ñîñòîÿíèè ïîêîÿ, îáîçíà÷èì: S(x) � ïëîùàäü ïîïå-
ðå÷íîãî ñå÷åíèÿ â òî÷êå x, ρ(x) � îáúåìíàÿ ïëîòíîñòü â òî÷êå x (òî åñòü äëÿ ïîëó÷åíèÿ
ìàññû åå ñëåäóåò óìíîæèòü íà îáúåì), E(x) � ìîäóëü Þíãà â òî÷êå x (ìîäóëü Þí-
ãà ôèãóðèðóåò â çàêîíå Ãóêà: T = ESε, ãäå T � ñèëà íàòÿæåíèÿ, ε � îòíîñèòåëüíîå
óäëèíåíèå), f(x, t) � îáúåìíàÿ ïëîòíîñòü âíåøíèõ ñèë, äåéñòâóþùèõ âäîëü îñè x.

×åðåç u(x, t) îáîçíà÷èì îòêëîíåíèå â ìîìåíò t òîãî ñå÷åíèÿ ñòåðæíÿ, êîòîðîå, íà-
õîäÿñü â ïîêîå, èìåëî àáñöèññó x.
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Ñôîðìóëèðóåì ïðèíöèï Äàëàìáåðà: ñóììà âñåõ ñèë (âêëþ÷àÿ èíåðöèîííûå), äåé-
ñòâóþùèõ íà òåëî â íàïðàâëåíèè âîçìîæíîãî ïåðåìåùåíèÿ ðàâíà íóëþ.

9.1. Ðàññìîòðèì óïðóãèé ñòåðæåíü, ñîâåðøàþùèé ïðîäîëüíûå êîëåáàíèÿ u = u(x, t).
Íà êàæäîå ïîïåðå÷íîå ñå÷åíèå ñòåðæíÿ S(x) ñî ñòîðîíû ïðàâîé îò ýòîãî ñå÷åíèÿ ÷à-
ñòè ñòåðæíÿ äåéñòâóåò ñèëà íàòÿæåíèÿ T (x, t). Èñïîëüçóÿ çàêîí Ãóêà, íàéäèòå ñèëó
íàòÿæåíèÿ T (x, t). Êàêàÿ ñèëà íàòÿæåíèÿ äåéñòâóåò íà ñå÷åíèå S(x) ñî ñòîðîíû ëåâîé
îò ýòîãî ñå÷åíèÿ ÷àñòè ñòåðæíÿ?

9.2. Ðàññìîòðèì óïðóãèé ñòåðæåíü, ñîâåðøàþùèé ïðîäîëüíûå êîëåáàíèÿ u = u(x, t).
Ïóñòü u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). Íà îñíîâàíèè ïðèíöèïà Äàëàìáåðà ñôîðìóëè-
ðóéòå çàäà÷ó íà íàõîæäåíèå ôóíêöèè u(x, t) äëÿ ñëó÷àåâ, êîãäà:
à) íà ñòåðæåíü íå îêàçûâàåòñÿ âíåøíåãî âîçäåéñòâèÿ, à åãî êîíöû çàêðåïëåíû æåñòêî;
á) íà ñòåðæåíü äåéñòâóþò âíåøíèå ñèëû ñ îáúåìíîé ïëîòíîñòüþ f(x, t), è êîíöû ñòåðæ-
íÿ ñâîáîäíû;
â) ïî íàïðàâëåíèþ îñè x ê êîíöàì ñòåðæíÿ ïðèëîæåíû ñèëû F1(x) è F2(x), ñîíàïðàâ-
ëåííûå ñ îñüþ x;
ã) êîíöû ñòåðæíÿ çàêðåïëåíû óïðóãî;
ä) ëåâûé êîíåö èñïûòûâàåò ñîïðîòèâëåíèå, ïðîïîðöèîíàëüíîå åãî ñêîðîñòè, à ïðàâûé
çàêðåïëåí æåñòêî;
å) ñòåðæåíü (íà åäèíèöó ìàññû) èñïûòûâàåò äåéñòâèå ñèëû ñîïðîòèâëåíèÿ îòêëîíå-
íèþ, ïðîïîðöèîíàëüíîé ñêîðîñòè, à êîíöû ñòåðæíÿ êîëåáëþòñÿ ïî çàäàííûì çàêîíàì
v1(t) è v2(t).

10. Óðàâíåíèå òåïëîîáìåíà

Íàçîâåì ïîòîêîì òåïëà (èëè òåïëîâûì ïîòîêîì) � êîëè÷åñòâî òåïëà, ïðîòåêàþùåå
çà åäèíèöó âðåìåíè ÷åðåç ïëîùàäêó åäèíè÷íîé ïëîùàäè, ïåðïåíäèêóëÿðíî ïëîùàäêå.

