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Ðàçäåë 1

Ýëåìåíòàðíàÿ òåîðèÿ âåðîÿòíîñòåé

1. Ââîäíûé ñåìèíàð

×òî òàêîå ñëó÷àéíîñòü? Äëÿ òîãî, ÷òîáû äàòü îòâåò íà ýòîò âî-
ïðîñ, ðàññìîòðèì íåêîòîðûå ïðèìåðû. Ìîæíî ëè óçíàòü òî÷íîå
êîëè÷åñòâî ìîëåêóë êèñëîðîäà â òðåõëèòðîâîé áàíêå? Çíàÿ äàâ-
ëåíèå è òåìïåðàòóðó ìîæíî, íî íå òî÷íî. Âðÿä ëè äàâëåíèå è
òåìïåðàòóðà èçìåíÿòüñÿ åñëè ìû óäàëèì îäíó-äâå ìîëåêóëû èç
áàíêè. Òàêèì îáðàçîì ÷èñëî ìîëåêóë � ñëó÷àéíî. Ìîæåì ëè ìû
óãàäàòü êàðòó, êîòîðóþ ìû âûòàùèì èç ñåðåäèíû ïåðåìåøàííîé
êîëîäû? Íåò. Êàðòà � ýòî ñëó÷àéíàÿ âåëè÷èíà. Åñëè ìû áðî-
ñèì èãðàëüíóþ êîñòü, ñìîæåì ëè ìû òî÷íî ñêàçàòü, ÷òî âûïàäåò
øåñòåðêà? Íåò. Âûïàäåíèå øåñòåðêè � ýòî ñëó÷àéíîå ñîáûòèå.
Ñàìè ïðèâåäèòå ïðèìåðû ñëó÷àéíûõ âåëè÷èí è ñîáûòèé.

Ñîáûòèå áóäåì íàçûâàòü ñëó÷àéíûì, åñëè ïðî íåãî íåèçâåñòíî,
ïðîèçîéäåò îíî èëè íåò â ðåçóëüòàòå ýêñïåðèìåíòà. Âåëè÷èíó
(÷èñëîâóþ) áóäåì íàçûâàòü ñëó÷àéíîé, åñëè åå çíà÷åíèå ñòàíî-
âèòñÿ èçâåñòíûì òîëüêî â ðåçóëüòàòå ýêñïåðèìåíòà.

Èñõîä äàííîãî êîíêðåòíîãî ýêñïåðèìåíòà ïðåäñêàçàòü íåâîçìîæ-
íî (òàê êàê îí ñëó÷àéíûé). Íî, îêàçûâàåòñÿ, ÷òî åñëè ïîâòîðÿòü
îäèí è òîò æå ýêñïåðèìåíò ìíîãî ðàç, òî â ïîëó÷åííîé öåïè ñëó-
÷àéíîñòåé ìîæíî îáíàðóæèòü íåêîòîðûå çàêîíîìåðíîñòè. Òåî-
ðèÿ âåðîÿòíîñòåé è çàíèìàåòñÿ èññëåäîâàíèåì ýòèõ çàêîíîìåð-
íîñòåé.

1.1. Ìîëîäîé ÷åëîâåê èãðàåò â ðóññêóþ ðóëåòêó. Â áàðàáàíå âñåãî îäèí
ïàòðîí (èç øåñòè). Îöåíèòå øàíñû âûæèòü ïîñëå ïåðâîãî âûñòðåëà. À
åñëè ïåðâûé âûñòðåë � îñå÷êà, òî êàêîâû øàíñû ïîñëå âòîðîãî? À ïîñëå
òðåòüåãî, ÷åòâåðòîãî, . . . ,?



2. Ýëåìåíòû êîìáèíàòîðèêè è êëàññè÷åñêîå îïðåäåëåíèå âåðîÿòíîñòè 5

1.2. Êàêîâû øàíñû âûèãðàòü â îáû÷íóþ ðóëåòêó â çàâèñèìîñòè îò âèäà
ñòàâêè. Ñìîæåòå ëè Âû âûèãðàòü â ðóëåòêó, åñëè áóäåòå äîëãî èãðàòü?
Ïî÷åìó ãîâîðÿò, ÷òî â ðóëåòêó âûèãðûâàåò òîëüêî êàçèíî?

1.3. Èçâåñòíî, ÷òî â ìåñÿö â ñðåäíåì ïðîèñõîäèò 2 ÄÒÏ íà 1000 àâòî-
ìîáèëåé. Ñòðàõîâàÿ êîìïàíèÿ ïðåäëàãàåò ñëåäóþùèå óñëîâèÿ: ñòðàõîâêà
ñòîèò 0.5% îò ñòîèìîñòè ìàøèíû â ìåñÿö, â ñòðàõîâîì ñëó÷àå âûïëà÷è-
âàåòñÿ ïîëíàÿ ñòîèìîñòü àâòîìîáèëÿ. Ïî÷åìó òàêîå ñòðàõîâîå îáùåñòâî
áóäåò ïðîöâåòàòü? ×òî íóæíî çíàòü äëÿ òîãî, ÷òîáû îðãàíèçîâàòü ïðè-
áûëüíîå ñòðàõîâîå îáùåñòâî?

1.4. Ó Âàñ â ðóêàõ êîëîäà êàðò. Îöåíèòå øàíñ íàóäà÷ó âûòàùèòü à) äå-
ñÿòêó êðåñòåé, á) äåñÿòêó, â) êðåñòè, ã) êàðòèíêó.

1.5. Ïåòÿ çàäóìàë ìàñòü. Êàêîâû øàíñû, ÷òî Âû âûòàùèòå êàðòó òàêîé
æå ìàñòè?

1.6. Êðóïüå áðîñàåò äâà êóáèêà. Âû ñòàâèòå íà ñóììó. Åñëè Âû óãàäàåòå,
òî Âàì âîçâðàùàþò âûèãðûø â ðàçìåðå ñåìè ñòàâîê. Êàê âûãîäíåé âñåãî
èãðàòü?

1.7. Åñëè áðîñàòü òðè êóáèêà, òî êàêàÿ ñóììà î÷êîâ 9 âûïàäàåò â îäíîì
èç 6 ñëó÷àåâ (1,2,6), (1,3,5), (1,4,4), (2,2,5), (2,3,4), (3,3,3)? Ñóììà 10 òàêæå
âûïàäàåò â îäíîì èç 6 ñëó÷àåâ (1,3,6), (1,4,5), (2,2,6), (2,3,5), (2,4,4), (3,3,4).
Ñëåäîâàòåëüíî, øàíñû âûïàäåíèÿ äëÿ 9 è äëÿ 10 îäèíàêîâû. Íî åñëè Âû
áóäåòå ïðîâîäèòü ýòîò ýêñïåðèìåíò äîñòàòî÷íî äîëãî, òî çàìåòèòå, ÷òî 10
âûïàäàåò ÷àùå 9. Ïî÷åìó?

1.8. Êîäîâûé çàìîê íà ñåéôå êîäèðóåòñÿ ÷åòûðüìÿ öèôðàìè. Êàêîâû
øàíñû óãàäàòü øèôð ñ ïåðâîé ïîïûòêè?

2. Ýëåìåíòû êîìáèíàòîðèêè è êëàññè÷åñêîå

îïðåäåëåíèå âåðîÿòíîñòè

Òåîðåòè÷åñêèé ìàòåðèàë.
1. Ïîäñ÷¼ò ÷èñëà âûáîðîê îáú¼ìà k èç ãåíåðàëüíîé ñîâîêóïíîñòè îáú¼ìà n:

áåç âîçâðàùåíèé ñ âîçâðàùåíèÿìè

ïî ïîðÿäêó (ðàçìåùåíèÿ) Ak
n = n!

(n−k)! , k 6 n, Āk
n = nk

áåç ïîðÿäêà (ñî÷åòàíèÿ) Ck
n = n!

k!(n−k)! , k 6 n, Ck
n+k−1

3. Êëàññè÷åñêîå îïðåäåëåíèå âåðîÿòíîñòè: åñëè èñõîäû ðàâíîâîçìîæíû è èõ êîíå÷íîå ÷èñëî,

òî P(A) = ÷èñëî áëàãîïðèÿòíûõ äëÿ A èñõîäîâ
÷èñëî âñåõ èñõîäîâ

.
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2.1. Â ìåøêå ëåæàò ðàçíîöâåòíûå øàðèêè, îäèíàêîâûå íà îùóïü. Èç ìåø-
êà íå ãëÿäÿ èçâëåêàþò îäèí øàðèê. Äëÿ ýòîãî èñïûòàíèÿ ïðèâåäèòå ïðè-
ìåðû íåñîâìåñòíûõ ñîáûòèé, ïîëíîé ãðóïïû ñîáûòèé.

2.2. Â ìåøêå ëåæàò 9 êðàñíûõ è 5 ñèíèõ øàðà. Íàéäèòå âåðîÿòíîñòü íà-
óäà÷ó âûòàùèòü ñèíèé øàð.

2.3. Âñå ãðàíè êóáà îêðàñèëè, à çàòåì åãî ðàñïèëèëè íà 1000 ìàëåíüêèõ
êóáèêîâ. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî íàóäà÷ó âûáðàííûé êóáèê áóäåò
èìåòü à) òðè, á) äâå, â) îäíó, ã) íè îäíîé îêðàøåííîé ãðàíè.

2.4. Íà êëàâèàòóðå êîìïüþòåðà 101 êëàâèøà. Ìàðòûøêà íàóäà÷ó óäàðèëà
ïî êëàâèøàì 19 ðàç. ×åìó ðàâíà âåðîÿòíîñòü òîãî, ÷òî ìàðòûøêà íàáðàëà
ñëîâîñî÷åòàíèå ¾òåîðèÿ âåðîÿòíîñòåé¿?

2.5. Ó ìàðòûøêè åñòü 7 êóáèêîâ ñ áóêâàìè À, Á, Â, Æ, Ð, Ñ, Î. Îíà íàóäà-
÷ó âûëîæèëà 4 êóáèêà â ðÿä. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî ïîëó÷èëîñü
ñëîâî ¾ÐÎÑÀ¿.

2.6. Ó ìàðòûøêè åñòü 7 êóáèêîâ ñ áóêâàìè À, Á, Â, Æ, Ð, Ñ, Î. Îíà
íàóäà÷ó âûáðàëà 4 êóáèêà. à) Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî îíà âûáðàëà
áóêâû À, Î, Ð, Ñ. á) Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî íà äâóõ èç ÷åòûð¼õ
âûáðàííûõ êóáèêîâ íàïèñàíû áóêâû À è Î.

2.7. Ó ìàðòûøêè åñòü 9 êðàñíûõ è 5 ñèíèõ øàðà. Îíà âûáðàëà 6 øàðîâ.
Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî îíà âûáðàëà 4 êðàñíûõ è 5 ñèíèõ øàðà.

2.8. Íàéäèòå âåðîÿòíîñòü óãàäàòü à) 5 íîìåðîâ; á) 3 íîìåðà â ëîòåðåþ ¾5
èç 36¿.

2.9. Ó ìàðòûøêè åñòü 4 øàðèêà ñ öèôðàìè 1, 2, 3, 4. Îíà 10 ðàç ïîêàçûâàåò
íàì êàêîé-íèáóäü øàðèê. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî øàðèê �1 îíà
ïîêàçàëà 1 ðàç, øàðèê �2 � 2 ðàçà, øàðèê �3 � 3 ðàçà, øàðèê �4 � 4
ðàçà.

