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23. Ìåòîä èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Ïðåîáðàçî-

âàíèå Ôóðüå.

Èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå (ÈÏÔ) îò ôóíêöèè f(x):

F (ξ) = 1√
2π

∞∫
−∞

e−iξxf(x)dx, f(x) = 1√
2π

∞∫
−∞

eiξxF (ξ)dξ.

Ôóíêöèÿ f(x) íàçûâàåòñÿ îðèãèíàëîì (èëè ïðîîáðàçîì), à ôóíêöèÿ F � îáðàçîì. Îá-

ðàç F (ξ) òàêæå áóäåì îáîçíà÷àòü f̂(ξ).
Èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå ñóùåñòâóåò, åñëè:

1) ôóíêöèÿ f(x) íåïðåðûâíà âñþäó íà R, êðîìå, áûòü ìîæåò, êîíå÷íîãî ÷èñëà òî÷åê
ðàçðûâà ïåðâîãî ðîäà;

2) èíòåãðàë
∞∫
−∞

f(x)dx ñõîäèòñÿ àáñîëþòíî.

3) f(−∞) = f(+∞) = 0.
Çàìåòèì, ÷òî èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå ëèíåéíî: åñëè ÈÏÔ ñóùåñòâóåò

äëÿ ôóíêöèé f(x) è g(x), òî ̂(af + bg)(ξ) = af̂(ξ) + bĝ(ξ), ãäå a è b � ïðîèçâîëüíûå
êîíñòàíòû.

23.1. Äîêàæèòå ðàâåíñòâà f̂ ′(ξ) = iξf̂(ξ) è f̂ (n)(ξ) = (iξ)nf̂(ξ).

23.2. Ïîëüçóÿñü èíòåãðàëüíûì ïðåîáðàçîâàíèåì Ôóðüå, íàéäèòå îáùåå ðåøåíèå óðàâ-
íåíèÿ utt = a2uxx, −∞ < x < ∞, t > 0. Óêàçàíèå: ðàññìîòðèòå èíòåãðàëüíîå ïðåîáðà-
çîâàíèå Ôóðüå û(ξ, t) îò ôóíêöèè u(x, t) ïî ïåðåìåííîé x.

Îòâåò: u(x, t) = f(x− at) + g(x + at).

23.3 (818). Ïîëüçóÿñü èíòåãðàëüíûì ïðåîáðàçîâàíèåì Ôóðüå, ðåøèòå çàäà÷ó:
ut = a2uxx + f(x, t), −∞ < x < ∞, t > 0, u(x, 0) = 0.

Óêàçàíèå:
∞∫
−∞

e iaξ−b2ξ2
dξ = 2

∞∫
0

e−b2ξ2
cos(aξ)dξ =

√
π

b
e−

a2

4b2 .

Îòâåò: u(x, t) = 1
2a
√

π

t∫
0

∞∫
−∞

f(s,τ)√
t−τ

e
− (x−s)2

4a2(t−τ) ds dτ .

23.4. Ïîëüçóÿñü ðàâåíñòâîì eix = cos x + i sin x, äîêàæèòå, ÷òî äëÿ ÷åòíîé ôóíêöèè
f(x) ïðåîáðàçîâàíèå Ôóðüå ïðèîáðåòàåò âèä êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå:

f̂(ξ) =
√

2
π

∞∫
0

cos ξx f(x)dx, f(x) =
√

2
π

∞∫
0

cos ξx f̂(ξ)dξ.

Åñëè ôóíêöèÿ f(x) íå÷åòíà, òî ïðåîáðàçîâàíèå Ôóðüå ïðèîáðåòàåò âèä ñèíóñ-

ïðåîáðàçîâàíèÿ Ôóðüå:

f̂(ξ) =
√

2
π

∞∫
0

sin ξx f(x)dx, f(x) =
√

2
π

∞∫
0

sin ξx f̂(ξ)dξ.



2 Ñåìèíàðû ïî ÓÌÔ

Òàê êàê ïðåîáðàçîâàíèå Ôóðüå äîïóñêàåò ðàçðûâû ïåðâîãî ðîäà, òî êîñèíóñ-
ïðåîáðàçîâàíèå è ñèíóñ-ïðåîáðàçîâàíèå ñóùåñòâóåò äëÿ ëþáîé îïðåäåëåííîé ïðè x > 0
ôóíêöèè f(x) òàêîé, ÷òî
1) ôóíêöèÿ f(x) íåïðåðûâíà ïðè x > 0, êðîìå áûòü ìîæåò êîíå÷íîãî ÷èñëà òî÷åê ðàç-
ðûâà ïåðâîãî ðîäà;

2) èíòåãðàë
∞∫
0

f(x)dx ñõîäèòñÿ àáñîëþòíî;

3) |f(+0)| < ∞, f(+∞) = 0.

23.5. Äîêàæèòå, ÷òî äëÿ êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå ñïðàâåäëèâî ðàâåíñòâî:

f̂ ′′(ξ) = −ξ2f̂(ξ)−
√

2
π
f ′(0).

À äëÿ ñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå ñïðàâåäëèâî ðàâåíñòâî:

f̂ ′′(ξ) = −ξ2f̂(ξ) +
√

2
π
ξf(0).

23.6 (821). Ïîëüçóÿñü èíòåãðàëüíûì ïðåîáðàçîâàíèåì Ôóðüå, ðåøèòå çàäà÷ó:
ut = a2uxx + f(x, t), 0 < x < ∞, t > 0, u(0, t) = u(x, 0) = 0.

Îòâåò: u(x, t) = 1
2a
√

π

t∫
0

∞∫
−∞

f(s,τ)√
t−τ

[
e
− (x−s)2

4a2(t−τ) − e
− (x+s)2

4a2(t−τ)

]
ds dτ .

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

Ïîëüçóÿñü èíòåãðàëüíûì ïðåîáðàçîâàíèåì Ôóðüå, ðåøèòå ñëåäóþùèå çàäà÷è.

23.7 (816). utt = a2uxx + f(x, t), −∞ < x < ∞, t > 0, u(x, 0) = ut(x, 0) = 0.

Îòâåò: u(x, t) = 1
2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f(s, τ) ds dτ.

23.8 (817). ut = a2uxx, −∞ < x < ∞, t > 0, u(x, 0) = ϕ(x).

Îòâåò: u(x, t) = 1
2a
√

πt

∞∫
−∞

ϕ(s)e−
(x−s)2

4a2t ds.

23.9 (820). ut = a2uxx, 0 < x < ∞, t > 0, ux(0, t) = v(t), u(x, 0) = 0.

Îòâåò: u(x, t) = − a√
π

t∫
0

v(τ)√
t−τ

e
− x2

4a2(t−τ) dτ .
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