Î çàêîíå Ôóðüå. Ïðåäïîëîæèì, ÷òî ó íàñ åñòü íåêîòîðàÿ îáëàñòü G ⊂ Rn, êàæäàÿ
òî÷êà x̄ êîòîðîé èìååò òåìïåðàòóðó u(x̄). Òîãäà îò áîëåå íàãðåòûõ òî÷åê òåïëî áóäåò
ïåðåòåêàòü ê áîëåå õîëîäíûì. Äëÿ êàæäîé òî÷êè x̄ ∈ G îïðåäåëèì âåêòîð ïëîòíîñòè
ïîòîêà òåïëà q̄(x̄): íàïðàâëåíèå âåêòîðà q̄(x̄) ñîâïàäàåò ñ íàïðàâëåíèåì ïîòîêà òåïëà,
à åãî äëèíà ðàâíà òåïëîâîìó ïîòîêó ÷åðåç åäèíè÷íóþ ïëîùàäêó, ïåðïåíäèêóëÿðíóþ
âåêòîðó q̄(x̄). Çàêîí Ôóðüå:

q̄(x̄) = −k(x̄)∇u(x̄),

ãäå k(x̄) � êîýôôèöèåíò òåïëîïðîâîäíîñòè â òî÷êå x, ∇ = ( ∂
∂x1
, . . . , ∂

∂xn
) � îïåðàòîð

ãðàäèåíòà. Òî åñòü òåïëî òå÷åò â íàïðàâëåíèè, ïðîòèâîïîëîæíîì íàïðàâëåíèþ íàè-
áîëüøåãî ðîñòà òåìïåðàòóðû.

Î çàêîíå Íüþòîíà.Ïóñòü ïî íåêîòîðîé ãðàíèöå ñîïðèêàñàþòñÿ äâå ñðåäû ñ òåìïå-
ðàòóðàìè T1 è T2. Òîãäà ÷åðåç ãðàíèöó ñðåä îò áîëåå íàãðåòîãî òåëà ê ìåíåå íàãðåòîìó
ïåðåòåêàåò òåïëîâîé ïîòîê

q = κ|T1 − T2|.

Êîýôôèöèåíò κ íàçûâàåòñÿ êîýôôèöèåíòîì êîíâåêòèâíîé òåïëîïðîâîäíîñòè.
Íà ýòîì ñåìèíàðå ìû îãðàíè÷èìñÿ îäíîìåðíûì ñëó÷àåì. Ïóñòü äàí ñòåðæåíü, îñü

êîòîðîãî ñîâïàäàåò ñ îòðåçêîì [0; `] îñè x. Áóäåì ñ÷èòàòü, ÷òî â êàæäîì ïîïåðå÷íîì
ñå÷åíèè òåìïåðàòóðà ïîñòîÿííà (ò.å. òîëùèíà ñòåðæíÿ ìíîãî ìåíüøå åãî äëèíû). Äëÿ
êàæäîé òî÷êè x îòðåçêà [0; `] îáîçíà÷èì: S(x) � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ, P (x) �
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ïåðèìåòð ïîïåðå÷íîãî ñå÷åíèÿ, ρ(x) � îáúåìíàÿ ïëîòíîñòü â òî÷êå x, c(x) � óäåëüíàÿ
òåïëîåìêîñòü â òî÷êå x, k(x) � êîýôôèöèåíò òåïëîïðîâîäíîñòè âíóòðè ñòåðæíÿ, κ(x)
� êîýôôèöèåíò êîíâåêòèâíîé òåïëîïðîâîäíîñòè ìåæäó ñòåðæíåì è âíåøíåé ñðåäîé,
u0(t) � òåìïåðàòóðà âíåøíåé ñðåäû, f(x, t) � îáúåìíàÿ ïëîòíîñòü èñòî÷íèêîâ òåïëà
âíóòðè ñòåðæíÿ, u(x, t) � òåìïåðàòóðà ñå÷åíèÿ S(x) â ìîìåíò t.

10.1. Áîêîâàÿ ïîâåðõíîñòü ñòåðæíÿ òåïëîèçîëèðîâàíà. Ïóñòü u(x, 0) = ϕ(x). Ñôîðìó-
ëèðóéòå çàäà÷ó íà îïðåäåëåíèå òåìïåðàòóðû â ñòåðæíå â ìîìåíò t > 0 äëÿ ñëó÷àåâ,
êîãäà:
à) êîíöû ñòåðæíÿ òåïëîèçîëèðîâàíû;
á) íà êîíöàõ ñòåðæíÿ ïîääåðæèâàþòñÿ òåïëîâûå ïîòîêè q1(t) è q2(t), íàïðàâëåííûå
âíóòðü ñòåðæíÿ;
â) íà êîíöàõ ñòåðæíÿ ïðîèñõîäèò òåïëîîáìåí ïî çàêîíó Íüþòîíà ñî ñðåäàìè òåìïåðà-
òóð T1(t) è T2(t);
ã) íà êîíöå x = 0 ñîñðåäîòî÷åíà òåïëîèçîëèðîâàííàÿ ìàññà m èç òîãî æå ìàòåðèàëà,
÷òî è ñòåðæåíü, à íà êîíöå x = ` ïîääåðæèâàåòñÿ òåìïåðàòóðà T2(t);
ä) íà îáîèõ êîíöàõ ñòåðæíÿ ñîñðåäîòî÷åíû ìàññû m èç òîãî æå ìàòåðèàëà, ÷òî è
ñòåðæåíü, ïðè÷åì êîíåö x = 0 òåïëîèçîëèðîâàí, íà íà êîíöå x = ` ïîääåðæèâàåòñÿ
òåïëîâîé ïîòîê q2(t), íàïðàâëåííûé âíóòðü ñòåðæíÿ.