2.10. Ó ìàðòûøêè åñòü ÿùèê ñ 4 îòñåêàìè è 10 îäèíàêîâûõ äðîáèíîê. Îíà
íàóäà÷ó ðàñêëàäûâàåò äðîáèíêè ïî îòñåêàì. Íàéäèòå âåðîÿòíîñòü òîãî,
÷òî â ïåðâûé îòñåê îíà ïîëîæèëà îäíó äðîáèíêó, âî âòîðîé � äâå, â òðåòèé
� òðè è â ÷åòâåðòûé � ÷åòûðå.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

2.11. Â ÿùèêå ëåæàò æåòîíû ñ íîìåðàìè îò 1 äî 100. Íàéäèòå âåðîÿòíîñòü
òîãî, ÷òî íàóäà÷ó âûáðàííûé æåòîí ñîäåðæèò öèôðó 7.



3. Ñëîæåíèå ñîáûòèé. Ãåîìåòðè÷åñêàÿ ñõåìà 7

2.12. Â ìåøêå ëåæàò 20 øàðèêîâ ñ íîìåðàìè îò 1 äî 20. Èç ìåøêà íà-
óäà÷ó èçâëåêàþò òðè øàðèêà. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî íîìåðà âñåõ
èçâëå÷åííûõ øàðèêîâ ìåíüøå 10.

2.13. Èìååòñÿ 10 ëàìïî÷åê: 4 êðàñíûõ, 6 çåëåíûõ è 10 êíîïîê äëÿ êàæäîé
ëàìïî÷êè. Ïåðåä íà÷àëîì ýêñïåðèìåíòà âñå ëàìïî÷êè ïîãàøåíû. Ìàðòûø-
êà íàæàëà 7 êíîïîê. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî çàæãëèñü 2 êðàñíûõ
è 5 çåëåíûõ ëàìïî÷åê.

3. Ñëîæåíèå ñîáûòèé. Ãåîìåòðè÷åñêàÿ ñõåìà

Ñëîæåíèå ñîáûòèé

3.1. Â ìåøêå ëåæàò ðàçíîöâåòíûå øàðèêè, îäèíàêîâûå íà îùóïü. Èç ìåø-
êà íå ãëÿäÿ èçâëåêàþò îäèí øàðèê. Äëÿ ýòîãî èñïûòàíèÿ óêàæèòå ýëåìåí-
òàðíûå èñõîäû, ïðèâåäèòå ïðèìåðû ñóììû ñîáûòèé, ïðîèçâåäåíèÿ ñîáû-
òèé, ðàçíîñòè ñîáûòèé è äîïîëíåíèÿ.

3.2. Íåéòðîí ñòîëêíóëñÿ ñ àòîìîì óðàíà. Â ðåçóëüòàòå ñòîëêíîâåíèÿ íåé-
òðîí ìîæåò îòðàçèòüñÿ ñ âåðîÿòíîñòüþ 0.02, ïîãëîòèòüñÿ ñ âåðîÿòíîñòüþ
0.76 è âûçâàòü äåëåíèå ÿäðà ñ âåðîÿòíîñòüþ 0.22. ×åìó ðàâíà âåðîÿòíîñòü
òîãî, ÷òî ïîñëå ñòîëêíîâåíèÿ íåéòðîí îòðàçèòñÿ èëè ïîãëîòèòñÿ? ×åìó
ðàâíà âåðîÿòíîñòü òîãî, ÷òî ïîñëå ñòîëêíîâåíèÿ íåéòðîí íå ïîãëîòèòñÿ?

3.3. Âåðîÿòíîñòü òîãî, ÷òî íà ñåìèíàð ïî âûñøåé ìàòåìàòèêå îïîçäàåò
õîòÿ áû îäèí ìîëîäîé ÷åëîâåê ðàâíà 0.6. Âåðîÿòíîñòü îïîçäàíèÿ õîòÿ áû
îäíîé äåâóøêè ðàâíà 0.7. Âåðîÿòíîñòü òîãî, ÷òî îïîçäàåò ìîëîäîé ÷åëîâåê
âìåñòå ñ äåâóøêîé ðàâíà 0.3. ×åìó ðàâíà âåðîÿòíîñòü òîãî, ÷òî êòî-íèáóäü
îïîçäàåò?

3.4. Íàéäèòå P(AB), åñëè P(A) = 0.5, P(B) = 0.8, P(A + B) = 0.95.

Ãåîìåòðè÷åñêàÿ ñõåìà

3.5. Âíóòðè áåëîãî êâàäðàòà ñî ñòîðîíîé 3 çàêðàøåí ÷åðíîé êðàñêîé êðóã
ðàäèóñà 1. Èç êâàäðàòà íàóäà÷ó âûáðàëè òî÷êó. Íàéäèòå âåðîÿòíîñòü òîãî,
÷òî òî÷êà áåëàÿ.

3.6. Íà îòðåçîê AB íàóäà÷ó áðîøåíà òî÷êà C. Íàéäèòå âåðîÿòíîñòè ñî-
áûòèé U = {AC < CB}, V = {AC > 2 CB}, W = {ìåíüøèé èç îòðåçêîâ

AC è CB áîëüøå AB/3}.
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3.7. Èç îòðåçêà AB íàóäà÷ó âûáðàíû òî÷êè C è D. Íàéäèòå P(AC <

2 AD).

3.8. Íà îòðåçîê AB íàóäà÷ó áðîøåíà òî÷êà C. Çàòåì íà îòðåçîê CB íàóäà-
÷ó áðîøåíà òî÷êà D. Íàéäèòå âåðîÿòíîñòü ñîáûòèÿ U = {CD < AB/2}.
3.9 (Çàäà÷à î âñòðå÷å). Äâà øïèîíà äîãîâîðèëèñü âñòðåòèòüñÿ â ìåñòå
X ìåæäó 12 è 13 ÷àñàìè äíÿ. Ïðèøåäøèé ïåðâûì æäåò 15 ìèíóò è óõîäèò.
Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî øïèîíû âñòðåòÿòñÿ, åñëè ìîìåíò ïðèõîäà
êàæäûé øïèîí âûáèðàåò íàóäà÷ó.

3.10 (Çàäà÷à Áþôôîíà, ôðàíö. åñòåñòâîèñïûòàòåëü XVIII â.).
Ïëîñêîñòü ðàçãðàôëåíà ïàðàëëåëüíûìè ïðÿìûìè, îòñòîÿùèìè äðóã îò
äðóãà íà ðàññòîÿíèè 2a. Íà ïëîñêîñòü íàóäà÷ó áðîñàþò èãëó äëèíîé 2b
(b < a). Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî èãëà ïåðåñå÷åò îäíó èç ïðÿìûõ.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

3.11. Èçâåñòíî, ÷òî P(A) = 0.8, P(B) = 0.77, P(A + B) = 0.95. Íàéäèòå
P(AB).

3.12. Âíóòðè òðåõëèòðîâîé áàíêè ñòîèò ñòàêàí (200ìã) è ëåòàåò ìóõà. Íàé-
äèòå âåðîÿòíîñòü òîãî, ÷òî ñåãîäíÿ â äâà ÷àñà äíÿ ìóõà áóäåò â ñòàêàíå.

3.13. Íà îòðåçîê AB äëèíû 16 íàóäà÷ó áðîøåíà òî÷êà C. Íàéäèòå âåðî-
ÿòíîñòü ñîáûòèÿ U = {AC2 > AB}.

4. Óñëîâíàÿ âåðîÿòíîñòü

4.1. Åñòü 11 êàðòî÷åê: Â, Å, Ð, Î, ß, Ò, Í, Î, Ñ, Ò, Ü. Íàóäà÷ó ïî î÷åðå-
äè èçâëåêàþò 6 êàðòî÷åê. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî ïîÿâèëîñü ñëîâî
¾ßÐÎÑÒÜ¿.

4.2. Ñòóäåíò çíàåò 20 èç 25 âîïðîñîâ ïðîãðàììû. Íàéäèòå âåðîÿòíîñòü
òîãî, ÷òî ñòóäåíò çíàåò ïðåäëîæåííûå åìó ýêçàìåíàòîðîì òðè âîïðîñà.

4.3. Èãðàëüíûé êóáèê áðîñèëè 4 ðàçà. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî à)
âñÿêèé ðàç âûïàäàëî ÷èñëî, ìåíüøåå 5; á) ìåíüøåå 5 ÷èñëî âûïàäàëî ðîâíî
3 ðàçà.

4.4. Åñòü 4 öâåòíûõ êóáèêà ñî ñëåäóþùèìè öèôðàìè íà ãðàíÿõ: ñèíèé �
1, 1, 1, 5, 5, 5; êðàñíûé � 2, 2, 2, 2, 6, 6; æåëòûé � 3, 3, 3, 3, 3, 3; áåëûé
� 0, 0, 4, 4, 4, 4. Äâà èãðîêà ïî î÷åðåäè âûáèðàþò êóáèê è áðîñàþò åãî.
Âûèãðûâàåò òîò èãðîê, ó êîòîðîãî âûïàëî áîëüøå î÷êîâ. Çà êàêîãî èãðîêà
âûãîäíåé èãðàòü: çà òîãî, êòî áåð¼ò êóáèê ïåðâûì, èëè çà âòîðîãî?
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4.5. Òðè èññëåäîâàòåëÿ ïðîâîäÿò îäèíàêîâûé îïûò. Âåðîÿòíîñòü òîãî, ÷òî
ïåðâûé äîïóñòèò îøèáêó â ðàñ÷åòàõ ðàâíà 0.1, âòîðîé � 0.15 è òðåòèé �
0.2. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî îøèáêó äîïóñòèò õîòÿ áû îäèí èññëå-
äîâàòåëü.

4.6. Òðè õèìèêà èçãîòîâèëè òðè äèíàìèòíûå øàøêè. Âåðîÿòíîñòü òîãî,
÷òî äèíàìèò, èçãîòîâëåííûé ïåðâûì õèìèêîì, âçîðâ¼òñÿ, ðàâíà 0.2, âòî-
ðûì � 0.4, à òðåòüèì � 0.9. Âû íàóäà÷ó âûáðàëè îäíó èç øàøåê è ïî-
äîæãëè ôèòèëü. à) Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî äèíàìèò âçîðâ¼òñÿ. á)
Äèíàìèò âçîðâàëñÿ. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî ýòî áûëà øàøêà òðå-
òüåãî õèìèêà. Õîòÿ òåïåðü óæå âñ¼ ðàâíî, ÷üÿ îíà áûëà...

4.7. Äîáðûé ìîëîäåö ïîäúåõàë ê äîðîæíîìó êàìíþ, íà êîòîðîì íàïèñàíî:
¾íàëåâî ïîéäåøü � êîíÿ ïîòåðÿåøü ñ âåðîÿòíîñòüþ 0.6, íàïðàâî ïîéäåøü
� êîíÿ ïîòåðÿåøü ñ âåðîÿòíîñòüþ 0.4, à ïðÿìî ïîéäåøü � ñ âåðîÿòíîñòüþ
0.9 ïîòåðÿåøü êîíÿ¿. Ïîäóìàë ä.ì. è ðåøèë: áðîøó ÿ êóáèê èãðàëüíûé,
åñëè âûïàäåò 1 èëè 2, íàëåâî ïîéäó, åñëè 3, 4 èëè 5 � íàïðàâî, íó à åñëè 6,
òî ïðÿìî! à) Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî ïîòåðÿåò êîíÿ äîáðûé ìîëîäåö.
á) Íó õîðîøî. Îí åãî ïîòåðÿë. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî îí ïîøåë
ïðÿìî.

