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 !"#$%&"''() *#+",&-.( / 012 3 4&5#6 3"-"7(8 "-'"59-:

59 +)')-&4)53&) *#+"7&-.( ;<=>2 ?!"#$%&"''() 5-,*-)+&& ;<@>2

*#+",&-.( +)')-&4)53"+" A,"+,*..&,"!*'&9 ;<<> & B,C2 D)76-

'*4*#" ! A),!(8 7*D"-*8 A" ?!"#$%&"''".6 ."B)#&,"!*'&$

EC F"+)#9 5 5"*!-C ;GH> & IJC K"##*'B* ;<=>2 +B) D(#" A,)B#":

J)'" ."B)#&,"!*-L A,"%)55 D&"#"+&4)53"M ?!"#$%&& B#9 5&':

-)N* ?OO)3-&!'(8 5-,63-6, & 5"NB*'&9 5&5-). &53655-!)''"+"

&'-)##)3-*C P"4-& "B'"!,).)''" 5 !"N'&3'"!)'&). .)-"B* ?!":

#$%&"''"+" ."B)#&,"!*'&92 0CKC Q!*8')'3" & EC0C R*5-,&+&:

'(. D(#& A,)B#"J)'( .)-"B( +,6AA"!"+" 64)-* *,+6.)'-"! ;@>

& 5#64*M'"+" A"&53* ;GS>2 +B) -*3J) &5A"#LN"!*#&5L &B)& ?!"#$:

%&& & 5#64*M'"M .6-*%&&C

T5'"!'"M A,&'%&A ,*D"-(  0 "5'"!*' '* 3".AL$-)7'". .":

B)#&7"!*'&& A7"%)55* ?!"#$%&& 5 64)-". O*3-","! &N.)'4&!":

5-&2 '*5#)B"!*'&9 & "-D",* '*&D"#)) A,&5A"5"D#)''(8 "5"D)MC U

 0 ?!"#$%&"''") ."B)#&7"!*'&)2 3*3 A,*!&#"2 &5A"#LN6)-59 ')

B#9 &55#)B"!*'&9 D&"#"+&4)53&8 A"A6#9%&M2 * B#9 7)V)'&9 N*:

B*4 "A-&.&N*%&& & A,&'9-&9 ,)V)'&MC W*N"!*9 &B)9 &5A"#LN":

!*'&9  0 ! "A-&.&N*%&& 5"5-"&- ! A"5-,")'&& ')3"-","+" .'":

J)5-!* /A"A6#9%&&1 B"A65-&.(8 ,)V)'&M "A-&.&N*%&"''"M N*:

B*4& & A,&.)')'&& X.*#(8Y 5#64*M'(8 A,)"D,*N"!*'&M 5 %)#L$

A"#64)'&9 ,)V)'&M D"#)) !(5"3"+" 3*4)5-!* /D"#)) A,&5A"5"D:

#)''(81C P,& ?-". 4). D"#LV) A,&5A"5"D#)''"5-L "5"D&2 -).

D"#LV) "'* &.))- V*'5"! D(-L !(D,*''"M ! 3*4)5-!) ,"B&-)#L:

53"M B#9 A"5-,")'&9 '"!(8 ,)V)'&MC  0 &.)$- .'"+"4&5#)':

'() A,&#"J)'&9 A,& ,)V)'&& ,*N'""D,*N'(8 N*B*4 ! 6A,*!#):

'&&2 A#*'&,"!*'&&2 A,")3-&,"!*'&&2 ,*5A"N'*!*'&& "D,*N"! & !

B,6+&8 "D#*5-98 /5.C2 '*A,&.),2 ;<2 G=2 G<2 GZ>1C

TB'&. &N -&A&4'(8 A,)B5-*!&-)#)M  0 9!#9)-59 3#*55&4):

53&M +)')-&4)53&M *#+",&-. /[K012 A,)B#"J)''(M IJC K"##*':

B". ;<=>C U ?-". *#+",&-.) A7&5A"5"D#)''"5-L "5"D)M 3 65#":
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 !"# $%&'()*+,-. /'-012  1'*)*-3/" 4-&%3%'%. #%4%3%44%.

5(4&6!-. %3 74*8-4!" 6-9- %. 5(4&6!! 7*0*8!: ;-#  1<- &*=

8-/3 % 0%>(/3!#%?% '-<-4!"@ >%4!#*-#%- &*& 74*8-4!- 6-9- %.

5(4&6!!@ 3-#  1<- -?% >A!/>%/%B9-44%/3C: D%>(9"6!" '*7 !=

 *-3/" 7* /8-3 %3B%'* A%0!3-9C/&!E %/%B-. / >%#%,C+ %>-A*3%=

A* >A%>%A6!%4*9C4%. /-9-&6!! ! >'!#-4-4!" & 4!# /9(8*.41E

%>-'*3%'% @ !#!3!'(+,!E #(3*6!+ ?-4% ! A-&%#B!4*6!+ '%=

0!3-9C/&!E ?-4%3!>% F&A%//!4?% -AG: H A*79!841E  *A!*43*E

?-4-3!8-/&!E *9?%A!3#% FIJG !/>%9C7(+3/" A*741- %>-A*3%A1

%3B%A*@ >A! K3%# %/%B! / BL%9C<!# 74*8-4!-# >A!/>%/%B9-44%=

/3!@  /A-04-#@ >%9(8*+3 B%9C<-- 8!/9% >%3%#&% 4* /9-0(+=

,-# >%&%9-4!!:

DA! /%70*4!! IJ 4*E%0!3 >'!#-4-4!- B!%4!8-/&!. >%0E%0@

/%/3%",!.  7*!#/3 % *4!! >'!46!>% %A?*4!7*6!! /!/3-# !7

)! %. >'!'%01: H 0*44%# /9(8*- !#--3 #-/3% !/>%9C7% *4!-

>A!46!>* >%/3->-441E *0*>3! 41E >A-%BA*7% *4!.  >A-0-9*E

>%>(9"6!! !9!  !0*  E%0-@ 3*& 4*71 *-#%.@ #!&'%K %9+6!!:

M*& >%&*71 *+3 !//9-0% *4!" *&*0: N:D: J93(E% * ! 0A(=

?!E * 3%A% F/#:@ OPQ@ R S:TG@ B%9-- $#*/<3*B4*"2 #-) !0% *"

!7#-48! %/3C F#*&A%K %9+6!"G 3A-B(-3 /&*8&%%BA*741E >-A-=

/3A%-& ?-4%3!>* ! 4- #%)-3 B13C  1 -0-4* 4->%/A-0/3 -44% !7

>%/3->-44%.  4(3A! !0% %. !7#-48! %/3!: H / "7! / 4-0%/3*=

3%84%. !7(8-44%/3C+ 3*&!E /&*8&%%BA*741E >-A-/3A%-&@ >A!=

 9-8-4!- !7 -/34%. 3-%A!! >A%!/E%)0-4!"  !0% 09" %B%/4%=

 *4!" A*B%3%/>%/%B4%/3! IJ >A-0/3* 9"-3/"  -/C#* >A%B9-#*=

3!841# F/#: OUVQ@ RP:UG:

W?A*4!8-441. %BX-# 4*/3%",-?% >%/%B!" 4- >%7 %9"-3 0*3C

>%0A%B4%?% !79%)-4!" 3-%A-3!8-/&!E A-7(9C3*3% @ >%9(8-441E

09" IJ F/#:@ 4*>A!#-A@ OYU@ UVQG@ ! %>!/*3C  -/C &9*// K %9+=

6!%441E *9?%A!3#% @  &9+8*+,!.  /-B" 3*&)- K %9+6!%4=

41- /3A*3-?!! OUZQ@ *9?%A!3#1 ?-4-3!8-/&%?% >A%?A*##!A% *=

4!" OUUQ@ !#!3*6!! %3)!?* OPYQ ! 0A: [43-A-/(+,!./" 8!3*3-9C

#%)-3 4*.3! !45%A#*6!+ >% K3!# 3-#*#  (&*7*441E !/3%84!=

&*E:

T
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$!/)46 7-%(!'%3 8&!((%9#(8),) 0!$%!'"! :; % #,) -$%4#'#'%3