10.2. ×åðåç áîêîâóþ ïîâåðõíîñòü ñòåðæíÿ îñóùåñòâëÿåòñÿ êîíâåêòèâíûé òåïëîîáìåí
ñ âíåøíåé ñðåäîé. Ïóñòü u(x, 0) = ϕ(x). Ñôîðìóëèðóéòå çàäà÷ó íà îïðåäåëåíèå òåìïå-
ðàòóðû â ñòåðæíå â ìîìåíò t > 0 äëÿ ñëó÷àåâ, êîãäà:
à) íà êîíöå x = 0 ïîääåðæèâàåòñÿ òåïëîâîé ïîòîê q1(t), à êîíåö x = ` òåïëîèçîëèðîâàí;
á) òåïëî â ñòåðæíå ïîãëîùàåòñÿ ïðîïîðöèîíàëüíî ut â êàæäîé åãî òî÷êå, à êîíöû òåï-
ëîèçîëèðîâàíû.

11. Ôîðìóëû Äàëàìáåðà è Ïóàññîíà

11.1. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:

à)

{
utt = a2uxx, x ∈ R, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R;

á)

{
utt = a2uxx + f(x, t), x ∈ R, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R.

Îòâåò:

à) u(x, t) = 1
2
[ϕ(x+ at) + ϕ(x− at)] + 1

2a

x+at∫
x−at

ψ(s)ds � Ôîðìóëà Äàëàìáåðà;

á) u(x, t) = 1
2
[ϕ(x+ at) +ϕ(x− at)] + 1

2a

x+at∫
x−at

ψ(s)ds+ 1
2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f(s, τ)ds dτ � Ôîðìóëà

Ïóàññîíà.

11.2. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:

à)

{
utt = uxx + sinx, x ∈ R, t > 0,
u(x, 0) = sinx, ut(x, 0) = 0, x ∈ R;

á)

{
utt = uxx + 6, x ∈ R, t > 0,
u(x, 0) = x2, ut(x, 0) = 4x, x ∈ R;

â)

{
utt = uxx + x t, x ∈ R, t > 0,
u(x, 0) = cos x, ut(x, 0) = x2 + x, x ∈ R;
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Îòâåò:
à) u(x, t) = sinx;
á) u(x, t) = (x+ 2t)2;
â) u(x, t) = cosx cos t+ x2t− 1

3
t3 − x t+ 1

6
x t3.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

11.3. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:

à)

{
utt = 9uxx + sinx, x ∈ R, t > 0,
u(x, 0) = 1, ut(x, 0) = 1, x ∈ R;

á)

{
utt = a2uxx + sinωt, x ∈ R, t > 0,
u(x, 0) = 0, ut(x, 0) = 0, x ∈ R;

â)

{
utt = uxx + ex, x ∈ R, t > 0,
u(x, 0) = sinx, ut(x, 0) = x+ cosx, x ∈ R.

Îòâåò:
à) u(x, t) = 1 + t+ 1

9
(1− cos 3t) sinx;

á) u(x, t) = t
ω
− t

ω2 sinωt;
â) u(x, t) = x t+ sin(x+ t)− (1− ch t)ex.

12. Ôîðìóëû Äàëàìáåðà è Ïóàññîíà

Ïîëóáåñêîíå÷íàÿ ñòðóíà

12.1. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè

{
utt = a2uxx, x ∈ R, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R.

Èñïîëüçóÿ ôîðìóëó Äàëàìáåðà ïîêàæèòå, ÷òî
1) åñëè ϕ(x) è ψ(x) � íå÷åòíû, òî u(0, t) ≡ 0;
2) åñëè ϕ(x) è ψ(x) � ÷åòíû, òî ux(0, t) ≡ 0.

12.2. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè

{
utt = a2uxx + f(x, t), x ∈ R, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R.

Èñïîëüçóÿ ôîðìóëó Äàëàìáåðà ïîêàæèòå, ÷òî
1) åñëè ϕ(x), ψ(x) íå÷åòíû è f(x, t) � íå÷åòíà ïî x, òî u(0, t) ≡ 0;
2) åñëè ϕ(x), ψ(x) ÷åòíû è f(x, t) � ÷åòíà ïî x, òî ux(0, t) ≡ 0.

