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25. Ìåòîä èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Ïðåîáðàçî-

âàíèå Ëàïëàñà.

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà ïðè x > 0 è:
1) íåïðåðûâíà âñþäó íà [0;∞), êðîìå áûòü ìîæåò êîíå÷íîãî ÷èñëà òî÷åê ðàçðûâà
ïåðâîãî ðîäà;
2) ñóùåñòâóþò M > 0 è α > 0 òàêèå, ÷òî |f(x)| < Meαx äëÿ âñåõ x > 0.
Òîãäà äëÿ ôóíêöèè f îïðåäåëåíî ïðåîáðàçîâàíèå Ëàïëàñà:

f̄(ξ) =

∞∫
0

e−ξxf(x)dx, f(x) = 1
2π

∞∫
−∞

e(β+is)xf̄(β + is)ds, β > α.

Ôóíêöèÿ f̄(ξ) îïðåäåëåíà òîëüêî ïðè ξ òàêèõ, ÷òî Re ξ > α, è àíàëèòè÷íà â ïîëó-
ïëîñêîñòè Re ξ > α (ò.å. èìååò êîìïëåêñíóþ ïðîèçâîäíóþ). Êîíñòàíòà β âûáèðàåòñÿ
ïðîèçâîëüíî.

Èíòåãðàëüíîå ïðåîáðàçîâàíèå Ëàïëàñà ëèíåéíî: åñëè ÈÏË ñóùåñòâóåò äëÿ ôóíê-
öèé f(x) è g(x), òî

(af + bg)(ξ) = af̄(ξ) + bḡ(ξ),

ãäå a è b � ïðîèçâîëüíûå êîíñòàíòû.

25.1. Äîêàæèòå ðàâåíñòâî f ′(ξ) = ξf̄(ξ)− f(0). ×åìó áóäåò ðàâíî f ′′(ξ)?

Ñâåðòêîé ôóíêöèé f(x) è g(x), îïðåäåëåííûõ ïðè x > 0, íàçûâàåòñÿ èíòåãðàë

(f ∗ g)(x) =

x∫
0

f(s)g(x− s)ds.

25.2. Äîêàæèòå ðàâåíñòâî f ∗ g(ξ) = f̄(ξ)ḡ(ξ).

Òàáëèöà ïàð ¾ïðîîáðàç 
 îáðàç¿ ïðè ïðåîáðàçîâàíèè Ëàïëàñà (a ∈ R):

sin(ax) 
 a
ξ2+a2 , cos(ax) 
 ξ

ξ2+a2 ,

xn sin(ax) 
 i n!
2

(
1

(ξ+ia)n+1 − 1
(ξ−ia)n+1

)
, xn cos(ax) 
 n!

2

(
1

(ξ+ia)n+1 + 1
(ξ−ia)n+1

)
, n ∈ N,

sinh(ax) 
 a
ξ2−a2 , cosh(ax) 
 ξ

ξ2−a2 ,

xneax 
 n!
(ξ−a)n+1 , n ∈ N.

25.3 (830). Ïîëüçóÿñü ïðåîáðàçîâàíèåì Ëàïëàñà ïî ïåðåìåííîé x ðåøèòå çàäà÷ó:
uy = uxx + a2u + f(x), 0 < x, y < ∞, u(0, y) = ux(0, y) = 0.

Îòâåò: u(x, y) = − 1
a

x∫
0

f(x− s) sin as ds.

25.4 (834). Ïîëüçóÿñü ïðåîáðàçîâàíèåì Ëàïëàñà ïî ïåðåìåííûì x è t ðåøèòå çàäà÷ó:
9uxx + 4utt = 36e2x sin 3t, 0 < x, t < ∞, u(0, t) = 0, ux(0, t) = sin 3t, u(x, 0) = 0,
ut(x, 0) = 3xe2x.

Îòâåò: u(x, y) = xe2x sin 3t.
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25.5 (831). Ïîëüçóÿñü ïðåîáðàçîâàíèåì Ëàïëàñà ðåøèòå çàäà÷ó:
uy = uxx + u + B cos x, 0 < x, t < ∞, u(0, y) = Ae−3y, ux(0, y) = 0.

Îòâåò: u(x, t) = Ae−3y cos 2x− B
2
x sin x.

25.6 (832). Ïîëüçóÿñü ïðåîáðàçîâàíèåì Ëàïëàñà ðåøèòå çàäà÷ó:
uxx − ut + u = f(x), 0 < x, t < ∞, u(0, t) = t, ux(0, t) = 0.

Îòâåò: u(x, y) = t cos x + 1
2
x sin x +

x∫
0

f(s) sin(x− s)ds.
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