-)(0*+#' < =6 >!/&%9'?# 4)1%@%8!A%% :; ).(2B1!3"(* 0 < C6

D!&##E 0 < F $!((4!"$%0!3"(* 4#")1? ,%.$%1%/!A%% :; () (-#5

A%!&%/%$)0!''?4% ")9'?4% % -$%.&%B#''?4% !&,)$%"4!4%6
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 ! "#$%%&'(%)&* +(,(-&'(%)&* $#+./&-0

 ! ! "#$%&'$( &)*+,$-.&

 !"##$%&#'$( )&*&+$%&#'$( "!),-$+. /0! 1-&2!,3&*

435 6,!!"*2,. 789:; '"' "!),-$+.; $.$+$-<=>$( "2"1+"?$=

1,1<!@?$$ ' A"2"**,(  !"#$%% &'%(&)()*+,"")(-%5 B-$ C+,.;

'"' $ D 1,1<!@?$,**,( )&*&+$'& 7E:; 1,2 1-$#1,#,/!&**,#+F=

)&*,+$1" 1,*$."&+#@ #-&2*&& %$#!, 1,+,.',D; 1,-,32"&.0G

A" D-&.@ 3$A*$ ,#,/$ 2"**,), )&*,+$1" D ,1-&2&!&**0G <#!,H

D$@G ,'-<3"=>&( #-&205 I1,#!&2#+D$$  6J #+"! "'+$D*,

$#1,!FA,D"+F#@ $ '"' .&+,2 ,1+$.$A"?$$ 7EK; 9L:5 B<#+F A"2"%"

,1+$.$A"?$$ M*" ."'#$.<.N $.&&+ ,/>$( D$2

max{f(x) : x ∈ X}, OEP

)2& .*,3&#+D, X Q &')(-'."(-/) ',0,"%1; *"1-$.&-; &D'!$2,H

D, 1-,#+-"*#+D, lR
q
$!$ 1-,#+-"*#+D, {0, 1}n /<!&D0G #+-,' 2!$H

*0 n5 B-,?&## -"/,+0  6J 1-&2#+"D!@&+ #,/,( 1,#!&2,D"+&!FH
*<= #.&*< 1,1<!@?$( O1,',!&*$(P; #,#+,@>$G $A R$'#$-,D"**,H

), %$#!" )()*,15 S2&#F $ 2"!&& 1,2 ,#,/F= 1,*$."&+#@ C!&.&*+

1-,#+-"*#+D" -&T&*$( x ∈ X $!$ *&',+,-,& &), 1-&2#+"D!&*$&

D "!),-$+.&5 U&. /,!FT& A*"%&*$& ?&!&D,( R<*'?$$ ,#,/$; +&.

/,!FT& T"*#,D ,*" $.&&+ ,#+"D$+F 1,+,.',D D #!&2<=>&. 1,',H

!&*$$ $ +&. /,!FT& 1-$#1,#,/!&**,#+F #,,+D&+#+D<=>&), )&*,H

+$1" OC+,+ 1-$*?$1 !&)', "2"1+$-<&+#@ $ 1-$.&*$+&!F*, ' A"2"H

%". .$*$.$A"?$$P5 B-$ R,-.$-,D"*$$ #!&2<=>&), 1,',!&*$@

%"#+F 1,+,.',D 1,!*,#+F= $2&*+$%*" -,2$+&!F#'$. ,#,/@.; "

%"#+F $A.&*@&+#@ *&',+,-0. #!<%"(*0. ,/-"A,. 1,2 2&(#+D$&.

,1&-"+,-,D .<+"?$$ $ '-,##$*),D&-" O#'-&>$D"*$@P5

B-$ $#1,!FA,D"*$$  6J -&T&*$@ 1-&2#+"D!@=+#@ 2D,$%*0H

.$ #+-,'".$ R$'#$-,D"**,( 2!$*0 l5  "32,( #+-,'& $A l #$.D,H
!,D "!R"D$+" {0, 1} #,1,#+"D!@&+#@ C!&.&*+ 1-,#+-"*#+D"X; +5&5
,1-&2&!@&+#@ R<*'?$@ x : B → X; )2& B = {0, 1}l5 4"**"@ R<*'H
?$@ *"A0D"&+#@ (2,3)1 &',4(-./+,"%5 ',0,"%15 V+-,'$ ξ ∈ B
1-$*@+, *"A0D"+F 6,")-%&.3% $!$ 2')3)()3.3%; " $G ,/-"A0

K



x(ξ) ∈ X  !"#$%&'()&* +,"-. & ,(/"" ,/0 $1$2#(3"#&0 4/")"#%(

'5$-%5(#-%6( 5"7"#&8 &-'$/.29"%-0 %$% :" -&)6$/ x; 3%$ & ,/0

-<")= '5",-%(6/"#&0 x(·); $,#(>$; &2 >$#%">-%( -)=-/ -&)6$/( x
6-"?,( 19,"% 0-"#*

@'$%5"1/"#&" %"5)&#$6 A!"#$%&'B & A?"#$%&'B -602(#$ -

%"); 3%$ '5& (#(/&2" & '5&)"#"#&& ?"#"%&3"->&< (/?$5&%)$6

6(:#$" 2#(3"#&" &)""% -'$-$1 6#9%5"##"?$ '5",-%(6/"#&0 5"C

7"#&8 6 (/?$5&%)"* D/")"#%= -%5$>& ξ ∈ B '5&#0%$ #(2=6(%.

 !"#$% '$ (#(/$?&& - 93(-%>()& )$/">9/= EFG* H-/& '5$-%5(#C

-%6$ 5"7"#&8 X &)""% 1"->$#"3#9I )$J#$-%.; %$ 6 GKL "?$

#"06#$ $?5(#&3&6(I% )#$:"-%6$) /&7. %"< 5"7"#&8 M!"#$%&C

'$6N; >$%$5=" '5",-%(6&)= ?"#$%&'()&*

O$'9/0P&"8 Π = (ξ1, ξ2, . . . , ξN ) 3&-/"##$-%& N #(2=6("%-0

6">%$5 '5$-%5(#-%6( BN
; 4/")"#%()& >$%$5$?$ 06/0I%-0 ?"#$C

%&'= $-$1"8 ,(##$8 '$'9/0P&&* Q'$-$1 #9)"5(P&& $-$1"8 6 '$C

'9/0P&& GKL #" &)""% 2#(3"#&0* O$'9/0P&0 '$>$/"#&0 t, t ≥ 0
19,"% $1$2#(3(%.-0 3"5"2 Πt = (ξ1t, ξ2t, . . . , ξNt)* R%"5(P&"8 GKL

06/0"%-0 '"5"<$, $% %">9J"8 '$'9/0P&& Πt
> -/",9IJ"8 '$'9C

/0P&& Πt+1
* S&-/"##$-%. '$'9/0P&& N !&>-&5$6(#( $% #(3(C

/( 5(1$%= (/?$5&%)( ,$ >$#P( & ,/0 9,$1-%6( '5",'$/(?("%-0;

3%$ N 3"%#$*

O5& $P"#>" A>(3"-%6(B $-$1& 6 GKL 6)"-%$ P"/"6$8 !9#>C

P&& f(·) &-<$,#$8 2(,(3& &-'$/.29"%-0 &'"()%* +,%-+.-./0!"".1

-2% ?"#$%&'(

 Φ(ξ) = φ(f(x(ξ))); ?," ξ ∈ B* +,"-. φ : lR → R
+
 

#">$%$5(0 )$#$%$##$ 6$25(-%(IJ(0 !9#>P&0;

!

6=1&5(")(0 '5&

(,('%(P&& GKL > >$#>5"%#$8 2(,(3" $'%&)&2(P&& - 93"%$) ""

-'"P&!&>&* O5$-%"87&) '5&)"5$) !9#>P&& '5&-'$-$1/"##$C

-%& 06/0"%-0 -()( P"/"6(0 !9#>P&0 f(x(ξ)); "-/& $#( #"$%5&C

P(%"/.#(*

"

T 1&$/$?&3"->$8 &#%"5'5"%(P&& )(>-&)9)= !9#>C

 

 !"#$%&'()"%* $+,-.!,/.- +01%$2'/-,0& ,-.3+"  !"#$$ %&"'!()"*

!