12.3. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:

à)


utt = a2 uxx, x > 0, t > 0,
u(0, t) = 0, t > 0,
u(x, 0) = 1− e−x, ut(x, 0) = sinx, x > 0;

á)


utt = a2 uxx, x > 0, t > 0,
ux(0, t) = 0, t > 0,
u(x, 0) = x2 − x3, ut(x, 0) = cos x, x > 0;

Îòâåò:

à) u(x, t) =

{
1− e−x ch at+ 1

2a
(cos(x− at)− cos(x+ at)), åñëè x− at > 0,

e−at sh x+ 1
2a

(cos(x− at)− cos(x+ at)), åñëè x− at 6 0;

á) u(x, t) = 1
2

(
(x+ at)2 − (x+ at)3 + (x− at)2 − |x− at|3

)
+ 1

2a

(
sin(x+ at)− sin(x− at)

)
.
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Ðàçíûå çàäà÷è íà âîëíîâîå óðàâíåíèå

12.4. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè

{
utt = a2∆u, x ∈ Rn, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = 0, x ∈ Rn.

Äîêàæèòå, ÷òî ôóíêöèÿ v(x, t) =
∫ t

0
u(x, τ)dτ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè{

vtt = a2∆v, x ∈ Rn, t > 0,
v(x, 0) = 0, vt(x, 0) = ϕ(x), x ∈ Rn.

12.5. Ïóñòü ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ utt = uxx. Ïîêàæèòå, ÷òî
ôóíêöèÿ v = u

(
x

x2−t2
, t

x2−t2

)
òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ âñþäó, ãäå îíà

îïðåäåëåíà.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

12.6. Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:

à)


utt = 9uxx, x > 0, t > 0,
u(0, t) = 2, t > 0,
u(x, 0) = x2 + x+ 2, ut(x, 0) = sin 3x, x > 0;

á)


utt = 4uxx + 2, x > 0, t > 0,
ux(0, t) = −3, t > 0,
u(x, 0) = −3x, ut(x, 0) = x2 cos 4x, x > 0;

13. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òè-

ïà

13.1 (Ðàçìèíêà). Íàéòè ðåøåíèå ñëåäóþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé:
à) y′′ − 4y = 0;
á) y′′ + 4y = 0.

13.2. Ðåøèòå ñëåäóþùèå çàäà÷è:

à)


utt = a2uxx, 0 < x < `, t > 0,
u(0, t) = u(`, t) = 0, t > 0,
u(x, 0) = 0, ut(x, 0) = sin 2π x

`
, 0 6 x 6 `;

á)


utt = a2uxx, 0 < x < `, t > 0,
u(0, t) = ux(`, t) = 0, t > 0,
u(x, 0) = sin 5π x

2`
, ut(x, 0) = sin π x

2`
, 0 6 x 6 `;

Îòâåò:
à) u(x, t) = `

2aπ
sin 2π x

`
sin 2aπ t

`
;

á) u(x, t) = 2`
aπ

sin π x
2`

sin aπ t
2`

+ sin 5π x
2`

cos 5aπ t
2`

.

13.3. Äîêàæèòå îðòîãîíàëüíîñòü ñèñòåìû ôóíêöèé Xk(x) = sin kπ x
`
, k = 1, 2, . . . , 0 6

x 6 `, è íàéäèòå (Xk, Xk).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ
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13.4. Äîêàæèòå îðòîãîíàëüíîñòü ñèñòåìû ôóíêöèé Xk(x), 0 6 x 6 `, è íàéäèòå
(Xk, Xk) äëÿ ñëó÷àåâ, êîãäà

à) Xk(x) = sin (2k−1)π x
2`

, k = 1, 2, . . . ;

á) Xk(x) = cos (2k−1)π x
2`

, k = 1, 2, . . . ;
â) Xk(x) = cos kπ x

`
, k = 0, 1, . . . , (X0(x) ≡ 1).

13.5. Äàéòå ôèçè÷åñêóþ èíòåðïðåòàöèþ è ðåøèòå çàäà÷ó:
utt = a2uxx, 0 < x < `, t > 0,
ux(0, t) = u(`, t) = 0, t > 0,
u(x, 0) = cos π x

2`
, ut(x, 0) = cos 3π x

2`
+ cos 5π x

2`
, 0 6 x 6 `;

14. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òè-

ïà. Íåîäíîðîäíûå óðàâíåíèÿ.

14.1. Ðåøèòå çàäà÷ó:


utt = a2uxx, 0 < x < `, t > 0,
ux(0, t) = ux(`, t) = 0, t > 0,
u(x, 0) = x, ut(x, 0) = 1, 0 6 x 6 `;

Îòâåò: u(x, t) = t+ `
2
− 4`

π2

∞∑
k=0

1
(2k+1)2

cos a(2k+1)π t
`

cos (2k+1)π x
`

èëè u(x, t) = t+ `
2
− 4`

π2

∞∑
k=1

k íå÷åò.