4.8. Ï¼òð è Âàñèëèé ðåøèëè ñòðåëÿòüñÿ. Ï¼òð ìîæåò ïîïàñòü â Âàñèëèÿ
ñ âåðîÿòíîñòüþ 0.4, à Âàñèëèé â Ïåòðà � ñ âåðîÿòíîñòüþ 0.6. Ñòðåëÿþò
ïî î÷åðåäè äî ïåðâîãî ïîïàäàíèÿ. Ïåðâûì ñòðåëÿåò Ï¼òð. Íàéäèòå âåðî-
ÿòíîñòü òîãî, ÷òî Ï¼òð âûæèâåò.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

4.9. Èç 100 ëîòåðåéíûõ áèëåòîâ âñåãî 5 âûèãðûøíûõ. Íàéäèòå âåðîÿò-
íîñòü òîãî, ÷òî äâà íàóäà÷ó âûáðàííûå áèëåòà îêàæóòñÿ âûèãðûøíûìè.

4.10. Ðàçðàáîò÷èêè ãàðàíòèðóþò, ÷òî âåðîÿòíîñòü ïîëîìêè ïðèáîðà ðàâíà
0.03. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî ñëîìàåòñÿ õîòÿ áû îäèí èç 100 òàêèõ
ïðèáîðîâ. Óäèâëåíû?

4.11. Ó Âàñ åñòü ÷åòûðå ïðîáèðêè. Âåðîÿòíîñòü òîãî, ÷òî â ïåðâîé ïðî-
áèðêå êèñëîòà, ðàâíà 0.6, âî âòîðîé � 0.3, â òðåòüåé � 0.7, à â ÷åòâåðòîé
� 0.9. Âû íàóäà÷ó âûáðàëè ïðîáèðêó è îêóíóëè â íåå ïàëåö. à) Íàéäèòå
âåðîÿòíîñòü òîãî, ÷òî Âû îùóòèòå ææåíèå. á) Âû ïî÷óâñòâîâàëè ææåíèå.
Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî Âû âûáðàëè âòîðóþ ïðîáèðêó. Õîòÿ...
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5. Ñõåìà Áåðíóëëè

5.1. Èãðàëüíûé êóáèê áðîñèëè 9 ðàç. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî øå-
ñòåðêà âûïàëà à) ðîâíî òðè ðàçà; á) ìåíüøå òðåõ ðàç; â) áîëüøå òðåõ ðàç.

5.2. Âåðîÿòíîñòü ïîÿâëåíèÿ ñîáûòèÿ A ðàâíà 0.004. Íàéäèòå âåðîÿòíîñòü
òîãî, èç 1000 èñïûòàíèé ñîáûòèå A âîçíèêíåò à) ðîâíî òðè ðàçà; á) ìåíüøå
òðåõ ðàç; â) áîëüøå òðåõ ðàç.

5.3. Èãðàëüíûé êóáèê áðîñèëè 7000 ðàç. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî
òðîéêà âûïàëà ðîâíî 1160 ðàç.

5.4. Âåðîÿòíîñòü ïîÿâëåíèÿ ñîáûòèÿ A ðàâíà 0.3. Íàéäèòå âåðîÿòíîñòü
òîãî, èç 1000 èñïûòàíèé ñîáûòèå A âîçíèêíåò à) íå ìåíåå 100 è íå áîëåå
320 ðàç, á) íå ìåíåå 280 è íå áîëåå 310 ðàç.

5.5. Â 2000 èñïûòàíèÿõ ñîáûòèå A âîçíèêëî 123 ðàçà. a) Îöåíèòå âåðîÿò-
íîñòü ñîáûòèÿ A íà óðîâíå äîâåðèÿ δ = 0.94. á) Ñêîëüêî íóæíî ïðîâåñòè
èñïûòàíèé, ÷òîáû íà óðîâíå äîâåðèÿ 0.94 îöåíèòü âåðîÿòíîñòü ñîáûòèÿ A

ñ òî÷íîñòüþ 0.01.

5.6. Êîíäèòåðñêàÿ ôàáðèêà ¾Ïûøêà¿ âûïóñêàåò áóëî÷êè ñ èçþìîì. Íà
1000 áóëî÷åê óõîäèò 10000 èçþìèíîê. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî â
êóïëåííîé Âàìè áóëî÷êå áóäåò ðîâíî 10 èçþìèíîê.

5.7 (Ñòðàõîâîå îáùåñòâî). Ñòðàõîâêà ñòîèò 120 ðóáëåé, â ñòðàõîâîì
ñëó÷àå Âàì âûïëà÷èâàþò 10000 ðóáëåé. à) Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî
ñòðàõîâîå îáùåñòâî ïîíåñåò óáûòêè, åñëè îíî çàêëþ÷èëî 1000 äîãîâîðîâ, à
âåðîÿòíîñòü ñòðàõîâîãî ñëó÷àÿ ðàâíà 0.01. á) Ñêîëüêî íåîáõîäèìî çàêëþ-
÷èòü äîãîâîðîâ, ÷òîáû ñ âåðîÿòíîñòüþ 0.99 ïðèáûëü ñòðàõîâîãî îáùåñòâà
ñîñòàâèëà 100 òûñ. ðóáëåé.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

5.8. Ìîíåòêó ïîäáðîñèëè 10 ðàç. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî îðåë âû-
ïàë 4 ðàçà.

5.9. Ìîíåòêó ïîäáðîñèëè 1000 ðàç. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî îðåë
âûïàë a) ðîâíî 444 ðàçà; á) íå ìåíåå 400 è íå áîëåå 550 ðàç.

5.10. Ñîáûòèå A âîçíèêàåò ñ âåðîÿòíîñòüþ 0.007. Íàéäèòå âåðîÿòíîñòü
òîãî, ÷òî â 700 èñïûòàíèÿõ ñîáûòèå A ïîÿâèòñÿ ðîâíî 6 ðàç.
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6. Êîíòðîëüíàÿ ðàáîòà �1

Âàðèàíò 0

6.1. Èç êàðòî÷íîé êîëîäû (52 êàðòû) èçâëåêëè âñå ïèêè è âñå äåñÿòêè.
Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî èçâëå÷åííàÿ èç îñòàâøåéñÿ êîëîäû êàðòà
áóäåò êàðòèíêîé.

6.2. Íà îòðåçîê AB äëèíû 27 ñì íàóäà÷ó áðîøåíà òî÷êà C. Íàéäèòå âå-
ðîÿòíîñòü òîãî, ÷òî íàèáîëüøèé èç îòðåçêîâ AC è CB áóäåò ìåíüøå 20
ñì.

6.3. Äâà ñòðåëêà ïîðàæàþò ìèøåíü ñ âåðîÿòíîñòÿìè 0.79 è 0.89 ñîîòâåò-
ñòâåííî. Ñòðåëêè ïðîèçâåëè ïî îäíîìó âûñòðåëó. Íàéäèòå âåðîÿòíîñòü òî-
ãî, ÷òî ìèøåíü áóäåò ïîðàæåíà.

6.4. Ó Âàñ åñòü 10 ïðîáèðîê: 3 áîëüøèõ è 7 ìàëåíüêèõ. Âåðîÿòíîñòü òîãî,
÷òî â áîëüøîé ïðîáèðêå îêàæåòñÿ âîäà ðàâíà 0.19, à â ìàëåíüêîé � 0.89.
Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî â íàóäà÷ó âûáðàííîé ïðîáèðêå áóäåò âîäà.

6.5. Çà ñóòêè èç 1.23 · 106 àòîìîâ âåùåñòâà ðàäèîàêòèâíîìó ðàñïàäó ïîä-
âåðãëèñü 3.11·103 àòîìîâ. Íà óðîâíå äîâåðèÿ δ = 0.95 îöåíèòå âåðîÿòíîñòü
ðàñïàäà àòîìà âåùåñòâà â òå÷åíèå ñóòîê.



Ðàçäåë 2

Ñëó÷àéíûå âåëè÷èíû

7. Ôóíêöèÿ ðàñïðåäåëåíèÿ

7.1. Ïîñòðîéòå ôóíêöèþ ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû
ξ, ðàñïðåäåëåíèå êîòîðîé îïðåäåëåíî òàáëèöåé ξ 1 2.5 5 −4

P 0.1 0.25 0.25 0.4
.

7.2. Ïóñòü ξ � ýòî êîîðäèíàòà òî÷êè, íàóäà÷ó âûáðàííîé èç [−2; 8]. Ïî-
ñòðîéòå Fξ(x).

7.3. Íà ïëîñêîñòè äàíû òðè òî÷êè A(0, 0), B(1, 0) è C(1, 1). Ïóñòü ξ �
ýòî àáñöèññà òî÷êè, íàóäà÷ó âûáðàííîé èç òðåóãîëüíèêà ABC. Ïîñòðîéòå
Fξ(x).

7.4. Ñëó÷àéíàÿ âåëè÷èíà ξ çàäàíà ôóíêöèåé ðàñïðåäåëåíèÿ Fξ(x) =
1
2 + 1

π arctg(x). Íàéäèòå P(ξ < 1), P(ξ >
√

3), P(ξ 6 0), P(0 6 ξ < 1),
P(arctg(ξ) < 1).

7.5. Ïóñòü Fξ(x) =


0, x 6 −1,
a(1 + x)(5− x), −1 < x 6 2,
1, 2 < x.

� ôóíêöèÿ ðàñïðåäå-

ëåíèÿ ñëó÷àéíîé âåëè÷èíû ξ. à) Íàéäèòå ïàðàìåòð a, åñëè P(ξ = 2) = 0.5.
á) Äëÿ íàéäåííîãî ïàðàìåòðà a âû÷èñëèòå P(−4 < ξ < 1), P(0 6 ξ < 7),
P(|ξ| > 1), P(ξ2 < 4), P(ξ2+ξ < 2). â) Íàéäèòå u òàêîå, ÷òî P(ξ < u) = 1/3.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

7.6. Ïîñòðîéòå ôóíêöèþ ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû
ξ, ðàñïðåäåëåíèå êîòîðîé îïðåäåëåíî òàáëèöåé ξ 1 −3 6

P 0.1 0.3 0.6
.

7.7. Ïóñòü Fξ(x) =


0, x 6 0,
1
8x

3, 0 < x 6 2,
1, 2 < x.

� ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àé-

íîé âåëè÷èíû ξ. Âû÷èñëèòå P(
√

ξ − 1 < 2).
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7.8. Ïóñòü Fξ(x) =


0, x 6 −1,
a
√

x + 1, −1 < x 6 1,
1, 1 < x.

� ôóíêöèÿ ðàñïðåäåëåíèÿ

ñëó÷àéíîé âåëè÷èíû ξ. Íàéäèòå ïàðàìåòð a, åñëè P(ξ = 1) = 1
2 .

8. Äèñêðåòíûå è íåïðåðûâíûå ñëó÷àéíûå âå-

ëè÷èíû

8.1. Ï¼òð ïîðàæàåò ìèøåíü ñ âåðîÿòíîñòüþ 0.3, à Èâàí � ñ âåðîÿòíîñòüþ
0.6. Êàæäûé ñäåëàë ïî äâà âûñòðåëà. Íàéäèòå ðàñïðåäåëåíèå îáùåãî ÷èñëà
ïîïàäàíèé ξ.