 %,4-$2"(5 0$/)!&5 6,! 7/"89+& %1.-4-$&-,0& 0 /)-,%3 0%0,!:! ,-8/;

<-* 1%1/$&9++ Πt
= >%#4! 3( ?/4-3 -- %?%'"!)!,2 )-.-' φ(Πt)

@ ! 7/"89+A

1.+01%0%?$-""%0,+ B )-.-' Φ(Πt)(ξ)=
"

C '!4!"++ 7/"89++ 1.+01%0%?$-""%0,+ : 0$/)!-@ 8%#4! f(x) 3%D-, 1.+;
"+3!,2 %,.+9!,-$2"(- '"!)-"+& 03= : 8%"9- 1= E=F=

U



 !! Φ(ξ) "##$%&$"$%'($ )*!+#,&& -.!"-#"#+,&))/0 1&)#$!-*0

2,3 2*))#4 5#6.'7*(8&4 ".&2/9:

;",#%!0"3 ,'<=!4 !> )*42&))/? 1&)#$!-#% 6 -#6#,&)!( t
#+#>)*<*$@ <&.&> ξ̃tA $:&:

ξ̃t = BCDEBF{Φ(ξi,τ ), i = 1, ..., N, τ = 0, ..., t}.

G.!%&2&0 #+8'( "?&0' HIJ: K"-#,@>'&0/& >2&"@ %&.#3$)#"$L

)/& #-&.*$#./ MNO : Bn → {1, . . . , N}A PCQRR : B ×B → B ×B !

STU : B → B +'2'$ #-!"*)/ )!7&:

 !"##$%&#'$( )&*&+$%&#'$( "!),-$+.

G#,#7!$@ t := 0:
/0 V,3 k #$ W 2# N %/-#,)3$@X

/0/0 G#"$.#!$@ ",'<*4)/0 #+.*>#0 1&)#$!- ξk,0:
10 V,3 k #$ W 2# N/2 %/-#,)3$@ =*1! Y:WLY:ZX

10/0 [&,&6 !3X %/+.*$@ 1&)#$!-/ ξ := ξSel(Π
t),t

A η := ξSel(Π
t),t

:

1010 [6.&8!%*)!&X -#"$.#!$@ (ξ′, η′) := PCQRR(ξ, η):
1020\'$* !3X -#,#7!$@ ξ2k−1,t+1 := STU(ξ′), ξ2k,t+1 := STU(η′):
20 G#,#7!$@ t := t+ 1:
30 ]",! t ≤ tmaxA $# !2$! )* =*1 YA !)*<& ^ )* =*1 _:

40 `&>',@$*$#0 .*+#$/ HIJ 3%,3&$"3 ,'<=&& !> )*42&))/?

.&=&)!4 x(ξ̃tmax):

G#3")!0 -.!%&2&))'( "?&0': a* =*1& b c#.0!.'&$"3 )*L

<*,@)*3 -#-',3 !3 Π0
A d,&0&)$/ 6#$#.#4 1&)&.!.'($"3 % "#L

#$%&$"$%!! " .*%)#0&.)/0 .*"-.&2&,&)!&0 )* 0)#7&"$%& 1&)#L

$!-#% BA $:&: P{ξi,0k = 0} = P{ξi,0k = 1} = 1/2, i = 1, . . . , N, k =
1, . . . , l:

e&.#3$)#"$)/4 #-&.*$#. "&,&6 !! #"#+&4 )* -.#"$.*)"$%&

-#-',3 !4 MNO(Π) !0&&$ $# 7& >)*<&)!&A <$# ! &"$&"$%&))/4 #$L

+#. % -.!.#2&: V&4"$%!& d$#1# #-&.*$#.* "#"$#!$ % %/+#.& )#L

0&.* .#2!$&,@"6#4 #"#+! 2,3 -#"$.#&)!3 #<&.&2)#1# -#$#06*:

I&)#$!- ξi,t " )#0&.#0 i, i = 1, . . . , N !> -#-',3 !! Πt
#6*L

>/%*&$"3 .#2!$&,@"6#4 #"#+@( -.! c#.0!.#%*)!! #<&.&2)#1#

f



 !"#$%&' ξk,t+1
&#&()*+%% Πt+1

, -!.#*$"#,$/0

Ps(i,Π
t) =

Φ(ξi,t)
∑N

j=1Φ(ξ
j,t)

. 123

4"56% ,)#-'6%7 )08'* #,#8/ ξi,t &#&()*+%% Πt
&.%"%6'!$ (9':

,$%! - ,#;<'"%% ,)!<(0=! # &#>#)!"%* - ,##$-!$,$-%% ,# ,?!:

6#@ A!."())% %; N %,&5$'"%@7  <! -!.#*$"#,$/ (,&!?' .'-"'

Ps(i,Π
t)B C.% D$#6 "! %,>)09'!$,* -58#. ξi,t #<"#-.!6!""# -

>'9!,$-! ξ % η "' E' ! 2BFB G&%,'""5@ #&!.'$#. HIJ %"# <' $'>:

K! "';5-'0$ ,!)!>+%!@ 6!$#<#6 .()!$>% LFM7 2NOB C.!<&#)#K%67

9$# >#)!,# .()!$>% .';8%$# "' N ,!>$#.#-7 &.%9!6 ,!>$#. i ,#:
#$-!$,$-(!$ #,#8% i % %6!!$ .'<%'""(0 6!.( 2πPs(i,Π

t)B P# <'
,!)!>+%0 #,#8% ξi,t 6#K"# &.!<,$'-)*$/7 >'> -58#. i: # ,!>$#.'

"' >#)!,! .()!$>%B

 !"#$#%#&'# ()()  !"!#$%& '()*+(!,-& ./0.0/$%0'("1'023

!-"% 4%-"0 4%-"0 -"54(!+3 #067( 0-081 +*-,5.(!, + #(4!-,+!

/07%,!"&3 + -!/7'!9 ./0.0/$%0'("1'0 0,'0:!'%; !! ./%-.0-08<

"!''0-,% # -599! ./%-.0-08"!''0-,!2 +-!= 0-08!2 .0.5"&$%%>

Q! ># -%<!$/7 9$# #&%,'""5@ -5E! #&!.'$#. ,!)!>+%% #,(:

=!,$-)*!$ &.#&#.+%#"')/"(0 ,!)!>+%07 $B>B ,.!<"!! 9%,)# &#:

$#6>#- >'K<#@ #,#8% ξi,t .'-"# NΦ(ξi,t)/
∑N

j=1Φ(ξ
j,t)B R,)% ;':

<'$/ S(">+%0 &.%,&#,#8)!""#,$% Φ(Πt)(ξj,t) $'>7 9$#85 -5&#):

"*)#,/ (,)#-%!

N
∑

j=1

Φ(Πt)(ξj,t) = N, 1T3

$# &.%,&#,#8)!""#,$/ #,#8% 8(<!$ .'-"' ,.!<"!6( 9%,)( !! &#:

$#6>#-B P'>%6 #8.';#67 ;'%6,$-#-'"%! $!.6%"' U&.%,&#,#8)!":

"#,$/V %; 8%#)# %% -&#)"! #&.'-<'"#7 &# >.'@"!@ 6!.!7 - $#6

9',$"#6 ,)(9'!7 ># <' -5&#)"*!$,* .'-!",$-# 1T3B W #8=!6 ,)(:

9'! ;"'9!"%* S(">+%% Φ(·) )! ># "#.6%.#-'$/ , &#6#=/0 $':

># # 6',E$'8%.#-'"%* S(">+%% φ(·)7 >#$#.#! #8!,&!9%-')# 85

N



 !!"#!$%#&% '() #* +*,-!. &"%/*0&& 1234 !-#*+!4 #* 5/*+"&+%

6"! #% &7%%"  78 9*:

;9%-<=>%% <5/*,#%#&%  ?@A*#!  ?8B& 9&"%9C#!.  9!,#!D

 "C= 5/!0%-</8  %9%+0&&:

 !"#$%&%'& ()()  !"#$#%&' (%! )*+ +$,-.%/01 $/#(-/+21

)*+.)!.!34-//!.%+ !.!3-5 %-"67-5 )!)6428++ Πt
.-4-"8+2 ,.-1

*!9+%-4&."+1 !.!3-5 942 )!.%*!-/+2 /!,!5 )!)6428++ Πt+1
:!;

<-% 30%& ,0)!4/-/# , =>? $# ,*-:2 O(N log2(N))@

E*9%%4 -9@ !5& *#&@ 123 #%!FG!-&7! !5& *"C -?<7% "#8.