1
k2 cos akπ t

`
cos kπ x

`
;

14.2. Ðåøèòå çàäà÷ó:


utt = a2uxx + Ae−t sin π x

`
, 0 < x < `, t > 0,

u(0, t) = u(`, t) = 0, t > 0,
u(x, 0) = ut(x, 0) = 0, 0 6 x 6 `;

Îòâåò: u(x, t) = A
1+(aπ

`
)2

(
e−t − cos aπ t

`
+ `

aπ
sin aπ t

`

)
sin π x

`
.

14.3. Ðåøèòå çàäà÷ó:


utt = a2uxx + Axe−t, 0 < x < `, t > 0,
u(0, t) = u(`, t) = 0, t > 0,
u(x, 0) = ut(x, 0) = 0, 0 6 x 6 `;

Îòâåò: u(x, t) = 2A`
π

∞∑
k=1

(−1)k+1

1+(akπ
`

)2

(
e−t − cos akπ t

`
+ `

akπ
sin akπ t

`

)
sin kπ x

`
.
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14.4. Ðåøèòå çàäà÷ó:


utt = a2uxx + A sin t, 0 < x < `, t > 0,
u(0, t) = ux(`, t) = 0, t > 0,
u(x, 0) = ut(x, 0) = 0, 0 6 x 6 `;

Îòâåò: u(x, t) = 4A
π

∞∑
k=1

k íå÷åò.

1

k((akπ
2`

)2−1)

(
sin t− 2`

akπ
sin akπ t

2`

)
sin kπ x

2`
.

14.5. Ðåøèòå çàäà÷ó:


utt = a2uxx + Ae−t cos πx

2`
, 0 < x < `, t > 0,

ux(0, t) = u(`, t) = 0, t > 0,
u(x, 0) = ut(x, 0) = 0, 0 6 x 6 `;

Îòâåò: u(x, t) = A
1+(aπ

2`
)2

(
e−t − cos aπ t

2`
+ 2`

aπ
sin aπ t

2`

)
cos π x

2`
.
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15. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òè-

ïà. Äåêîìïîçèöèÿ.

15.1. Ðåøèòå çàäà÷ó:


utt = uxx, 0 < x < π, t > 0,
u(0, t) = t2, u(π, t) = t3, t > 0,
u(x, 0) = sinx, ut(x, 0) = 0, 0 6 x 6 π;

Îòâåò: u(x, t) = (1− x
π
)t2 + x

π
t3 + sinx cos t+

+ 4
π

∞∑
k=1

1
k3

[
(−1)k3t− 1 + cos kt− 3 (−1)k

k
sin kt

]
sin kx.

15.2. Ðåøèòå çàäà÷ó:


utt = uxx, 0 < x < π, t > 0,
u(0, t) = t, ux(π, t) = 1, t > 0,
u(x, 0) = sin x

2
, ut(x, 0) = 1, 0 6 x 6 π;

Îòâåò: u(x, t) = x+ t+ cos t
2
sin x

2
− 8

π

∞∑
k=0

(−1)k

(2k+1)2
cos (2k+1)t

2
sin (2k+1)x

2
.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

15.3. Ðåøèòå çàäà÷ó:


utt = uxx, 0 < x < π, t > 0,
u(0, t) = e−t, u(π, t) = t, t > 0,
u(x, 0) = sinx cosx, ut(x, 0) = 1, 0 6 x 6 π;

Îòâåò: u(x, t) = (1− x
π
)e−t + xt

π
+ 1

2
cos 2t sin 2x−

− 2
π

∞∑
k=1

1
k(1+k2)

[
e−t + k2 cos kt− (2k + 1

k
) sin kt

]
sin kx.

15.4. Ðåøèòå çàäà÷ó:


utt = a2uxx + sin 2t, 0 < x < `, t > 0,
ux(0, t) = 0, ux(`, t) = 2

a
sin 2`

a
sin 2t, t > 0,

u(x, 0) = 0, ut(x, 0) = −2 cos 2x
a
, 0 6 x 6 `;

Îòâåò: u(x, t) = t
2
− (1

4
+ cos 2x

a
) sin 2t.

16. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òè-

ïà.

16.1. Ðåøèòå çàäà÷ó:


ut = a2uxx, 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t > 0,
u(x, 0) = Ax.

Îòâåò: u(x, t) = 2Al
π

∞∑
k=1

(−1)k+1

k
e−(aπk

l
)2t sin πk

l
x.

16.2. Ðåøèòå çàäà÷ó:


ut = a2uxx, 0 < x < l, t > 0,
u(0, t) = 0, ux(l, t) = 0, t > 0,
u(x, 0) = ϕ(x).

Îòâåò: u(x, t) =
∞∑

k=0

ake
−[

(2k+1)aπ
2l

]2t sin (2k+1)π
2l

x, ãäå ak = 2
l

∫ l

0
ϕ(x) sin (2k+1)π

2l
xdx.
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16.3. Ðåøèòå çàäà÷ó:


ut = a2uxx − βu, 0 < x < l, t > 0,
u(0, t) = 0, ux(l, t) = 0, t > 0,
u(x, 0) = sin πx

2l
.

Îòâåò: u(x, t) = e−(a2π2

4l2
+β)t sin π

2l
x.