8.2. Çàïèøèòå ðàñïðåäåëåíèå ñëó÷àéíûõ âåëè÷èí ξ ∈ U(2), η ∈ B(5, 0.3),
ζ ∈ G(0.3). Äàéòå èì ñîäåðæàòåëüíóþ èíòåðïðåòàöèþ.

8.3. Äàíà äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ: ξ −0.4 0.6 −0.2 0.8
P 0.3 0.2a 0.1a2 0.4

. Îïðå-

äåëèòå ïàðàìåòð a. Íàéäèòå P(ξ < 0), P(|ξ| < 0.65), P(ξ2 > 0.2).

8.4. Ñðåäíåå ÷èñëî ìàðøðóòîê, ïîäúåçæàþùèõ ê îñòàíîâêå çà 1 ìèíóòó,
ðàâíî 0.46. Íàéäèòå âåðîÿòíîñòü òîãî, ÷òî çà ïîë÷àñà ê îñòàíîâêå ïîäîéäåò
ðîâíî 10 ìàðøðóòîê.

8.5. Ïóñòü ñëó÷àéíàÿ âåëè÷èíà ξ � ýòî êîîðäèíàòà íàóäà÷ó áðîøåííîé
òî÷êè íà îòðåçîê [1; 5]. ßâëÿåòñÿ ëè ýòà ñëó÷àéíàÿ âåëè÷èíà íåïðåðûâíîé?
Åñëè äà, òî íàéäèòå ïëîòíîñòü åå ðàñïðåäåëåíèÿ.

8.6. Ñëó÷àéíàÿ âåëè÷èíà ξ çàäàíà ïëîòíîñòüþ fξ(x) = a
1+x2 . Íàéäèòå ïà-

ðàìåòð a è ôóíêöèþ ðàñïðåäåëåíèÿ Fξ(x). Íàéäèòå P(ξ2 − ξ > 2).

8.7. Ñëó÷àéíàÿ âåëè÷èíà ξ çàäàíà ïëîòíîñòüþ fξ(x) =


0, x < 0,
3x2, 0 < x < 1,
0, 1 < x.

Íàéäèòå P(−2 < ξ < 0.5). Íàéäèòå ôóíêöèþ ðàñïðåäåëåíèÿ ñ.â. ξ.

8.8. Ðàñ÷åòíîå çíà÷åíèå èçìåðÿåìîé âåëè÷èíû ðàâíî 7, íî â ðåçóëüòàòå èç-
ìåðåíèé ýòà âåëè÷èíà â ñðåäíåì ìîæåò îòêëîíÿòüñÿ îò ðàñ÷åòíîãî çíà÷å-
íèÿ íà 0.8. Ïóñòü ξ � ýòî çíà÷åíèå âåëè÷èíû, ïîëó÷åííîå ïîñëå èçìåðåíèÿ.
Íàéäèòå P(ξ − 7 > 0.8), P(|ξ − 7| > 1.2).
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Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

8.9. Äàíà äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ: ξ 1 2 10 45
P 2a 3a 5a 0.3

. Îïðåäå-

ëèòå ïàðàìåòð a. Íàéäèòå P(ξ < 7), P(ξ10 − 1 > 0).

8.10. Ñëó÷àéíàÿ âåëè÷èíà ξ çàäàíà ïëîòíîñòüþ fξ(x) =
0, x < 0,
1
2x, 0 < x < 2,
0, 2 < x.

Íàéäèòå P(ξ2 + 6ξ > 7). Íàéäèòå ôóíêöèþ ðàñ-

ïðåäåëåíèÿ ñ.â. ξ.

8.11. Äàíà ñëó÷àéíàÿ âåëè÷èíà ξ ∈ N(−6, 2). Íàéäèòå P(2ξ + 11 > 0).

9. ×èñëîâûå õàðàêòåðèñòèêè ñëó÷àéíûõ âå-

ëè÷èí

9.1. Äàíà äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ: ξ −2 1 3 7
P 0.1 0.4 0.4 0.1

. Íàéäèòå

Mξ, Mξ2, Dξ, σ(ξ), M(ξ − 3)2, M sin ξπ
3 .

9.2. Ñëó÷àéíàÿ âåëè÷èíà ξ çàäàíà ïëîòíîñòüþ fξ(x) =


0, x < 0,
1
2x, 0 < x < 2,
0, 2 < x.

Íàéäèòå Mξ, Mξ2, Dξ, σ(ξ), M(ξ − 3)2, M
√

ξ.

9.3. Âåðîÿòíîñòü òîãî, ÷òî ìîëåêóëà âåùåñòâà âñòóïèò ðåàêöèþ â òå÷åíèå
1 ñåêóíäû, ðàâíà 1.33·10−3. Íàéäèòå ìàòåìàòè÷åñêîå îæèäàíèå, äèñïåðñèþ
è ñòàíäàðòíîå îòêëîíåíèå ÷èñëà ìîëåêóë, âñòóïèâøèõ â ðåàêöèþ â òå÷åíèå
1 ñåêóíäû, åñëè êîëè÷åñòâî ìîëåêóë ðàâíî 1.27 · 105.

9.4. Â óñëîâèÿõ çàäà÷è 9.3 íàéäèòå ñðåäíåå, äèñïåðñèþ è ñòàíäàðòíîå îò-
êëîíåíèå âðåìåíè îæèäàíèÿ âñòóïëåíèÿ â ðåàêöèþ î÷åðåäíîé ìîëåêóëû.

9.5. Ìóõà ïîëçàåò ïî ðåáðàì ïðàâèëüíîãî òåòðàýäðà. Êàæäîå ðåáðî îíà
ïðîïîëçàåò ðîâíî çà 1 ìèíóòó. Â îäíîé èç âåðøèí òåòðàýäðà ñèäèò ïàóê,
êîòîðûé îáÿçàòåëüíî ñúåñò ìóõó, êàê òîëüêî îíà ïðèïîëçåò â ýòó âåðøè-
íó. Íàéäèòå ñðåäíåå, äèñïåðñèþ è ñòàíäàðòíîå îòêëîíåíèå âðåìåíè æèçíè
ìóõè, åñëè â íà÷àëüíûé ìîìåíò ìóõà ñèäèò â âåðøèíå è î÷åðåäíîå ðåáðî
îíà âûáèðàåò íàóäà÷ó.

9.6. Ñëó÷àéíûå ξ, η � íåçàâèñèìû è Mξ = 3, Mη = −2, Dξ = 1, Dη = 2.
Íàéäèòå M(ξ+η), D(2ξ−4η), M(ξη), Mξ2, Mη2, D(ξη), M(ξη+ξ), D(ξη+ξ).
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9.7. Ñëó÷àéíûå ξ è η òàêîâû, ÷òî Mξ = 4, Mη = −1, Dξ = 1, Dη = 4,
D(ξ+η) = 1.5. Íàéäèòå cov(ξ, η), M(ξη), ρ(ξ, η). Ñäåëàéòå âûâîä î íàëè÷èè
èëè îòñóòñòâèè ëèíåéíîé çàâèñèìîñòè ìåæäó ξ è η.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

9.8. Ïóñòü ξ � âûïàâøåå íà êóáèêå ÷èñëî î÷êîâ. Íàéäèòå Mξ, Dξ, M sin ξπ
4 .

9.9. Ñëó÷àéíàÿ âåëè÷èíà ξ çàäàíà ïëîòíîñòüþ fξ(x) =
0, x < 0,
3
2

√
x, 0 < x < 1,

0, 1 < x.

Íàéäèòå Mξ, Dξ, σ(ξ), M
√

ξ.

9.10. Ñëó÷àéíûå âåëè÷èíû ξ è η òàêîâû, ÷òî Mξ = 2, Mη = −8, Dξ = 2,
Dη = 6, M(ξη) = −14. Íàéäèòå D(ξ + η).

10. Íåðàâåíñòâî ×åáûøåâà. Òåîðåìà ×åáû-

øåâà. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

Íåðàâåíñòâî ×åáûøåâà

10.1. Ïóñòü ñëó÷àéíàÿ âåëè÷èíà ξ òàêîâà, ÷òî Dξ = 1. Èñïîëüçóÿ íåðà-
âåíñòâî ×åáûøåâà, îöåíèòå ñâåðõó âåðîÿòíîñòü òîãî, ÷òî ξ îòêëîíèòñÿ îò
ñâîåãî ìàòåìàòè÷åñêîãî îæèäàíèÿ íå ìåíåå, ÷åì íà 5.

10.2. Èñïîëüçóÿ íåðàâåíñòâî ×åáûøåâà, îöåíèòå ñíèçó âåðîÿòíîñòü òîãî,
÷òî ñëó÷àéíàÿ âåëè÷èíà îòêëîíèòñÿ îò ñâîåãî ìàòåìàòè÷åñêîãî îæèäàíèÿ
íå áîëåå, ÷åì íà òðè ñòàíäàðòíûõ îòêëîíåíèÿ.

10.3. Ïóñòü ζ � ýòî ÷èñëî ìàðøðóòîê, ïîäúåõàâøèõ ê îñòàíîâêå â òå÷åíèå
÷àñà. Èñïîëüçóÿ íåðàâåíñòâî ×åáûøåâà, îöåíèòå âåðîÿòíîñòü P(20 6 ζ 6
40), åñëè ñðåäíåå ÷èñëî ìàðøðóòîê, ïîäúåçæàþùèõ ê îñòàíîâêå â òå÷åíèå
÷àñà, ðàâíî λ = 30.

Òåîðåìà ×åáûøåâà

10.4. Ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ξ1, ξ2,
. . . çàäàíà ðàñïðåäåëåíèÿìè ξn a −a

P
n

2n+1
n+1
2n+1

, n = 1, 2, . . . . Ïðèìåíèìà ëè

äëÿ ýòîé ïîñëåäîâàòåëüíîñòè òåîðåìà ×åáûøåâà?

10.5. Ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ξ1, ξ2,
. . . çàäàíà ðàñïðåäåëåíèÿìè ξn 1 n

P
1
2

1
2

, n = 1, 2, . . . . Ïðèìåíèìà ëè äëÿ

ýòîé ïîñëåäîâàòåëüíîñòè òåîðåìà ×åáûøåâà?
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Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

10.6. Äàíà ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ
ñëó÷àéíûõ âåëè÷èí ξ1, ξ2, . . . òàêàÿ, ÷òî Mξ1 = 3, Dξ1 = 2. Ïóñòü ξ =
1
n(ξ1 + · · ·+ ξn). Èñïîëüçóÿ öåíòðàëüíóþ ïðåäåëüíóþ òåîðåìó, îöåíèòå âå-
ðîÿòíîñòü P(3 < ξ < 4) äëÿ n = 25. Ñêîëüêî íóæíî ïðîâåñòè èñïûòàíèé,
÷òîáû ýòà âåðîÿòíîñòü áûëà áîëüøå, ÷åì δ = 0.49?