!5%/*"!/ +/!  &#H!?%/* ' +/%>&?*#&@) IJKLL(ξ, η) & !-#!7% "D

#8. !5%/*"!/ 7<"*0&& MNO(ξ)4 -%. "?&% +!"!/8G #! &"  9<B*.D

#8. G*/*+"%/:

P%A<9C"*" +/!  &#H!?%/* (ξ′, η′) = IJKLL(ξ, η)  ?%/!@"#!D

 "C= Pc Q!/7&/<%" @ ? ?&-%

ξ′ = (ξ1, ξ2, ..., ξχ, ηχ+1, ..., ηl),

η′ = (η1, η2, ..., ηχ, ξχ+1, ..., ξl),

H-%  9<B*.#*@ +!!/-&#*"*  +/%>&?*#&@ χ ?8F/*#* R /*?#!7%/D

#87 /* 5/%-%9%#&%7 !" S -! l − 1: ; ?%/!@"#! "C= 1− Pc !F*

H%#!"&5*  !G/*#@=" @ F%A &A7%#%#&.4 ":%: ξ′ = ξ, η′ = η: T9&@#&%

!5%/*"!/* +/!  &#H!?%/* /%H<9&/<%" @ 5*/*7%"/!7 Pc: E*##8.

!5%/*"!/ 5/&#@"! #*A8?*"C !9/!%!(-(/0: "*!..+/A!,-*!::

 

U5%/*"!/ 7<"*0&& ? +*,-!. 5!A&0&& H%#!"&5*  A*-*##!.

?%/!@"#! "C= Pm &A7%#@%" %%  !-%/,&7!%: T 5/!"&?#!7  9<B*%

H%# ! "*%" @ F%A &A7%#%#&.: V*+&7 !F/*A!74 7<"*0&@ 69%7%#"!?

H%#!"&5* 5/!& G!-&" 5!  G%7% W%/#<99&  ?%/!@"#! "C= < 5%D

G* Pm:

XA7%#%#&% ?%/!@"#! "%. 7<"*0&& & +/!  &#H!?%/* 5!A?!9@%"

/%H<9&/!?*"C /*F!"< Y23 & #* "/*&?*"C %H! #* +!#+/%"#8% A*D

-*B&: Z?%9&B%#&% ?%/!@"#! "& 7<"*0&& -! [:\ 5/%?/*>*%" 123

 

 !"#$%&'()"%* $+,-.!,/.- +01%$2'/-,0& ,-.3+"  !"#$ %!& '( )) *"(+

S[



 !"#$%#& $'()*&+,& !-"-.#"/ 01-230&  -$41* #5"*+0)-++#-

!"01-+-+0- 6$17 89:;/ < =79>7 ?1-+4@-+0- A- Pm B# +('C !"0 #B0%

D 1*'#1( "*E+##."*E02 5-+#%0!#  !#!('CF00 0 1#A-%  ,E *%4

GE*F0D'0 *+0-H IJK/ D#5B* +* D*AB#& 0%-"*F00 5-+-"0"(2%$C

'0@4 "*+--  $%"-)* @0-$C 5-+#%0!,7 L-'0)0+, Pc 0 N %*DA-

1#5(% $(3-$% -++#  '0C%4 +* $D#"#$%4 $M#B01#$%0 !#!('CF00

D "-@-+0C1 !"0-1'-1#5# D*)-$% * 6$17/ +*!"01-"/ 8=/ 9=;>7 N*O

$%"*0 *-1,- !*"*1-%", IJK  ,.0"*2%/ D*D !"* 0'#/  $'-B(O

230M B0*!*E#+*MP 0 ≤ Pc ≤ 1, 10−3 ≤ Pm ≤ 0.3, 30 ≤ N ≤ 1000.

 !"! #$%&'('(%' ) *+,+-+& ./0%&%*+1%%

Q*$$1#%01 !"#$%-&@0& !"01-" !"01-+-+0C IJK D E*B*)-

 0B* 69>7 R($%4 lR
+

#.#E+*)*-% 1+#A-$% # +-#%"0F*%-'4+,M

 -3-$% -++,M )0$-'7

 !"#$! %& S"-.(-%$C 1*D$010E0"# *%4 T(+DF02

f : X → lR
+
/ !"0 X = {0, 1, ..., 2n − 1}/ 5B- n U F-'#-7

R"0 *B*!%*F00 IJK B'C !#0$D* "-@-+0& %*D#& E*B*)0 -$%-O

$% -++# !#'#A0%4 l = n 0  #$!#'4E# *%4$C B #0)+#& $0$%-1#&

$)0$'-+0C B'C E*!0$0 "-@-+0&P

x(ξ) =
l−1
∑

j=0

ξl−j2
j .

L D*)-$% - T(+DF00 !"0$!#$#.'-++#$%0 1#A-% .,%4 0$!#'4E#O

 *+* F-'- *C T(+DF0CP Φ(ξ) = f(x(ξ))7

 !"#$! '& Q*$$1#%"01 E*B*)( # 1*D$01*'4+#1 "*E"-E-  

5"*T-7 V*+ 5"*T G = (V,E), V = {v1, ..., v|V |}/ D*AB#1( "-."(

!"0!0$*+  -$ w : E → lR
+
7  !"#$"%&  5"*T- G +*E, *2% !*O

"( !#B1+#A-$% {U,U ′}/ %*D0M )%# U ∪ U ′ = V , U ∩ U ′ = ∅7 V'C

D"*%D#$%0 E*!0$0  B*'4+-&@-1 "*E"-E .(B-1 #.#E+*)*%4 D*D #BO

+# 0E -5# !#B1+#A-$% 6 B*++#1 $'()*- U 0'0 U ′>/ %7D7  %#"#-

99



 !"#$!%&'()! ! *&"&+,&(', !"$!-$./$!0 1*&23&(', $.4(5 *.-6

*&- U ' #.7'5#.+8$9# )&'!#

W (U) =
∑

e=(u,v)∈E:
u∈U, v∈V \U

w(e).

:'+5 )&*$. 5-)&'($., ;5 !(&-. <6==< >'#0? $. *5#&*? @ABC? (!

"+, ".$$!4 -."./5 $& #!%&( 29(8  !'(*!&$! DEE&7(5)$9F .+6

;!*5(#!)? ' ;.*.$(5&4 !(9'75).GH5F ! (5#.+8$!& *&I&$5&0

 

J

'),-5 ' D(5# 5#&&( '#9'+ *.-*.2!(7. D)*5'(5/&'75F .+;!*5(6

#!) && *&I&$5,? 5 ) /.'($!'(5? ;&$&(5/&'75F .+;!*5(#!)0 K+,

 *5#&$&$5, LMN  !+!%5# X = {U : U ⊆ V }? f(U) = W (U)0
O*&"'(.)+&$5& *&I&$54 #!%$! ! *&"&+5(8 (.7P

x(ξ) = {vj ∈ V : ξj = 1, j = 1, ..., |V |},

 *5 D(!#  !+.;., l = |V | 5 Φ(ξ) = f(x(ξ))0
Q/&)5"$!?  *5 ".$$!4 7!"5*!)7& ! &*.(!*9 RST 5 UVWXX '!6

F*.$,G( "! 3'(5#!'(8 *&I&$540 Y&!2F!"5#! !(#&(5(8? /(!  *5

D(!# )!-$57.&(? (.7 $.-9).&#.,?  *!2+&#. )9*!%"&$$!'(5  *&"6

'(.)+&$5,P !"5$ 5 (!( %& *.-*&- {U,U ′} #!%&( 29(8  *&"'(.)+&$
")3#, ' !'!2.#5 >+52! '5#)!+ Z[\ 7!"5*3&( )&*I5$3? +&%.6

H3G ) U ? +52! ) U ′C0 1.7., $&!"$!-$./$!'(8 #!%&(  *5)&'(5 7

'$5%&$5G DEE&7(5)$!'(5 *.2!(9 .+;!*5(#. 5-6-. '7*&H5).$5,

!'!2&4? -.7!"5*!).$$9F *.-$9#5 ' !'!2.#50

 !"#$%&%'& ()*)  !"#$%&'() *+,'-.%/%#.%+.,0.%" 1!"#/

2(,*$".'" !"3".'4 +,#,0' % -,52'-,$).%- !,+!"+" * 6!,7"