16.4. Ðåøèòå çàäà÷ó:


ut = a2uxx − βu, 0 < x < l, t > 0,
ux(0, t) = 0, ux(l, t) = 0, t > 0,
u(x, 0) = ϕ(x).

Îòâåò: u(x, t) =
∞∑

k=0

ake
−[(akπ

l
)2+β]t cos kπ

l
x, a0 = 1

l

∫ l

0
ϕ(x)dx, ak = 2

l

∫ l

0
ϕ(x) cos kπ

l
xdx,

k = 1, 2, ....

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

16.5. Ðåøèòå çàäà÷ó:


ut = a2uxx, 0 < x < l, t > 0,
ux(0, t) = 0, u(l, t) = 0, t > 0,
u(x, 0) = A(l − x).

Îòâåò: u(x, t) = 8Al
π2

∞∑
k=0

1
(2k+1)2

e−[
(2k+1)aπ

2l
]2t cos (2k+1)π

2l
x.

16.6. Ðåøèòå çàäà÷ó:


ut = a2uxx − βu, 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t > 0,
u(x, 0) = ϕ(x).

Îòâåò: u(x, t) = 2
l

∞∑
k=1

(
∫ l

0
ϕ(ξ) sin kπ

l
ξdξ)e−[(aπk

l
)2+β]t sin kπ

l
x.

17. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òè-

ïà � 2.

17.1. Ðåøèòå çàäà÷ó:


ut = a2uxx − βu, 0 < x < l, t > 0,
ux(0, t)− hu(0, t) = 0, ux(l, t) = 0, t > 0,
u(x, 0) = A.

Îòâåò: u(x, t) = 2hA
∞∑

k=1

1√
λk[l(h2+λk)+h]

e−(a2λk+β)tFk(x), ãäå Fk(x) =
√
λk cos

√
λkx +

h sin
√
λkx, λk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ h ctg

√
λl =

√
λ.

17.2. Ðåøèòå çàäà÷ó:


ut = a2uxx − βu+ sin πx

l
, 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = 0, t > 0,
u(x, 0) = 0.

Îòâåò: u(x, t) = 1
β+(aπ

l
)2

[1− e−[β+(aπ
l

)2]t] sin π
l
x.

17.3. Ðåøèòå çàäà÷ó:


ut = a2uxx, 0 < x < l, t > 0,
ux(0, t) = ux(l, t) = q, t > 0,
u(x, 0) = Ax.

Îòâåò: u(x, t) = qx+ l(A−q)
2

− 4(A−q)l
π2

∞∑
k=0

e−(
aπ(2m+1)

l
)2t

(2m+1)2
cos π(2m+1)

l
t.



18. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà. Çàäà÷à

òåïëîîáìåíà â øàðå. 17

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

17.4. Ðåøèòå çàäà÷ó:


ut = a2uxx, 0 < x < l, t > 0,
u(0, t) = T, u(l, t) = A, t > 0,
u(x, 0) = 0.

Îòâåò: u(x, t) = A−T
l
x+ T + 2

π

∞∑
k=1

1
k
[(−1)kA− T ]e−(akπ

l
)2t sin kπ

l
x.

18. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òè-

ïà. Çàäà÷à òåïëîîáìåíà â øàðå.

Ðàññìîòðèì îäíîðîäíûé øàð BR = {0 6 r < R}, r =
√
x2 + y2 + z2. Ïóñòü u(x, y, z, t)

� òåìïåðàòóðà â òî÷êå (x, y, z) ∈ BR â ìîìåíò t > 0. Òîãäà èçìåíåíèå òåìïåðàòóðû
îïèñûâàåòñÿ óðàâíåíèåì

ut = a2∆u− βu+ γ, (x, y, z) ∈ BR, t > 0, (1.1)

ãäå a2 = k
cρ
, β = α

cρ
, γ = Q

cρ
, k = const > 0 � êîýôôèöèåíò âíóòðåííåé òåïëîïðîâîäíîñòè,

c = const > 0 � óäåëüíàÿ òåïëîåìêîñòü øàðà, ρ = const > 0 � ïëîòíîñòü øàðà,
α = const > 0 � êîýôôèöèåíò ïîãëîùåíèÿ òåïëà â øàðå (íàïðèìåð, çà ñ÷åò õèìè÷åñêèõ
ðåàêöèé), Q = const > 0 � ïëîòíîñòü èñòî÷íèêîâ òåïëà âíóòðè øàðà.

Ïåðåéäåì â óðàâíåíèè (1.1) ê ñôåðè÷åñêèì êîîðäèíàòàì.

u = u(r, ϕ, θ, t), 0 6 r < R, 0 6 ϕ < 2π, −π
2

6 θ 6 π
2
.

Îïåðàòîð Ëàïëàñà â ñôåðè÷åñêèõ êîîðäèíàòàõ âûãëÿäèò óæàñíî

∆u = 1
r2 (r

2ur)r + 1
r2 sin θ

(uθ sin θ)θ + 1
r2 sin2 θ

uϕϕ.