10.7. Ïóñòü ξ � ýòî ÷èñëî ¾óñïåõîâ¿ â 500 èñïûòàíèÿõ, ñ âåðîÿòíîñòüþ
¾óñïåõà¿ â îäíîì èñïûòàíèè p = 0.2. Èñïîëüçóÿ öåíòðàëüíóþ ïðåäåëüíóþ
òåîðåìó, îöåíèòå âåðîÿòíîñòü P(80 6 ξ 6 130). Ñðàâíèòå ðåçóëüòàò ñ âå-
ðîÿòíîñòüþ P (80, 130), âû÷èñëåííîé ïðè ïîìîùè èíòåãðàëüíîé òåîðåìû
Ìóàâðà-Ëàïëàñà.

10.8. Äàíà ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ
ñëó÷àéíûõ âåëè÷èí ξ1, ξ2, . . . òàêàÿ, ÷òî ξn ∈ G(0.2), n = 1, 2, . . . . Ïóñòü
ξ = 1

n(ξ1+· · ·+ξn). Ñêîëüêî íóæíî ïðîâåñòè èñïûòàíèé, ÷òîáû âåðîÿòíîñòü
P(|ξ −Mξ| 6 0.01) áûëà áîëüøå δ = 0.95?.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

10.9. Ïóñòü ξ � ýòî ÷èñëî ¾óñïåõîâ¿ â 100 èñïûòàíèÿõ, ñ âåðîÿòíîñòüþ
¾óñïåõà¿ p = 0.3. Èñïîëüçóÿ íåðàâåíñòâî ×åáûøåâà, îöåíèòå âåðîÿòíîñòü
P(20 6 ξ 6 40).

10.10. Ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ξ1, ξ2,
. . . çàäàíà ðàñïðåäåëåíèÿìè ξn n + 1 −n

P
n

2n+1
n+1
2n+1

, n = 1, 2, . . . . Ïðèìåíèìà ëè

äëÿ ýòîé ïîñëåäîâàòåëüíîñòè òåîðåìà ×åáûøåâà?

10.11. Äàíà ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ
ñëó÷àéíûõ âåëè÷èí ξ1, ξ2, . . . òàêàÿ, ÷òî ξn ∈ E(0.2). Ïóñòü ξ = 1

n(ξ1 +
· · · + ξn). Èñïîëüçóÿ öåíòðàëüíóþ ïðåäåëüíóþ òåîðåìó, îöåíèòå âåðîÿò-
íîñòü P(3 < ξ < 5.5) äëÿ n = 36. Ñêîëüêî íóæíî ïðîâåñòè èñïûòàíèé,
÷òîáû ýòà âåðîÿòíîñòü áûëà áîëüøå, ÷åì δ = 0.92?
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11. Ñëó÷àéíûå âåêòîðû

11.1. Ïóñòü (ξ, η) � ýòî êîîðäèíàòû òî÷êè, íàóäà÷ó âûáðàííîé èç òðå-
óãîëüíèêà ABC, ñ êîîðäèíàòàìè âåðøèí A(1, 1), B(3, 1), C(1, 2). à) Íàé-
äèòå ôóíêöèþ ðàñïðåäåëåíèÿ Fξ,η(x, y) è ïëîòíîñòü fξ,η(x, y) âåêòîðà (ξ, η).
á) Íàéäèòå Mξ, Mη, Mξη, cov(ξ, η), D(ξ + η), ρ(ξ, η), M(ξ2η + 2η).

11.2. Áðîñèëè èãðàëüíûé êóáèê è âûïàâøåå ÷èñëî î÷êîâ ðàçëîæèëè íà
ìíîæèòåëè. Ïóñòü ξ � ýòî êîëè÷åñòâî äâîåê â ðàçëîæåíèè, à η � êî-
ëè÷åñòâî òðîåê. à) Çàïèøèòå ðàñïðåäåëåíèå ñëó÷àéíîãî âåêòîðà (ξ, η) â
âèäå òàáëèöû. á) Íàéäèòå ôóíêöèþ ðàñïðåäåëåíèÿ Fξ,η(x, y). â) Íàéäèòå
M((ξ + 1)(η + 2)).

11.3. Äèñêðåòíûé ñëó÷àéíûé âåêòîð (ξ, η) çàäàí

ðàñïðåäåëåíèåì
η \ ξ −2 3 4
−2 0.15 0.30 0.05
3 0 0.33 0.17

. à) Íàéäèòå ðàñïðåäåëåíèÿ ñëó÷àéíûõ

âåëè÷èí ξ è η ïî îòäåëüíîñòè. á) Íàéäèòå Mξ, Mη, M(ξη), cov(ξ, η), ρ(ξ, η),
M sin(π

3ξ + π
4η), D(2ξ − η).

11.4. Ïóñòü Fξ,η(x, y) =

{
0, x 6 0 èëè y 6 0,
1− 2−x − 2−y + 2−x−y, x > 0, y > 0,

�

ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà (ξ, η). à) Íàéäèòå P(ξ <

1, η < 3), P(1 < ξ < 2, η < 1), P(1 < ξ < 3, 2 < η < 4),
P(−2 < ξ < 1, −1 < η < 3). á) Íàéäèòå ïëîòíîñòü fξ,η(x, y) ðàñïðåäåëåíèÿ
ñëó÷àéíîãî âåêòîðà (ξ, η). â) Íàéäèòå M(4−ξ−2η). ã) Íàéäèòå âåðîÿòíîñòü
ïîïàäàíèÿ òî÷êè (ξ, η) â òðåóãîëüíèê ñ âåðøèíàìè A(1, 1), B(2, 2), C(1, 2).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

11.5. Íà ïëîñêîñòè îòìå÷åíû òî÷êè A(1, 1), B(2, 1), C(3, 2), D(2, 2). Ïóñòü
(ξ, η) � êîîðäèíàòû òî÷êè, íàóäà÷ó âûáðàííîé èç îòìå÷åííûõ. à) Çàïè-
øèòå ðàñïðåäåëåíèå ñëó÷àéíîãî âåêòîðà (ξ, η) â âèäå òàáëèöû. á) Íàéäèòå
P(ξ > 0.5, η < 0.5). â) Íàéäèòå M(ξη).

11.6. Ïóñòü Fξ,η(x, y) =

{
0, x 6 0 èëè y 6 0,
1− e−x − e−2y + e−x−2y, x > 0, y > 0,

�

ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà (ξ, η). Íàéäèòå P(−1 < ξ <

3, 2 < η < 4).

11.7. Â óñëîâèÿõ çàäà÷è 11.6 íàéäèòå M(e−2ξ−η).



18 Ñëó÷àéíûå âåëè÷èíû

12. Êîíòðîëüíàÿ ðàáîòà �2

Âàðèàíò 0

12.1. Ïóñòü Fξ(x) =

{
0, x 6 1,
(x− 1)2, 1 < x 6 2,
1, 2 < x.

� ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àé-

íîé âåëè÷èíû ξ. Íàéäèòå âåðîÿòíîñòü P(2ξ2 − ξ > 3).

12.2. Äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà ξ èìååò ðàñïðåäåëåíèå
ξ −1 x 3 5
P 0.1 a 0.4 0.2

. Îïðåäåëèòå ïàðàìåòðû x è a, åñëè Mξ = 2.8.

12.3. Ïóñòü fξ(x) =

{
.0, x < −1,
1
2 + 1

2x, −1 < x < 1,
0, 1 < x.

� ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó-

÷àéíîé âåëè÷èíû ξ. Íàéäèòå Fξ(x).

12.4. Ñëó÷àéíàÿ âåëè÷èíà ξ òàêîâà, ÷òî Dξ = 1. Èñïîëüçóÿ íåðàâåíñòâî
×åáûøåâà, îöåíèòå ñíèçó âåðîÿòíîñòü P(|ξ −Mξ| 6 3).

12.5. Ïîñëåäîâàòåëüíîñòü ξ1, ξ2, . . . íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí îïðå-
äåëåíà ðàñïðåäåëåíèÿìè ξn −n 2 n

P
1

n2 1− 2
n2

1
n2
. Ïðèìåíèìà ëè ê äàííîé ïîñëå-

äîâàòåëüíîñòè òåîðåìà ×åáûøåâà?
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13. Âûáîðêà. Çàäà÷à îá îöåíèâàíèè ïàðàìåò-

ðîâ.

Äëÿ âûáîðêè

0.4 0.1 0.3 0.0 0.0 0.3 2.9 0.8
0.2 1.6 0.2 1.4 1.2 0.0 0.2 0.6
0.4 1.5 0.0 0.0 1.5 0.8 2.4 1.3
0.0 0.3 0.3 0.4 0.0 0.0 1.8 1.3
2.3 2.5 3.0 1.0 0.2 0.5 1.4 2.2

13.1. Ïîñòðîéòå ðàñïðåäåëåíèå ÷àñòîò.

13.2. Íàéäèòå ðàçìàõ âûáîðêè ω3).

13.3. Ïîñòðîéòå ãèñòîãðàììó.

13.4. Íàéäèòå òî÷å÷íûå îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ x̄ è äèñïåðñèè
s, s2.

13.5. Ïðåäïîëîæèâ, ÷òî ãåíåðàëüíîå ðàñïðåäåëåíèå îòíîñèòñÿ ê êëàññó
E(λ), îöåíèòå ïàðàìåòð λ.

13.6. Ïðåäïîëîæèâ, ÷òî ãåíåðàëüíîå ðàñïðåäåëåíèå îòíîñèòñÿ ê êëàññó
U(α, β), îöåíèòå ïàðàìåòðû α è β.

13.7. Íà óðîâíÿõ äîâåðèÿ δ = 0.9 è δ = 0.99 ïîñòðîéòå äîâåðèòåëüíûå
èíòåðâàëû äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ. Ðàññìîòðèòå äâà ñëó÷àÿ: 1)
êîãäà ãåíåðàëüíîå ðàñïðåäåëåíèå íå ÿâëÿåòñÿ íîðìàëüíûì (ξ 6∼ N(·, ·)); 2)
êîãäà ãåíåðàëüíîå ðàñïðåäåëåíèå ÿâëÿåòñÿ íîðìàëüíûì (ξ ∼ N(·, ·)).
13.8. Íà óðîâíå äîâåðèÿ δ = 0.9 ïîñòðîéòå äîâåðèòåëüíûé èíòåðâàë äëÿ
äèñïåðñèè. Ðàññìîòðèòå äâà ñëó÷àÿ: 1) êîãäà ãåíåðàëüíîå ðàñïðåäåëåíèå
íå ÿâëÿåòñÿ íîðìàëüíûì (ξ 6∼ N(·, ·)); 2) êîãäà ãåíåðàëüíîå ðàñïðåäåëåíèå
ÿâëÿåòñÿ íîðìàëüíûì (ξ ∼ N(·, ·)).
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14. Ïðîâåðêà ãèïîòåçû î âèäå ãåíåðàëüíîãî

ðàñïðåäåëåíèÿ. Êðèòåðèé χ2

Äëÿ âûáîðêè

8.39 8.01 7.22 7.22 5.50 7.93 9.31
6.11 7.94 3.44 6.73 11.31 4.25 7.40
9.25 4.63 8.23 10.10 6.91 8.35
7.84 4.99 5.70 6.07 8.96 6.47
6.25 10.42 8.63 12.77 10.96 8.95

14.1. Âû÷èñëèòå: n, xmin, xmax, x̄, s, s2.

14.2. Èñïîëüçóÿ êðèòåðèé χ2, ïðîâåðüòå ãèïîòåçó î ðàâíîìåðíîñòè ãåíå-
ðàëüíîãî ðàñïðåäåëåíèÿ, ðàçáèâ îòðåçîê [α∗; β∗] íà 5 ÷àñòîòíûõ èíòåðâà-
ëîâ.