1!' l = |V | − 18

+#,#-' ./012%13 1!4'5'6#7'') Y.*,"3 ' -."./.#5 2&-6

3'+!)$!4 ! (5#5-.]55 >[C $.  *.7(57& /.'(! )!-$57.G( -."./5

 

 !"#$ % !&'"" (")*%+  !!"#$%&'() *+,-.%$/ ,-+&.&"( &'/,)%(* # ()01

!,"*2,#($34 ,/)&+%."++,5 +"2,(,)6* 7,'%+,*,* ,( !'%+6 -&7%#% 89,!+69

!&++69 -&!&.%:  &!&.&4 !'; 2,(,),5 #0<"#(80"( =>>"2(%8+65 &'/,)%(*4

+&-68&"(#;  !!"#$%&'- .*0."1%/-)2

[^



 !"#$%#& #'()*)+,-))  !"#

max{F (x) : x ∈ D ⊆ X}, $%&

'"( D ) *+,#-./ "*01-.!234 5(6(7!89 :,; 0*!-<# 5(6(7!8

.#<!4 =#"#> .#<?( 2*?(. +3./ !-0*,/=* #7 @AB9 C"!7 !=

0*"4*"* *-7* #7 7# D6.5#E* #7!!F 5(6(7!8G 7#4*";H!4-; =#

05("(,#2! "*01-.!2*8 *+,#-.!9 I5*-.(86!8 -0*-*+ -*-.*!.  

.*2G >.*+3 0*,#'#./ f(x) = F (x) 05! x ∈ DG !7#>( f(x) = µG '"(
µ  3+!5#(.-; .#<G >.*+3 ",; ,J+*'* x′ ∈ X\D  30*,7;,*-/

f(x′) < maxx∈D f(x)9

 !"#$! %& I1-./ .5(+1(.-; 2#<-!2!=!5* #./ E17<K!J

f : Z → lR
+

7# 27*?(-. ( D = {a, a + 1, ..., b}G '"( 0 < a < b
! ' ) 27*?(-. * K(,34 >!-(,9 @#< !  05!2(5( L  *-0*,/=1(2-;

" *!>7*8 -!-.(2*8 ->!-,(7!;M

x(ξ) = a+
l−1
∑

j=0

ξl−j2
j , $N&

'"( l = ⌈log2(b − a)⌉G ! -!2 *, ⌈y⌉ *+*=7#>#(. 2!7!2#,/7*( K(O

,*( >!-,* 7( 2(7/6(( y9 I5! x(ξ) ∈ {a, a + 1, ..., b} 0*,#'#(2

Φ(ξ) = F (x(ξ))G !7#>( Φ(ξ) = 09
P#< <#< 7( 2(7(( 0*,* !73 '(7*.!0* 05! "#77*8 <*"!5* <(

*.*+5#?#J.-;  "*01-.!23( 5(6(7!; != *+,#-.! DG .* - +*,/O

6*8  (5*;.7*-./J 1?(  7#>#,/7*8 0*01,;K!! +1"1. 7#8"(73

"*01-.!23( 5(6(7!;9

Q *+H(2 -,1>#( 7("*-.#.<*2 "#77*'* -0*-*+# 1>(.# 7("*O

01-.!2*-.! 5(6(7!8 ; ,;(.-; .*G >.*  -( .*><!  7( *+,#-.! D
*<#=3 #J.-; D*"!7#<* * 0,*4!F ! E17<K!; 05!-0*-*+,(77*-.!

7( "#(. 7!<#<*8 !7E*52#K!! *+ 1"#,(77*-.! 7("*01-.!2*8

.*><! *. *+,#-.! D9 Q* 27*'!4 =#"#>#4 *0.!2!=#K!! 0*!-<

"*01-.!2*'* 5(6(7!; -#2 0* -(+( 05("-.# ,;(. "*-.#.*>7*

-,*?71J =#"#>1 ! +(= !7E*52#K!! *+ 1"#,(77*-.! .*><! *.

*+,#-.! D #,'*5!.2 2*?(. 7( "#./ "*01-.!234 5(6(7!89

LR



 !"#$%"% & '()%* "+,,$-*"%. )"(/-0 ,!-,-' #,!-123-4+.#5

6*"+7.-0 7(.89##: (;#*<4+=>#0 1(;6% ,!%9#7#8( 3+)+;#?

@,1# D ⊂ X = lR
q
# $.-A%,*4- D -/"+.#;%.-: *- %/- $-A.-

)#,8"%*#3-4+*2: .+!"#$%": , !-$->2= !%"%B-)+ 8 )#,8"%*.-0

"%6%*8% *-;%8 , )-,*+*-;.- $+1<$ 6+/-$? C+8#$ -'"+3-$:

*-;.-% "%6%.#% 3+)+; ;+,*- 3+$%.5%*,5 !-#,8-$ -!*#$($+ .+

)#,8"%*.-$ !-)$.-A%,*4% .%8-*-"-/- qD$%".-/- !+"+11%1%!#D
!%)+ Ω ⊂ X?

 !"#$! %& E(,*2 -'1+,*2 D !-/"(A%.+ 4 qD$%".<0 !+"+1D
1%1%!#!%) ΩF

D ⊆ Ω = {x ∈ lR
q : a1 ≤ x1 ≤ b1, ..., aq ≤ xq ≤ bq}.

G+!#6%$ !-,1%)-4+*%12.- 4,% 8--")#.+*< 4%8*-"+ 7%.-*#!+ 4

)4-#;.-0 ,#,*%$% ,;#,1%.#5F

x(ξ)i = ai +
di

2k − 1

k−1
∑

j=0

ξki−j2
j , i = 1, ..., q, HIJ

/)% di = bi − ai, i = 1, ..., q? G)%,2 !"%)!-1+/+%*,5: ;*- .+ 8-)#D
"-4+.#% 8+A)-0 8--")#.+*< #,!-123(%*,5 k '#*: l = kq # !-,1%D
)-4+*%12.-,*2 /%.-4 gi = (ξk(i−1)+1, ..., ξki) 8-)#"(%* iD= 8--")#D

.+*(?

@,1# -'1+,*2 D 3+)+.+ ,#,*%$-0 .%"+4%.,*4

D = {x ∈ lR
q : f1(x) ≤ 0, ..., fm(x) ≤ 0},

*- $-A%* '<*2 #,!-123-4+.+ 6*"+7.+5 7(.89#5

P (x) =

m
∑

i=1

max{fi(x), 0},

!"# K*-$ !-1+/+=* f(x) = F (x)− rP (x)? G.+;%.#% r 4<'#"+%*,5
)-,*+*-;.- '-126#$ )15 *-/-: ;*-'< 8+8-%D1#'- .%)-!(,*#$-%

L&



 !"!#$! #! % !&'(")( (%*$+,+ %( '#-.!#$/ 0,#12$$ f 3 4-% $5
+! 6 !7*!7*&!##( %(* !8(&-*9 .*(8: &:%()#;)(79 ,7)(&$!

f(x(ξ)) < f(x(η)) <); ξ, η, *-1$= .*( x(ξ) 6∈ D, x(η) ∈ D. >?@

A(< (8#!! ( 7&(<$+(7*$ '-<-. +-*!+-*$.!71(B( % (B -+5

+$ (&-#$; 1 '-<-.-+ 8!',7)(&#(C (%*$+$'-2$$ 7+36 #-% $+! 6

& DEF3

4- ;<, 7 $7%()9'(&-#$!+ "* -0#:= 0,#12$C &('+(G#:

$ < ,B$! +!*(<: ,.!*- (B -#$.!#$C3 4-% $+! 6 <); +#(B$=

'-<-. <$71 !*#(C (%*$+$'-2$$ % $ %(),.!#$$ #!<(%,7*$+(B(

 !"!#$; #- &:=(<! (%! -*( - +,*-2$$6 *-1(!  !"!#$! +(G!*

8:*9 71(  !1*$ (&-#( 7 %(+(H9/ IG-<#:=J -)B( $*+(& >7+3

%3 K3L@3 M ,B(C %(<=(< 7(7*($* & &:8( ! %(<=(<;H!C 1(<$ (&1$6

% $ 1(*( (C x(B) ⊆ D3 N O*(C 2!)9/ +(B,* 8:*9 $7%()9'(&-#:6

& .-7*#(7*$6 +!*(<:6 (%$7-##:! & %3 K3K3

 !"#$! %& P8H-; 7=!+- QRS )!B1( -<-%*$ ,!*7; <); '-<-.