Íî ìû ðàññìàòðèâàåì îäíîðîäíûé øàð è åñëè íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû
è êðàåâîå óñëîâèå íå çàâèñÿò îò ϕ è θ, òî äëÿ âñåõ t > 0 òåìïåðàòóðà u òàêæå íå áóäåò
çàâèñåòü îò ϕ è θ, òî åñòü u = u(r, ϕ, θ, t) = u(r, t). Â ýòîì ñëó÷àå ïðîèçâîäíûå ïî óãëàì
ϕ, θ ïðîïàäóò.

∆u = 1
r2 (r

2ur)r.

Äàëåå âñåãäà áóäåì ñ÷èòàòü, ÷òî u = u(r, t) (èíà÷å ñäîõíåì). Â èòîãå çàäà÷à òåïëîîáìåíà
â øàðå ïðèîáðåòåò âèä:

ut = a2 1
r2 (r

2ur)r − βu+ γ, 0 6 r < R, t > 0,
u(R, t) = U, u(0, r) = u◦(r), 0 6 r 6 R,
u(r, t) � îãðàíè÷åíà ïî r.

Ãäå êðàåâîå óñëîâèå u(R, 0) = U îçíà÷àåò, ÷òî íà ïîâåðõíîñòè øàðà ïîääåðæèâàåòñÿ
ïîñòîÿííàÿ òåìïåðàòóðà U . Êðàåâûå óñëîâèÿ ìîãóò ìåíÿòüñÿ.

18.1. Â îäíîðîäíîì øàðå 0 6 r < R, íà÷èíàÿ ñ ìîìåíòà t = 0, äåéñòâóþò èñòî÷íèêè
òåïëà ïîñòîÿííîé ïëîòíîñòè Q. Íà÷àëüíàÿ òåìïåðàòóðà øàðà ðàâíà T . Îïðåäåëèòü
ðàñïðåäåëåíèå òåìïåðàòóðû â øàðå ïðè t > 0, åñëè:
à) ïîâåðõíîñòü øàðà ïîääåðæèâàåòñÿ ïðè ïîñòîÿííîé òåìïåðàòóðå U ;
á) ñ ïîâåðõíîñòè øàðà ïðîèñõîäèò òåïëîîòäà÷à ïîòîêîì ïîñòîÿííîé ïëîòíîñòè q;
â) íà ïîâåðõíîñòè ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ñ âíåøíåé ñðåäîé. Òåìïåðà-
òóðà ñðåäû ðàâíà P .
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18.2. Ðåøèòå çàäà÷ó:


ut = a2 1

r2 (r
2ur)r − βu, 0 6 r < R, t > 0, β > 0,

ur(R, t) = 0, t > 0, u(r, t) � îãðàíè÷åíà ïî r,

u(r, 0) =

{
U, 0 6 r < R

2

0, R
2
< r < R.

Îòâåò: u(r, t) = e−βt

[
U
8

+ 2U
r

∞∑
k=1

2 sin
Rλk

2
−Rλk cos

Rλk
2

2Rλk−sin 2Rλk
e−a2λ2

kt sinλkr

]
, ãäå λk � ïîëîæèòåëü-

íûå êîðíè óðàâíåíèÿ tgRλ = Rλ.

19. Ìåòîä Ôóðüå äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òè-

ïà. Çàäà÷à òåïëîîáìåíà â ïðÿìîóãîëüíîé ïëàñòèí-

êå.

19.1. Ðåøèòå çàäà÷ó:
ut = a2(uxx + uyy) + A sin 3πx

2p
cos πy

2s
, 0 < x < p, 0 < y < s, t > 0,

u(0, y, t) = ux(p, y, t) = 0, 0 < y < s, t > 0,
uy(x, 0, t) = u(x, s, t) = 0, 0 < x < p, t > 0,
u(x, y, 0) = B sin πx

2p
cos 3πy

2s
, 0 < x < p, 0 < y < s.

Îòâåò: u = B e
−a2π2

4

(
1
p2 +

9
s2

)
t
sin πx

2p
cos 3πy

2s
+ 4A

a2π2
(

9
p2 +

1
s2

) [
1− e

−a2π2

4

(
9
p2 +

1
s2

)
t
]

sin 3πx
2p

cos πy
2s
.
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19.2. Ðåøèòå çàäà÷ó:
ut = a2(uxx + uyy) + A sin πx

p
sin πy

2s
, 0 < x < p, 0 < y < s, t > 0,

u(0, y, t) = u(p, y, t) = 0, 0 < y < s, t > 0,
u(x, 0, t) = uy(x, s, t) = 0, 0 < x < p, t > 0,
u(x, y, 0) = 0, 0 < x < p, 0 < y < s.

Îòâåò: u = A

a2π2
(

1
p2 +

1
4s2

)
−1

[
e−t − e

−a2π2
(

1
p2 +

1
4s2

)
t
]

sin πx
p

sin πy
2s
.