14.3. Èñïîëüçóÿ êðèòåðèé χ2, ïðîâåðüòå ãèïîòåçó î íîðìàëüíîñòè ãåíå-
ðàëüíîãî ðàñïðåäåëåíèÿ.

15. Ñðàâíåíèå âûáîðîê

Äëÿ âûáîðîê

X Y

2.79 8.46 2.78 5.34 4.52 3.26 5.15 0.12 9.41 6.76
1.66 4.54 2.95 4.02 3.77 4.91 7.11 1.76 9.37 8.98
3.00 6.35 2.40 4.97 5.99 4.87 2.64 4.92 4.81
4.83 9.71 4.91 1.58 2.96 4.09 10.04 1.90 4.79
4.87 3.40 6.30 7.36 5.69 2.27 4.76 5.61

15.1. Ïðîâåðüòå ãèïîòåçó î ñîâïàäåíèè ìàòåìàòè÷åñêèõ îæèäàíèé. Ðàñ-
ñìîòðèòå äâà ñëó÷àÿ: 1) êîãäà ãåíåðàëüíîå ðàñïðåäåëåíèå îäíîé èç âûáî-
ðîê íå ÿâëÿåòñÿ íîðìàëüíûì; 2) êîãäà ãåíåðàëüíûå ðàñïðåäåëåíèÿ îáîèõ
âûáîðîê íîðìàëüíû.

15.2. Ïðîâåðüòå ãèïîòåçó î ñîâïàäåíèè äèñïåðñèé. Ðàññìîòðèòå äâà ñëó-
÷àÿ: 1) êîãäà ãåíåðàëüíîå ðàñïðåäåëåíèå îäíîé èç âûáîðîê íå ÿâëÿåòñÿ
íîðìàëüíûì; 2) êîãäà ãåíåðàëüíûå ðàñïðåäåëåíèÿ îáîèõ âûáîðîê íîðìàëü-
íû.

15.3. Èñïîëüçóÿ êðèòåðèé χ2, ïðîâåðüòå ãèïîòåçó îá îäíîðîäíîñòè âûáî-
ðîê X è Y .
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16. Ëèíåéíûé ðåãðåññèîííûé àíàëèç

Äàíû âûáîðêè:

X

2.79 8.46 2.78 5.34 4.52
1.66 4.54 2.95 4.02 3.77
3.00 6.35 2.40 4.97 5.99
4.83 9.71 4.91 1.58 2.96
4.87 3.40 6.30 7.36

Y

4.22 10.66 4.77 7.75 6.30
3.99 7.06 4.15 6.02 6.76
5.17 8.12 3.92 7.21 7.59
7.44 11.23 7.04 3.96 4.77
7.11 4.39 8.90 9.17

Ïðåäïîëîæèì, ÷òî ìåæäó ýëåìåíòàìè âûáîðîê X è Y ñóùåñòâóåò ëè-
íåéíàÿ çàâèñèìîñòü

yi = b0 + b1 xi + εi, i = 1, . . . , n,

ãäå b0, b1 � êîýôôèöèåíòû çàâèñèìîñòè, εi ∼ N(0, σ) � ñëó÷àéíàÿ îøèáêà
íàáëþäåíèé.

16.1. Íàéäèòå òî÷å÷íûå îöåíêè b∗0, b
∗
1 êîýôôèöèåíòîâ ëèíåéíîé çàâèñèìî-

ñòè.

16.2. Èñïîëüçóÿ êðèòåðèé Ôèøåðà, ïðîâåðüòå ãèïîòåçó î íåçíà÷èìîñòè
ëèíåéíîé çàâèñèìîñòè ìåæäó X è Y .

16.3. Ïîñòðîéòå äîâåðèòåëüíûé èíòåðâàë äëÿ êîýôôèöèåíòà b1. Èñïîëü-
çóÿ íàéäåííûé äîâåðèòåëüíûé èíòåðâàë, ïðîâåðüòå ãèïîòåçó î íåçíà÷èìî-
ñòè ëèíåéíîé çàâèñèìîñòè ìåæäó X è Y .

16.4. Ïî ñëåäóþùèì ýêñïåðèìåíòàëüíûì äàííûì

âðåìÿ ìàññà âåùåñòâà
0.5 7.7 7.5 7.8 7.8
1 5.8 6.3 6.2 6
2 3.8 3.5 3.7 3.6
3 2.3 2.2 2.2 2
4 1.3 1.3 1.1 1.2
5 0.8 0.5 0.7 0.9

îöåíèòå ïåðèîä ïîëóðàñïàäà âåùåñòâà è åãî ïåðâîíà÷àëüíîå êîëè÷åñòâî.



Ïðèëîæåíèÿ

1. Ñïðàâî÷íûå òàáëèöû

Òàáëèöà 1: Çíà÷åíèÿ ôóíêöèè ðàñïðåäåëåíèÿ Φ(x) = 1√
2π

x∫
−∞

e−s2/2 ds.

x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)
0.00 0.5000 0.30 0.6179 0.60 0.7257 0.90 0.8159 1.20 0.8849 1.50 0.9332
0.01 0.5040 0.31 0.6217 0.61 0.7291 0.91 0.8186 1.21 0.8869 1.51 0.9345
0.02 0.5080 0.32 0.6255 0.62 0.7324 0.92 0.8212 1.22 0.8888 1.52 0.9357
0.03 0.5120 0.33 0.6293 0.63 0.7357 0.93 0.8238 1.23 0.8907 1.53 0.9370
0.04 0.5160 0.34 0.6331 0.64 0.7389 0.94 0.8264 1.24 0.8925 1.54 0.9382
0.05 0.5199 0.35 0.6368 0.65 0.7422 0.95 0.8289 1.25 0.8944 1.55 0.9394
0.06 0.5239 0.36 0.6406 0.66 0.7454 0.96 0.8315 1.26 0.8962 1.56 0.9406
0.07 0.5279 0.37 0.6443 0.67 0.7486 0.97 0.8340 1.27 0.8980 1.57 0.9418
0.08 0.5319 0.38 0.6480 0.68 0.7517 0.98 0.8365 1.28 0.8997 1.58 0.9429
0.09 0.5359 0.39 0.6517 0.69 0.7549 0.99 0.8389 1.29 0.9015 1.59 0.9441
0.10 0.5398 0.40 0.6554 0.70 0.7580 1.00 0.8413 1.30 0.9032 1.60 0.9452
0.11 0.5438 0.41 0.6591 0.71 0.7611 1.01 0.8438 1.31 0.9049 1.61 0.9463
0.12 0.5478 0.42 0.6628 0.72 0.7642 1.02 0.8461 1.32 0.9066 1.62 0.9474
0.13 0.5517 0.43 0.6664 0.73 0.7673 1.03 0.8485 1.33 0.9082 1.63 0.9484
0.14 0.5557 0.44 0.6700 0.74 0.7704 1.04 0.8508 1.34 0.9099 1.64 0.9495
0.15 0.5596 0.45 0.6736 0.75 0.7734 1.05 0.8531 1.35 0.9115 1.65 0.9505
0.16 0.5636 0.46 0.6772 0.76 0.7764 1.06 0.8554 1.36 0.9131 1.66 0.9515
0.17 0.5675 0.47 0.6808 0.77 0.7794 1.07 0.8577 1.37 0.9147 1.67 0.9525
0.18 0.5714 0.48 0.6844 0.78 0.7823 1.08 0.8599 1.38 0.9162 1.68 0.9535
0.19 0.5753 0.49 0.6879 0.79 0.7852 1.09 0.8621 1.39 0.9177 1.69 0.9545
0.20 0.5793 0.50 0.6915 0.80 0.7881 1.10 0.8643 1.40 0.9192 1.70 0.9554
0.21 0.5832 0.51 0.6950 0.81 0.7910 1.11 0.8665 1.41 0.9207 1.71 0.9564
0.22 0.5871 0.52 0.6985 0.82 0.7939 1.12 0.8686 1.42 0.9222 1.72 0.9573
0.23 0.5910 0.53 0.7019 0.83 0.7967 1.13 0.8708 1.43 0.9236 1.73 0.9582
0.24 0.5948 0.54 0.7054 0.84 0.7995 1.14 0.8729 1.44 0.9251 1.74 0.9591
0.25 0.5987 0.55 0.7088 0.85 0.8023 1.15 0.8749 1.45 0.9265 1.75 0.9599
0.26 0.6026 0.56 0.7123 0.86 0.8051 1.16 0.8770 1.46 0.9279 1.76 0.9608
0.27 0.6064 0.57 0.7157 0.87 0.8078 1.17 0.8790 1.47 0.9292 1.77 0.9616
0.28 0.6103 0.58 0.7190 0.88 0.8106 1.18 0.8810 1.48 0.9306 1.78 0.9625
0.29 0.6141 0.59 0.7224 0.89 0.8133 1.19 0.8830 1.49 0.9319 1.79 0.9633
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Ïðîäîëæåíèå òàáëèöû 1

x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)
1.80 0.9641 2.00 0.9772 2.20 0.9861 2.40 0.9918 2.60 0.9953 2.80 0.9974
1.81 0.9649 2.01 0.9778 2.21 0.9864 2.41 0.9920 2.61 0.9955 2.82 0.9976
1.82 0.9656 2.02 0.9783 2.22 0.9868 2.42 0.9922 2.62 0.9956 2.84 0.9977
1.83 0.9664 2.03 0.9788 2.23 0.9871 2.43 0.9925 2.63 0.9957 2.86 0.9979
1.84 0.9671 2.04 0.9793 2.24 0.9875 2.44 0.9927 2.64 0.9959 2.88 0.9980
1.85 0.9678 2.05 0.9798 2.25 0.9878 2.45 0.9929 2.65 0.9960 2.90 0.9981
1.86 0.9686 2.06 0.9803 2.26 0.9881 2.46 0.9931 2.66 0.9961 2.92 0.9982
1.87 0.9693 2.07 0.9808 2.27 0.9884 2.47 0.9932 2.67 0.9962 2.94 0.9984
1.88 0.9699 2.08 0.9812 2.28 0.9887 2.48 0.9934 2.68 0.9963 2.96 0.9985
1.89 0.9706 2.09 0.9817 2.29 0.9890 2.49 0.9936 2.69 0.9964 2.98 0.9986
1.90 0.9713 2.10 0.9821 2.30 0.9893 2.50 0.9938 2.70 0.9965 3.00 0.9987
1.91 0.9719 2.11 0.9826 2.31 0.9896 2.51 0.9940 2.71 0.9966 3.20 0.9993
1.92 0.9726 2.12 0.9830 2.32 0.9898 2.52 0.9941 2.72 0.9967 3.40 0.9997
1.93 0.9732 2.13 0.9834 2.33 0.9901 2.53 0.9943 2.73 0.9968 3.60 0.9998
1.94 0.9738 2.14 0.9838 2.34 0.9904 2.54 0.9945 2.74 0.9969 3.80 0.99993
1.95 0.9744 2.15 0.9842 2.35 0.9906 2.55 0.9946 2.75 0.9970 4.00 0.99997
1.96 0.9750 2.16 0.9846 2.36 0.9909 2.56 0.9948 2.76 0.9971 4.50 0.999997
1.97 0.9756 2.17 0.9850 2.37 0.9911 2.57 0.9949 2.77 0.9972 5.00 1.000000
1.98 0.9761 2.18 0.9854 2.38 0.9913 2.58 0.9951 2.78 0.9973
1.99 0.9767 2.19 0.9857 2.39 0.9916 2.59 0.9952 2.79 0.9974