2!)(.$7)!##(B( )$#!C#(B( % (B -++$ (&-#$; >TUA@3 V-77+(*5

 $+ '-<-., TUA 7)!<,/H!B( &$<-W #-C*$

F (x) = (c, x) → max >E@

% $ ,7)(&$;=

Ax ≤ b, x ≥ 0, >X@

x ∈ Z
q. >YZ@

[<!79 A \ +-* $2-  -'+! #(7*$ (m × q)6 c = (c1, ..., cq)
T ,

b = (b1, ..., bm)T , x = (x1, ..., xq)
T
3 M-)!! % !<%()-B-!+6 .*( +#(5

G!7*&( M6 (% !<!);!+(! 7$7*!+(C #! -&!#7*& >X@6 (B -#$.!#(3

],<!+ #-':&-*9 &!1*( 2!)(.$7)!##:+6 !7)$ &7! !B( 1(+%(#!#5

*: 2!)(.$7)!##:3

^#(B(B -##$1 <(%,7*$+:=  !"!#$C %(B ,G-!*7; &

q5+! #:C %- -))!)!%$%!<

Ω = {x ∈ lR
q|d′j ≤ xj ≤ d′′j , j = 1, ..., q}.

Y_



 !"#$%& '"!"(()()'$')*" d′j , d
′′
j +,-./ 0&/1 #"2*)#&3 #"'!$4

+)!3 !)5)#$)+ 2q 6"*"7 ($#)2#,-, '!,-!"++$!,8"#$9 : :$4

:/)+,2 ,-!"#$7)#$2 ;<= $ %)()8&+$ >.#?%$9+$ xj → max3
xj → min, j = 1, . . . , q@

A$#$+"(1#"9 *($#" 0$#"!#,2 :/!,?$ *(9 ?,*$!,8?$

j4,2 ?,,!*$#"/& %)(,7$:()##,2 /,7?$ $6 Ω :,:/"8(9)/

kj = ⌈log2(d
′′
j−d′j)⌉ 0$/ '!$ d

′
j < d′′j @ B) /)!99 ,0C#,:/$3 *"()) 0.4

*)+ '!)*',("-"/1 7/, d′j < d′′j *(9 8:)D j = 1, . . . , q@ E,'.:/$+&+
%)(,7$:()##&+ /,7?"+ 8 Ω :,',:/"8(9F/:9 G()+)#/& '!,:/!"#4

:/8" B3 :,:/,9C$) $6 q ',:()*,8"/)(1#, 6"'$:"##&D *8,$7#&D
'!)*:/"8()#$2 ?,,!*$#"/@ H"?$+ ,0!"6,+3 B = {0, 1}k1+...+kq

$

x(ξ)j = d′j +

kj−1
∑

i=0

2iξk1+...+kj−i, j = 1, ..., q. ;II=

J'!)*)($+ >.#?%$F f(x) : .7)/,+ K5/!">"LM

f(x) =

{

F (x) '!$ s(x) = 0

F (X)− rs(x) '!$ s(x) > 0,

-*) s(x) N :.++" #"!.5)#$2 :$:/)+& ,-!"#$7)#$2 ;<= *(9 /,74

?$ xO r N #)?,/,!"9 ',(,P$/)(1#"9 8)($7$#"3 *,:/"/,7#"9 7/,4
0& 8&',(#9(,:1 .:(,8$) ;Q=@

R.#?%$9 '!$:',:,0()##,:/$ ,'!)*)(9)/:9 :()*.FC$+ ,0!"4

6,+M

Φ(ξ) = φ(Πt)(f(x(ξ))) =
f(x(ξ))− f t

min

f t
avg − f t

min

, ;IS=

-*) f t
avg, f

t
min N :!)*#)) $ +$#$+"(1#,) 6#"7)#$9 >.#?%$$ f(x(ξ))

#" /)?.C)2 ','.(9%$$ Πt
@ T)-?, 8$*)/13 7/, ,'!)*)()##"9 /"4

?$+ ,0!"6,+ >.#?%$9 Φ(ξ) #),/!$%"/)(1#" $ #).0&8")/ : !,4

:/,+ f(x)@ E"##&2 8"!$"#/ >.#?%$$ '!$:',:,0()##,:/$ ',68,4
(9)/ !)5"/1 : ',+,C1F U V 6"*"7$ 0)6 ,-!"#$7)#$9 #" 6#"?

%)()8,2 >.#?%$$@

IW



 !"! #$%&'$()* +',-

 !"#$%"& '$( )*#+,$!-.#/%# - /#0($(*12 3.%40%2 '%,#. -

+-(%'/(5 ,%,$#"# ,'%,.#/%6 "(7#$ ,89#,$-#//( *!4.%'!$:,6

;/!)*%"#*& )*#+,$!-.#/%6 '%,#. <=> % <=? *!4.%'!@$,6 - -(,:"%

)(4%A%62BC D!//(E( /#+(,$!$0! .%F#/! 0(+%*(-0! G*#6 H<?IC

J!,,"($*%" +.6 )*(,$($1 ,.8'!5 q = 1C K*% L$(" ($(3*!M

7#/%# x(ξ) - N(*"8.# ;OB 4!"#/6#$,6 0(")(4%A%#5 x(γ(ξ))& E+#
)*#(3*!4(-!/%# γ )#*#-(+%$ '%,.( %4 0(+%*(-0% G*#6 ξ - #E(

4!)%,: ξ̃ - +-(%'/(5 ,%,$#"# ,'%,.#/%6 )( N(*"8.#P

ξ̃k =
k

⊕

j=1

ξj , k = 1, ..., l,

E+# ,%"-(.

⊕

(3(4/!'!#$ ,.(7#/%# )( "(+8.@ +-!C D!//(# ($(3M

*!7#/%# -4!%"/(M(+/(4/!'/( % (3*!$/15 ()#*!$(* G = γ−1

+#5,$-8#$ ,.#+8@9%" (3*!4("P G(ξ̃) = (ξ̃1, ξ̃1 ⊕ ξ̃2, ..., ξ̃l−1 ⊕ ξ̃l)
;/#$*8+/( )*(-#*%$: '$( γ(G(ξ̃)) = ξ̃ +.6 .@3(E( ξ̃CB

K8,$: βl(i) Q 4!)%,: A#.(E( '%,.! i - +-(%'/(5 ,%,$#M

"# ,'%,.#/%6 , %,)(.:4(-!/%#" l 3%$(-C R3(4/!'%" '#*#4

ρ(ξ, ξ′) =
∑l

j=1 |ξj − ξ′j | *!,,$(6/%# - "#$*%0# SL""%/E! "#7+8
,$*(0!"% ξ % ξ′C T4 $!3.%A1 < -%+/(& '$( *!,,$(6/%# SL""%/E!

"#7+8 0(+%*(-0!"% '%,#.& *!4.%'!@9%2,6 /! <& *!-/( <C

 !"#$%&%'& ()*)  !"#$#%&' (%! )*+ ,-+"!.! i = 1, 2, ..., 2l−1
,/0!*1+2%-+ 3#,21-%,!

ρ(G(βl(i− 1)), G(βl(i))) = 1.