20. Êîíòðîëüíàÿ ðàáîòà 2

21. Ìåòîä Ôóðüå äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé

21.1. Çàäà÷à â ïðÿìîóãîëüíèêå.{
∆u = 0, 0 < x < p, 0 < y < s,
u(0, y) = ux(p, y) = 0, u(x, 0) = 0, u(x, s) = f(x).

Îòâåò: u =
∞∑

k=1

fk

sh
(2k−1)πs

2p

sh (2k−1)πy
2p

sin (2k−1)πx
2p

, ãäå fk = (f,Xk)
(Xk,Xk)

= 2
p

p∫
0

f(x) sin (2k−1)πx
2p

dx.

21.2. Çàäà÷à â ïîëóïîëîñå.{
∆u = 0, 0 < x <∞, 0 < y < `,
u(x, 0) = uy(x, `) = 0, u(0, y) = f(y), u(∞, y) = 0.



22. Ìåòîä Ôóðüå äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âíóòðè êðóãà, âíå êðóãà,

â êîëüöå. 19

Îòâåò: u =
∞∑

k=1

fke
− (2k−1)πx

2` sin (2k−1)πy
2`

, ãäå fk = (f,Yk)
(Yk,Yk)

= 2
`

∫̀
0

f(x) sin (2k−1)πy
2`

dy.

21.3. à) Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà ∆u = 0 â ïîëÿðíûõ êîîðäèíàòàõ.
á) Íàéäèòå íåïðåðûâíîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà ∆u = 0 â êðóãå 0 6 r < R.
â) Íàéäèòå íåïðåðûâíîå è îãðàíè÷åííîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà ∆u = 0 âíå êðóãà
0 6 r < R.
Óêàçàíèå: ∆u = 1

r
(rur)r + 1

r2uϕϕ.

Îòâåò: à) u = A0 ln r +B0 +
∞∑

k=1

(Ckr
k +Dkr

−k)(Ak cos kϕ+Bk sin kϕ).

á) u = B0 +
∞∑

k=1

rk(Ak cos kϕ+Bk sin kϕ).

â) u = B0 +
∞∑

k=1

r−k(Ak cos kϕ+Bk sin kϕ).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

21.4.

{
∆u = 0, 0 < x <∞, 0 < y < `,
uy(x, 0) = uy(x, `) + hu(x, `) = 0, u(0, y) = f(y), u(∞, y) = 0, h > 0.

Îòâåò: u =
∞∑

k=1

fke
−λkx cosλky, ãäå fk = (f,Yk)

(Yk,Yk)
=

2(h2+λ2
k)

`(h2+λ2
k)+h

∫̀
0

f(x) cosλky dy, λk � ïîëî-

æèòåëüíûå êîðíè óðàâíåíèÿ λ tg λ` = h.

22. Ìåòîä Ôóðüå äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âíóò-

ðè êðóãà, âíå êðóãà, â êîëüöå.

Îïèðàÿñü íà çàäà÷ó 21.3, ðåøèòå ñëåäóþùèå çàäà÷è.

22.1. ∆u = 0, 0 6 r < R, u(R,ϕ) = ϕ(2π − ϕ).

Îòâåò: u = 2
3
π2 − 4

∞∑
k=1

rk

k2Rk cos kϕ.

22.2. ∆u = 0, 0 6 r < R, u(x, y)|r=R = 4xy2.

Îòâåò: u = rR2 cosϕ− r3 cos 3ϕ.

22.3. ∆u = 0, R < r <∞, u(x, y)|r=R = x2 + 1, u(x, y) � îãðàíè÷åíà.

Îòâåò: u = 1 + 1
2
R2 + 1

2
r−2R4 cos 2ϕ.

22.4. ∆u = 0, a < r < b, u(a, ϕ) = A, u(b, ϕ) = B sin 2ϕ.

Îòâåò: u = A ln b−ln r
ln b−ln a

+ Bb2(r4−a4)
r2(b4−a4)

sin 2ϕ.

22.5. Íàéäèòå çíà÷åíèå êîíñòàíòû A, ïðè êîòîðîì ðàçðåøèìà çàäà÷à Íåéìàíà ∆u = 0,
0 6 r < R, ∂u

∂n̄
|r=R = A+ cos2 ϕ è íàéäèòå åå ðåøåíèå.

Îòâåò: u = 4r2 cos 2ϕ (ìîæåò áûòü).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ
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22.6. ∆u = 0, R < r <∞, u(R,ϕ) = 1
2

+ ϕ sin 2ϕ, u(x, y) � îãðàíè÷åíà.

Îòâåò: u = C + 4R2

3r
cosϕ+ R3

4r2 cos 2ϕ− πR3

r2 sin 2ϕ+ 4R
∞∑

k=3

1
4−k2

Rk

rk cos kϕ.

22.7. ∆u = 0, a < r < b, u(a, ϕ) = 0, u(b, ϕ) = A cosϕ.

Îòâåò: u = b(r2−a2)
r(b2−a2)

cosϕ.
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