Òàáëèöà 2: Äâóñòîðîííèå êâàíòèëè tδ,k ðàñïðåäåëåíèÿ Ñòüþäåíòà.
δ � óðîâåíü äîâåðèÿ, k � ÷èñëî ñòåïåíåé ñâîáîäû.

k δ = 0.9 δ = 0.95 δ = 0.99 k δ = 0.9 δ = 0.95 δ = 0.99
1 6.31 12.71 63.66 18 1.73 2.10 2.88
2 2.92 4.30 9.92 19 1.73 2.09 2.86
3 2.35 3.18 5.84 20 1.72 2.09 2.85
4 2.13 2.78 4.60 25 1.71 2.06 2.79
5 2.02 2.57 4.03 30 1.70 2.04 2.75
6 1.94 2.45 3.71 35 1.69 2.03 2.72
7 1.89 2.36 3.50 40 1.68 2.02 2.70
8 1.86 2.31 3.36 50 1.68 2.01 2.68
9 1.83 2.26 3.25 60 1.67 2.00 2.66
10 1.81 2.23 3.17 70 1.67 1.99 2.65
11 1.80 2.20 3.11 80 1.66 1.99 2.64
12 1.78 2.18 3.05 90 1.66 1.99 2.63
13 1.77 2.16 3.01 100 1.66 1.98 2.63
14 1.76 2.14 2.98 120 1.66 1.98 2.62
15 1.75 2.13 2.95 140 1.66 1.98 2.61
16 1.75 2.12 2.92 160 1.65 1.97 2.61
17 1.74 2.11 2.90 ∞ 1.64 1.96 2.58
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Òàáëèöà 3: Êâàíòèëè χ2
p,k ðàñïðåäåëåíèÿ õè-êâàäðàò.

p � âåðîÿòíîñòü, k � ÷èñëî ñòåïåíåé ñâîáîäû.

p
k 0.005 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99 0.995
1 0.000039 0.00016 0.00098 0.0039 0.016 2.71 3.84 5.02 6.63 7.88
2 0.010 0.020 0.051 0.10 0.21 4.61 5.99 7.38 9.21 10.60
3 0.07 0.11 0.22 0.35 0.58 6.25 7.81 9.35 11.34 12.84
4 0.21 0.30 0.48 0.71 1.06 7.78 9.49 11.14 13.28 14.86
5 0.41 0.55 0.83 1.15 1.61 9.24 11.07 12.83 15.09 16.75
6 0.68 0.87 1.24 1.64 2.20 10.64 12.59 14.45 16.81 18.55
7 0.99 1.24 1.69 2.17 2.83 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 3.49 13.36 15.51 17.53 20.09 21.95
9 1.73 2.09 2.70 3.33 4.17 14.68 16.92 19.02 21.67 23.59
10 2.16 2.56 3.25 3.94 4.87 15.99 18.31 20.48 23.21 25.19
11 2.60 3.05 3.82 4.57 5.58 17.28 19.68 21.92 24.72 26.76
12 3.07 3.57 4.40 5.23 6.30 18.55 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 7.04 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 21.06 23.68 26.12 29.14 31.32
15 4.60 5.23 6.26 7.26 8.55 22.31 25.00 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 9.31 23.54 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 8.67 10.09 24.77 27.59 30.19 33.41 35.72
18 6.26 7.01 8.23 9.39 10.86 25.99 28.87 31.53 34.81 37.16
19 6.84 7.63 8.91 10.12 11.65 27.20 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 12.44 28.41 31.41 34.17 37.57 40.00
25 10.52 11.52 13.12 14.61 16.47 34.38 37.65 40.65 44.31 46.93
30 13.79 14.95 16.79 18.49 20.60 40.26 43.77 46.98 50.89 53.67
35 17.19 18.51 20.57 22.47 24.80 46.06 49.80 53.20 57.34 60.27
40 20.71 22.16 24.43 26.51 29.05 51.81 55.76 59.34 63.69 66.77
50 27.99 29.71 32.36 34.76 37.69 63.17 67.50 71.42 76.15 79.49
60 35.53 37.48 40.48 43.19 46.46 74.40 79.08 83.30 88.38 91.95
70 43.28 45.44 48.76 51.74 55.33 85.53 90.53 95.02 100.43 104.21
80 51.17 53.54 57.15 60.39 64.28 96.58 101.88 106.63 112.33 116.32
90 59.20 61.75 65.65 69.13 73.29 107.57 113.15 118.14 124.12 128.30
100 67.33 70.06 74.22 77.93 82.36 118.50 124.34 129.56 135.81 140.17
120 83.85 86.92 91.57 95.70 100.62 140.23 146.57 152.21 158.95 163.65
140 100.65 104.03 109.14 113.66 119.03 161.83 168.61 174.65 181.84 186.85
160 117.68 121.35 126.87 131.76 137.55 183.31 190.52 196.92 204.53 209.82
180 134.88 138.82 144.74 149.97 156.15 204.70 212.30 219.04 227.06 232.62
200 152.24 156.43 162.73 168.28 174.84 226.02 233.99 241.06 249.45 255.26
240 187.32 191.99 198.98 205.14 212.39 268.47 277.14 284.80 293.89 300.18
280 222.80 227.91 235.54 242.25 250.13 310.72 320.03 328.25 337.97 344.70
320 258.59 264.10 272.34 279.56 288.04 352.82 362.72 371.45 381.78 388.91
360 294.64 300.53 309.33 317.03 326.07 394.79 405.24 414.46 425.35 432.87
400 330.90 337.16 346.48 354.64 364.21 436.65 447.63 457.31 468.72 476.61
440 367.35 373.94 383.77 392.37 402.44 478.42 489.90 500.01 511.94 520.16
480 403.95 410.87 421.19 430.20 440.75 520.11 532.08 542.60 555.01 563.56
520 440.69 447.93 458.71 468.12 479.12 561.73 574.16 585.08 597.95 606.82
560 477.55 485.10 496.32 506.11 517.56 603.29 616.16 627.47 640.78 649.96
600 514.53 522.37 534.02 544.18 556.06 644.80 658.09 669.77 683.52 692.98
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Òàáëèöà 4: Ëåâûå êâàíòèëè Fp(f1, f2) ðàñïðåäåëåíèÿ Ôèøåðà.
p � âåðîÿòíîñòü, f1 � ÷èñëî ñòåïåíåé ñâîáîäû áîëüøåé äèñïåðñèè, f2 � ÷èñëî

ñòåïåíåé ñâîáîäû ìåíüøåé äèñïåðñèè.
p = 0.995

f1

f2 1 10 12 14 16 18 20 24 28 32 36 40 45 50

10 12.83 5.85 5.66 5.53 5.42 5.34 5.27 5.17 5.10 5.04 5.00 4.97 4.93 4.90

12 11.75 5.09 4.91 4.77 4.67 4.59 4.53 4.43 4.36 4.31 4.26 4.23 4.19 4.17

14 11.06 4.60 4.43 4.30 4.20 4.12 4.06 3.96 3.89 3.84 3.79 3.76 3.73 3.70

16 10.58 4.27 4.10 3.97 3.87 3.80 3.73 3.64 3.57 3.51 3.47 3.44 3.40 3.37

18 10.22 4.03 3.86 3.73 3.64 3.56 3.50 3.40 3.33 3.28 3.24 3.20 3.17 3.14

20 9.94 3.85 3.68 3.55 3.46 3.38 3.32 3.22 3.15 3.10 3.06 3.02 2.99 2.96

24 9.55 3.59 3.42 3.30 3.20 3.12 3.06 2.97 2.90 2.84 2.80 2.77 2.73 2.70

28 9.28 3.41 3.25 3.12 3.03 2.95 2.89 2.79 2.72 2.67 2.63 2.59 2.56 2.53

32 9.09 3.29 3.12 3.00 2.90 2.83 2.77 2.67 2.60 2.54 2.50 2.47 2.43 2.40

36 8.94 3.19 3.03 2.90 2.81 2.73 2.67 2.58 2.50 2.45 2.41 2.37 2.33 2.30

40 8.83 3.12 2.95 2.83 2.74 2.66 2.60 2.50 2.43 2.38 2.33 2.30 2.26 2.23

45 8.71 3.04 2.88 2.76 2.66 2.59 2.53 2.43 2.36 2.30 2.26 2.22 2.19 2.16

50 8.63 2.99 2.82 2.70 2.61 2.53 2.47 2.37 2.30 2.25 2.20 2.16 2.13 2.10

p = 0.975
f1

f2 1 10 12 14 16 18 20 24 28 32 36 40 45 50

10 6.94 3.72 3.62 3.55 3.50 3.45 3.42 3.37 3.33 3.30 3.27 3.26 3.24 3.22

12 6.55 3.37 3.28 3.21 3.15 3.11 3.07 3.02 2.98 2.95 2.93 2.91 2.89 2.87

14 6.30 3.15 3.05 2.98 2.92 2.88 2.84 2.79 2.75 2.72 2.69 2.67 2.65 2.64

16 6.12 2.99 2.89 2.82 2.76 2.72 2.68 2.63 2.58 2.55 2.53 2.51 2.49 2.47

18 5.98 2.87 2.77 2.70 2.64 2.60 2.56 2.50 2.46 2.43 2.40 2.38 2.36 2.35

20 5.87 2.77 2.68 2.60 2.55 2.50 2.46 2.41 2.37 2.33 2.31 2.29 2.27 2.25

24 5.72 2.64 2.54 2.47 2.41 2.36 2.33 2.27 2.23 2.19 2.17 2.15 2.12 2.11

28 5.61 2.55 2.45 2.37 2.32 2.27 2.23 2.17 2.13 2.10 2.07 2.05 2.03 2.01

32 5.53 2.48 2.38 2.31 2.25 2.20 2.16 2.10 2.06 2.02 2.00 1.98 1.95 1.93

36 5.47 2.43 2.33 2.25 2.20 2.15 2.11 2.05 2.00 1.97 1.94 1.92 1.90 1.88

40 5.42 2.39 2.29 2.21 2.15 2.11 2.07 2.01 1.96 1.93 1.90 1.88 1.85 1.83

45 5.38 2.35 2.25 2.17 2.11 2.07 2.03 1.96 1.92 1.88 1.85 1.83 1.81 1.79

50 5.34 2.32 2.22 2.14 2.08 2.03 1.99 1.93 1.89 1.85 1.82 1.80 1.77 1.75

p = 0.95
f1

f2 1 10 12 14 16 18 20 24 28 32 36 40 45 50

10 4.96 2.98 2.91 2.86 2.83 2.80 2.77 2.74 2.71 2.69 2.67 2.66 2.65 2.64

12 4.75 2.75 2.69 2.64 2.60 2.57 2.54 2.51 2.48 2.46 2.44 2.43 2.41 2.40

14 4.60 2.60 2.53 2.48 2.44 2.41 2.39 2.35 2.32 2.30 2.28 2.27 2.25 2.24

16 4.49 2.49 2.42 2.37 2.33 2.30 2.28 2.24 2.21 2.18 2.17 2.15 2.14 2.12

18 4.41 2.41 2.34 2.29 2.25 2.22 2.19 2.15 2.12 2.10 2.08 2.06 2.05 2.04

20 4.35 2.35 2.28 2.22 2.18 2.15 2.12 2.08 2.05 2.03 2.01 1.99 1.98 1.97

24 4.26 2.25 2.18 2.13 2.09 2.05 2.03 1.98 1.95 1.93 1.91 1.89 1.88 1.86

28 4.20 2.19 2.12 2.06 2.02 1.99 1.96 1.91 1.88 1.86 1.84 1.82 1.80 1.79

32 4.15 2.14 2.07 2.01 1.97 1.94 1.91 1.86 1.83 1.80 1.78 1.77 1.75 1.74

36 4.11 2.11 2.03 1.98 1.93 1.90 1.87 1.82 1.79 1.76 1.74 1.73 1.71 1.69

40 4.08 2.08 2.00 1.95 1.90 1.87 1.84 1.79 1.76 1.73 1.71 1.69 1.67 1.66

45 4.06 2.05 1.97 1.92 1.87 1.84 1.81 1.76 1.73 1.70 1.68 1.66 1.64 1.63

50 4.03 2.03 1.95 1.89 1.85 1.81 1.78 1.74 1.70 1.67 1.65 1.63 1.61 1.60
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Òàáëèöà 5: Òàáëèöà ÷èñëîâûõ õàðàêòåðèñòèê ñòàíäàðòíûõ ðàñïðåäåëåíèé