R,(3#//( )(.#4/! +!//!6 0(+%*(-0! - 4!+!'!2 8)*!-.#/%6&

E+# )!*!"#$*1 /#)*#*1-/( %4"#/6@$,6 , $#'#/%#" -*#"#/% %

)()8.6A%6 +(.7/! )(,$(6//( ,.#+(-!$: 4! L0,$*#"8"(" A#.#-(5

N8/0A%%C

<>



 !"#$%! &' ()*$+,!- .$./01! .+$.#0,$- $ 2*3$4*)2! 540-

i β3(i) G(β3(i))

6 666 666

& 66& 66&

7 6&6 6&&

8 6&& 6&6

9 &66 &&6

: &6& &&&

; &&6 &6&

< &&& &66

 ! "#$%&%'()%% '*(++%,-+'#.# .-/-0%,-1

+'#.# (*.#2%03(

(#- 1,*=$> ?!3!+ *@/$1$?!%$$ @4$10,0,$0 A5B *2!?C)!D

0/.- 1!#*EFF02/$),C1G /'2' ) 3!,,*1 !#=*4$/10 .#!"* H+$/CD

)!0/.- .@0%$F$2! ?!3!+$' I .)-?$ . E/$1 4!?4!"*/!,* "*#JK*0

+$.#* 1*3$F$2!%$L A5B' (!#00 ).0 /!2$0 1*3$F$2!%$$ "H301

,!?C)!/J  !"!#$%!&'$($ )* +,$#()($ M5BN'

O!..1*/4$1G 2 @4$104HG 4-3 1*3$F$2!%$L A5B 3#- ?!3!D

+$ PQR $? @' &'7' A#!..$+0.2!- .>01! *3,*/*+0+,*=* 24*..$,D

=*)04! 3#- E/*L ?!3!+$ 1*S0/ "C/J !3!@/$4*)!,! /!2G +/*D

"C χ )C"$4!#*.J . 4!),*104,C1 4!.@4030#0,$01 $? 1,*S0./)!
{k1, k1 + k2, ..., k1 + ... + kq−1}' (!,,!- 1*3$F$2!%$- @*?)*#-0/
T4!?4C)!/JU =0,*/$@C /*#J2* ) /*+2!> .*03$,0,$- 3)*$+,C>

@403./!)#0,$L 2**43$,!/' A!2 */10+0,* O' ' V!L?H##$,C1 W7XYG

30L./)$0 /!2*=* *@04!/*4! 24*..$,=*)04! .**/)0/./)H0/ ,02*D

/*4*1H @*)*4*/H 4*3$/0#J.2$> F0,*/$@*) )*24H= .0403$,C .*D

03$,-Z[0=* $> */40?2!' I)$3H */.H/./)$- 3*2!?!/0#J./)! E/*=*

H/)04S30,$- ) 34H=$> $./*+,$2!>G @4$)0301 0=* . 3*2!?!/0#JD

./)*1'

&X



 !"#$%&#'(# )*+*  !"#$ χ ∈ {k1, k1 + k2, ..., k1 + ... + kq−1}%
&'()* "!+,"#-!,# #*.', /0,'10*2'-*34, /'-'0'#* Rχ,ξ,η - lR

q
5

/04 .'#'0'6 x(ξ′) = Rχ,ξ,η(x(ξ))5 x(η′) = Rχ,ξ,η(x(η))%  04
7#'6 ",0,)43* '#0,2.*5 "',)4389+,(' 0')4#,:$".4, ;,3'#4<

/=5 x0 = x(ξ)+x(η)
2 5 '"#*,#"8 3,/')-4>3'?5 #%,% Rχ,ξ,η(x

0) = x0.

,-./0/!#123!"-*  !"#$%&'( &)*)# r $"()* +""*,'$%-./ +"0
,'*"1+% +"-"*"2 "+%$&'1%)-34 $% !'-) χ/ -5)5 χ = k1 + ... + kr5
67,)( '3+%-8 "9)*%-"* Rχ,ξ,η(x) 1 1',) 3:),7;<)=" %>>'$$"="
9*)"!*%#"1%$'4?

Rχ,ξ,η(x) = A(x− x0) + x0. @ABC

D:7&%2 A5 E*' q−r &)-$"( 9*),9":"F'(/ &-" A 0 ,'%="$%:80
$%4 (%-*'G% 3 r ),'$'G%(' 1 $%&%:) ,'%="$%:'/ ,%:)) #%9":$)$0
$%4 &)-$.( &'3:"( 3'(1":"1 −15 D 9"("<8; $)9"3*),3-1)$$"2
9*"1)*+' :)=+" 7!),'-834/ &-" "-"!*%F)$')( A(x − x0) + x0 3
(%-*'G)2 7+%#%$$"=" 1',% ,%)- -"- F) *)#7:8-%-/ &-" ' 9*' ,)20

3-1'' "9)*%-"*% +*"33'$="1)*%5 H)23-1'-):8$"/ ,:4 13)I +""*0

,'$%- j ≤ r '())(

(A(x(ξ)− x0) + x0)j =
x(ξ)j − x(η)j

2
+

x(ξ)j + x(η)j
2

= x(ξ)j ,

(A(x(η)− x0) + x0)j =
−x(ξ)j + x(η)j

2
+

x(ξ)j + x(η)j
2

= x(η)j ,

% ,:4 13)I j/ -%+'I &-" r < j ≤ q/ '())(

(A(x(ξ)− x0) + x0)j = −
x(ξ)j − x(η)j

2
+

x(ξ)j + x(η)j
2

= x(η)j ,

(A(x(η)− x0) + x0)j = −
−x(ξ)j + x(η)j

2
+

x(ξ)j + x(η)j
2

= x(ξ)j .

J" )3-8/ 9*),3-%1:)$') @ABC +"**)+-$"5

K%33("-*'( B0()*$") 9",9*"3-*%$3-1"/ "!*%#"1%$$") +""*0

,'$%-%(' x1, xj , xj+1/ 9*' :;!"( j = r + 1, r + 3, ..., q − 15

AL



 !"#$ %#&%'#("')*("+, &,-("+., /'#((.*0#+,') #%.(1+),"(2

&.)0#*)34*#- %#&$)"'.5,- $)"'.51 A ( &.)0#*)346 789:89:8;9

<)&)6=,- %#+#'#" +#/'>0 #(. x1 *) >0#3 π? @',#A')<#+)*.,
$)"'.51 A ,("4 /#$%#<.5.2 ")/.B %#+#'#"#+9 (3,&#+)",34*#9

A(x− x0) + x0 2+32,"(2 %#+#'#"#$ + Rq
?

C3>D)- E? @'. q − r *,D,"*#$ ')(($#"'.$ $)"'.5> A +.&)

A =

E′ F F F ? ? ? F

F ? ? ? F cos(−2α) − sin(−2α) F ? ? ? F

F ? ? ? F sin(−2α) cos(−2α) F ? ? ? F

F ? ? ? F F F −E′′

,

0&, α = GHIJK

x(η)r+1−x(ξ)r+1

x(η)r−x(ξ)r
9 ) ,&.*.D*1, $)"'.51 E′ . E′′ .$,:

6" ')<$,'#(". r−1 . q−r−19 (##"+,"("+,**#? L,%#(',&("+,**)2
%'#+,'/)9 %#&#A*)2 (&,3)**#- + (3>D), 89 %#/)<1+)," D"# #"#A:

')M,*., A(x−x0)+x0 ( $)"'.5,- >/)<)**#0# +.&) &)," "#" M,
',<>34")"9 D"# . #%,')"#' /'#((.*0#+,')?

N)(($#"'.$ E:$,'*#, %#&%'#("')*("+#9 #A')<#+)**#, /##':

&.*)")$. xr, xr+1O <&,(4 $)"'.5) A <)&)," %#+#'#" *) >0#3 2α
+#/'>0 *)D)3) /##'&.*)"?  # +(,B P:$,'*1B %#&%'#("')*("+)B9

#A')<#+)**1B /##'&.*)")$. x1, xj , xj+19 %'. j = r+2, r+4, ..., q−
1 %',#A')<#+)*., A 2+32,"(2 %#+#'#"#$ +#/'>0 #(. x1 *) >0#3
π9 /)/ . + (3>D), 8? Q3,&#+)",34*#9 A(x − x0) + x0 2+32,"(2
%#+#'#"#$ + Rq

? R"# "',A#+)3#(4?

S)D)(">6 #%".$)34*#, ',T,*., <)&)D. UV@ 7W;:78F; #/):

<1+),"(2 ')(%#3#M,**1$ (')+*.",34*# A3.</# / #%".$>$> x̃
<)&)D. 3.*,-*#0# %'#0')$$.'#+)*.2 7W;:7X;9 *)<1+),$#-  !"

#$%&'(&)*$+ .(B#&*#- <)&)D.? L) %')/"./, ',T,*., x̃ $#M,"

A1"4 &#(")"#D*# A1("'# *)-&,*# $,"#&)$. 3.*,-*#0# %'#0')$:

$.'#+)*.2 . &)"4 Y%#&(/)</>Z # "#- #A3)(".9 #"/>&) .$,,"

($1(3 *)D.*)"4 %#.(/ ',T,*.2 <)&)D. UV@ %'. .(%#34<#+)*..