ðàñïðåäåëåíèå îïèñàíèå Mξ Dξ

Äèñêðåòíûå

I(a)
âûðîæäåííîå

ξ a
P 1

a 0

U(n)
ðàâíîìåðíîå

ξ x1 · · · xn

P
1
n · · · 1

n

x̄ x2 − (x̄)2

B(p)
áåðíóëëèåâñêîå

ξ 0 1
P 1− p p

p pq

B(n, p)
áèíîìèàëüíîå

P(ξ = k) = Ck
npkqn−k, k = 0, . . . , n np npq

G(p)
ãåîìåòðè÷åñêîå

P(ξ = k) = qk−1p, k = 1, 2, . . . 1
p

q
p2

Π(λ)
Ïóàññîíà

P(ξ = k) = Λk

k!
e−λ, k = 1, 2, . . . λ λ

Íåïðåðûâíûå

U(a, b)
ðàâíîìåðíîå

Fξ(x) = x−a
b−a

, x ∈ (a; b] a+b
2

(b−a)2

12

N(a, σ)
íîðìàëüíîå

Fξ(x) = Φ(x−a
σ

) a σ2

E(λ)
ýêñïîíåíöèàëüíîå

Fξ(x) = 1− e−λ x, x > 0 1
λ

1
λ2

Ïðèíÿòûå îáîçíà÷åíèÿ: x̄ = 1
n
(x1 + · · ·+ xn), x2 = 1

n
(x2

1 + · · ·+ x2
n), p � âåðîÿòíîñòü

¾óñïåõà¿ â ñõåìå Áåðíóëëè, q = 1− p � âåðîÿòíîñòü ¾íåóñïåõà¿ â ñõåìå Áåðíóëëè, λ

� ñðåäíåå ÷èñëî ñîáûòèé çà åäèíèöó âðåìåíè, Φ(x) = 1√
2π

x∫
−∞

e−s2/2 ds � ôóíêöèÿ

Ëàïëàñà.



2. Çàäàíèå äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ ïî ðàçäåëó ìàòåìàòè÷åñêàÿ

ñòàòèñòèêà 27

2. Çàäàíèå äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ ïî

ðàçäåëó ìàòåìàòè÷åñêàÿ ñòàòèñòèêà

Âî âñåõ âû÷èñëåíèÿõ èñïîëüçîâàòü äîâåðèòåëüíóþ âåðîÿòíîñòü δ = 0.95 è
óðîâåíü çíà÷èìîñòè α = 0.05.

1. Çàäàíèå äëÿ âûáîðêè U

1.1. Ïîñòðîèòü ãèñòîãðàììó, âçÿâ 6 îòðåçêîâ ðàâíîé äëèíû.

1.2. Íàéòè òî÷å÷íûå îöåíêè x̄ è s2 ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñ-
ïåðñèè ñîîòâåòñòâåííî.

1.3. Ïðîâåðèòü ãèïîòåçó î ðàâíîìåðíîì ðàñïðåäåëåíèè íà îòðåçêå
[α∗, β∗], ãäå α∗ è β∗ � íåñìåù¼ííûå îöåíêè ãðàíèö ðàâíîìåðíîãî
ðàñïðåäåëåíèÿ.

2. Çàäàíèå äëÿ âûáîðêè V

2.1. Ïðîâåðèòü ãèïîòåçó î íîðìàëüíîñòè ðàñïðåäåëåíèÿ.

2.2. Íàéòè äîâåðèòåëüíûå èíòåðâàëû äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ è
äèñïåðñèè.

3. Çàäàíèå äëÿ âûáîðîê V è X

3.1. Ïðîâåðèòü ãèïîòåçó î ñîâïàäåíèè ìàòåìàòè÷åñêèõ îæèäàíèé ãåíå-
ðàëüíûõ ðàñïðåäåëåíèé âûáîðîê V è X.

3.2. Ïðîâåðèòü îäíîðîäíîñòü âûáîðîê V è X ïî êðèòåðèþ χ2.

4. Çàäàíèå äëÿ âûáîðîê X è Y

4.1. Ñ÷èòàÿ, ÷òî Y = b0 + b1X + ε, ãäå b0 è b1 � ïàðàìåòðû ëèíåéíîé
çàâèñèìîñòè, ε ∼ N(0, σ2) � ñëó÷àéíàÿ îøèáêà íàáëþäåíèé, íàéòè
òî÷å÷íûå îöåíêè b∗0 è b∗1 êîýôôèöèåíòîâ b0 è b1.

4.2. Èñïîëüçóÿ êðèòåðèé Ôèøåðà, ïðîâåðèòü ãèïîòåçó î íåçíà÷èìîñòè
ëèíåéíîé çàâèñèìîñòè.

4.3. Ïðîâåðèòü ãèïîòåçó î íåçíà÷èìîñòè ëèíåéíîé çàâèñèìîñòè ÷åðåç äî-
âåðèòåëüíûé èíòåðâàë äëÿ êîýôôèöèåíòà b1.

Ýòî çàäàíèå âûïîëíÿåòñÿ â ïàðå, íî ñäàåòñÿ èíäèâèäóàëüíî. Ïåðåïèñûâàòü
ðåøåíèå ó íàïàðíèêà íå íóæíî, ðàáîòà äîëæíà áûòü ñäåëàíà â åäèíñòâåí-
íîì ýêçåìïëÿðå. Âûáîðêè U , V , X, Y ñëåäóåò ïîëó÷èòü ó ïðåïîäàâàòåëÿ.
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3. Òðåáîâàíèÿ ê ïîëó÷åíèþ çà÷åòà

Äëÿ òîãî, ÷òîáû ïîëó÷èòü çà÷åò, íåîáõîäèìî ïîñëåäîâàòåëüíî ïðîéòè ñëå-
äóþùèå ýòàïû:

Ýòàï 1. Äîïóñê ê çà÷åòó. Äëÿ òîãî, ÷òîáû ïîëó÷èòü äîïóñê ê çà÷åòó,
íåîáõîäèìî íà âòîðóþ êîíòðîëüíóþ ðàáîòó (ïî ðàçäåëó ñëó÷àéíûå
âåëè÷èíû) ïðèíåñòè 12 ëèñòîâóþ (èëè 18 ëèñòîâóþ) òåòðàäü ¾äëÿ
äîìàøíåé ðàáîòû¿, â êîòîðîé îôîðìëåíû ðåøåíèÿ íå ìåíåå, ÷åì
13+2 n+2 k çàäà÷ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ. Â ïîñëåäíåé ôîð-
ìóëå n � ýòî êîëè÷åñòâî ïðîïóùåííûõ ñåìèíàðîâ, à k � êîëè÷åñòâî
íåäåëü çàäåðæêè ñäà÷è òåòðàäè, ñ÷èòàÿ îò óêàçàííîé êîíòðîëüíîé
ðàáîòû.

Ýòàï 2. Ïðîâåðêà äîìàøíåé ðàáîòû. Ýòîò è ïîñëåäóþùèå ýòàïû ïðî-
õîäÿòñÿ âî âðåìÿ çà÷åòà. Äëÿ òîãî, ÷òîáû ïðîéòè ýòîò ýòàï, íåîáõîäè-
ìî óâåðåííî îòâå÷àòü íà âîïðîñû ïî ðåøåíèþ çàäà÷, êîòîðûå îôîðì-
ëåíû â Âàøåé òåòðàäè ¾äëÿ äîìàøíåé ðàáîòû¿. Ýòàï ñ÷èòàåòñÿ ïðîé-
äåííûì, åñëè ïðåïîäàâàòåëü ïîëó÷èò îòâåòû íà âñå ïîñòàâëåííûå âî-
ïðîñû.

Ýòàï 3. Ðàáîòà íàä îøèáêàìè â êîíòðîëüíûõ ðàáîòàõ. Äëÿ ïðî-
õîæäåíèÿ ýòîãî ýòàïà Âû äîëæíû ïðåäúÿâèòü ðåøåíèÿ âñåõ çàäà÷
èç îáîèõ êîíòðîëüíûõ ðàáîò, ïî êîòîðûì ó Âàñ ñòîèò îöåíêà íèæå,
÷åì ¾ïëþñ ñ òî÷êîé¿. Åñëè êîíòðîëüíàÿ ðàáîòà áûëà Âàìè ïðîïóùå-
íà, òî íà çà÷åòå Âàì äëÿ ðåøåíèÿ âûäàåòñÿ îäèí èç âàðèàíòîâ. Ýòàï
ñ÷èòàåòñÿ ïðîéäåííûì, åñëè ïðåïîäàâàòåëü ïîëó÷èò îòâåòû íà âñå ïî-
ñòàâëåííûå âîïðîñû ïî ïðåäúÿâëåííûì ðåøåíèÿì.

Ýòàï 4. Ñàìîñòîÿòåëüíàÿ ðàáîòà ïî ðàçäåëó ìàòåìàòè÷åñêàÿ ñòà-
òèñòèêà. Äëÿ ïðîõîæäåíèÿ ýòîãî ýòàïà Âû äîëæíû ïîëíîñòüþ ñäå-
ëàòü çàäàíèå äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ ïî ðàçäåëó ìàòåìàòè÷å-
ñêàÿ ñòàòèñòèêà. Ýòî çàäàíèå âûïîëíÿåòñÿ â ïàðå, íî ñäàåòñÿ èíäèâè-
äóàëüíî. Ïåðåïèñûâàòü ðåøåíèå ó íàïàðíèêà íå íóæíî, ðàáîòà äîëæ-
íà áûòü ñäåëàíà â åäèíñòâåííîì ýêçåìïëÿðå. Ýòàï ñ÷èòàåòñÿ ïðîéäåí-
íûì, åñëè ïðåïîäàâàòåëü ïîëó÷èò îòâåòû íà âñå ïîñòàâëåííûå âîïðî-
ñû ïî ïðåäúÿâëåííîé ðàáîòå.
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