[\? ](#A. *)D)34*#- %#%>325.. $#0>" %#'#M&)"4(29 *)%'.$,'9

( %#$#=46 q:$,'*#0# *#'$)34*#0# ')(%',&,3,*.2 ( $)",$)".D,:
(/.$ #M.&)*.,$ + "#D/, x̃?  ")/#$ (3>D), + /)D,("+, 0,*#".%)
.(%#34<>,"(2 &+#.D*)2 <)%.(4 #/'>03,**1B <*)D,*.- *#'$)34:

EF



 ! "#$%"&'&(&  )* +!!"', #-.

/+$%&",0& -#(1 )& ,$$(&'!2# ,3 %!+#4#(, 56789 :-! &$(, 2&;

"!3- !$-1 0<-#=,, '!$-#-!: ! 2&(,+#9 -! ',$%&"$,3  !"0#(1 !;

>! "#$%"&'&(& ,3 0!?&- @)-1 <$-# !2(& # "#2 !A  <(B.

 !"! #$%&'()&* +%,%-.//

C2!A$-2# !%&"#-!"# $&(&+=,, !+#4)2#B- $<D&$-2&  !& 2(,;

3 ,&  # $"&' && 2"&03 %!(<:& ,3 "&E& ,A 4#'#  !>! +#:&$-2# ,

 # "#4@"!$ "&4<(1-#-!2 %",  &4#2,$,0)* "&#(,4#=,3* F2!(B=,;

!  !>! %"!=&$$# 2 GH. I "3'& $(<:#&2 !%&"#-!" %"!%!"=,! #(1;

 !A $&(&+=,, ,4 JGH 0!?&- @)-1 $ <$%&*!0 4#0& & '"<>,0,

!%&"#-!"#0, $&(&+=,,. K", F-!0 2)@!" +#?'!A "!',-&(1$+!A

!$!@,  & !@34#-&(1 ! !$<D&$-2(3&-$3  &4#2,$,0! !- 2)@!"# '"<;

>,* !$!@&A  # '#  !A ,-&"#=,, t.
L(3 $"#2 & ,3 "#4(,: )* !%&"#-!"!2 $&(&+=,,  &!@*!',0!

2)@"#-1  &+!-!")& *#"#+-&",$-,+,9 ,0&BD,& !', #+!2)A

$0)$( '(3 2$&* ,4  ,*. I!410&0 2 +#:&$-2& -#+,* *#"#+-&",;

$-,+ 0#-&0#-,:&$+!& !?,'# ,& , ',$%&"$,B :,$(# $!@)-,A9

$!$-!3D,* 2 2)@!"& !$!@, i 2 +#:&$-2& "!',-&(1$+!A 2 %"!=&$$&

%!$-"!& ,3 !:&"&' !>! %!+!(& ,3. M,$(! -#+,* $(<:#A )*

$!@)-,A @<'&- !@!4 #:#-1$3 :&"&4 Z(i,Πt) , N!"0#(1 ! !%"&;

'&(3&-$3 $(&'<BD,0 !@"#4!0. K<$-1 K1, . . . ,KN O  !0&"#

"!',-&(1$+,* !$!@&A9 2)@"#  )* ,4 Πt
%", %!$-"!& ,, !:&"&';

 !A %!%<(3=,, 2 GH. P!>'# Z(i,Πt) O :,$(! -#+,* j9 :-! Kj = i.

 !"#$%!&'(%)$* +,&-(.%$/0,$* %(/()1&* 23)(.$4 K",

%!$-"!& ,, !:&"&' !A %!%<(3=,, !%&"#-!" $&(&+=,, JGH 2)@,;

"#&- !$!@1 i 2 $"&' &0 Ps(i,Π
t)N "#49 !' #+!9 $(<:#A #3 2&;

(,:, # Z(i,Πt) 0!?&- $<D&$-2&  ! !-+(! 3-1$3 !- F-!>! $"&';

 &>! 4 #:& ,3. Q!(1E,& !-+(! & ,3 !- $"&' &>! 0!><- %",2!;

',-1 +  &<$-!A:,2!A "#@!-& GH 2 =&(!0. L(3 $ ,?& ,3 -#;

+,* +!(&@# ,A L?. QF+&" %"&'(!?,( $(&'<BD<B 0!',N,+#;

=,B !%&"#-!"# $&(&+=,,9  #4)2#&0<B  !"#$ !%&' (") *+%,'-.
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 !"#$%&  '"'()*'&

 

 !"# $%&' ()*+), -.-/0 i 1)2)3452-6)33-

67/52)84., ⌊Ps(i,Π
t)N⌋ 2)9 6 ():8.468 2-+548;,# ) +2-/3),

:).40 {Ps(i,Π
t)N} 5.<-;09=84.,# ()( 682-,43-.40 -4/-2) >4-?

-.-/5 8@8 -+53 2)9A B:865+3-# 4)(-? -<82)4-2# ()( 5 -<82)4-2

.8;8(C55 DEF# -.=@8.46;,84 <2-<-2C5-3);03=G .8;8(C5GA

H8?.4658 -<82)4-2) .4-I).45:8.(-? =35682.);03-? .8;8(C55

J-*3- <28+.4)6;,40 .8/8 . <-J-@0G (-;8.) 2=;84(5# 2)9+8;83K

3-1- 3) N .8(4-2-6 ()( <25 .8;8(C55 6 DEFA L=.40 6 C83428

(-;8.) :8289 2)6378 =1;-678 <2-J8*=4(5# 9)(28<;83- N =()9)K

48;8?A L-6-2-4 (-;8.) 2=;84(5 3) .;=:)?3- 67/2)337? =1-; M.

2)63-J8237J 2).<28+8;8358J -4 N +- $πO -43-.548;03- =()9)48K

;8? +)84 3)93):8358 2-+548;0.(5I -.-/8? K1, . . . ,KN A P 9)682K

Q8358# >;8J8347 <-.;8+-6)48;03-.45 K1, . . . ,KN <828=<-2,+-K

:56)G4., .;=:)?37J -/2)9-J# :4-/7 .359540 682-,43-.40 .-6K

<)+835, 2-+548;0.(5I 183-45<-6 3) 6I-+8 .;8+=G@81- 9) .8;8(K

C58? -<82)4-2) (2-..531-682)A

B/-93):5J :5.;- .-/745?# .-.4-,@5I 6 67/-28 -.-/5 i <25

.8;8(C55 DEF :8289 ZCGA(i,Π
t)# ) <25 .4-I).45:8.(-? =35682K

.);03-? .8;8(C55 R>(82) S :8289 ZB(i,Π
t)A L=.40 D[·] -/-93):)84

+5.<82.5G .;=:)?3-? 68;5:537A

 !"#$%&%'& ()*) +%(!,!-#. /-% D[ZB(i,Π
t)] ≤ 1/4. 0 -%

01'23 (!( D[ZCGA(i,Π
t)] 2%4'- 1! -* $'%51!$*/'$$%  1%6

 -%2 N 71* 7%89%83:'2 0;<%1' 7%7="3)** Πt
>

D)( 65+3- 59 =<2)*3835,# -<82)4-2 .4-I).45:8.(-? =35K

682.);03-? .8;8(C55 5J884 <285J=@8.46- <- .2)63835G .

.8;8(C58? 59 DEF# -/8.<8:56), J830Q58 (-;8/)35, :5.;83-.45

<-4-J.46) ()*+-? -.-/5 5# 48J .)J7J# /-;88 =.4-?:56=G

2)/-4= );1-254J)A

+#%,-.#/ 0&1&23'/)

!

B/) 59 2)..J-428337I 67Q8 -<82)K

4-2-6 .8;8(C55 5J8G4 -/@88 <2-/;8J3-8 .6-?.46-' ()( <2)65K

 

 !"#$%&'()"%* $+,-.!,/.-0 1234567 789:;278<: =><?4572@ 74@4:8<9>A

!

 !"#$%&'()"%* $+,-.!,/.- +BC%$D'/-,B& ,-.E+"  !"#$"% &'(')*$+"A
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 !" # $%!&'((' %)*#+,+- $!$. -&++ /0 $%!+(1!2+, $%+3 +4'5+'

$%+($!(!3 '55!(,+ !(!3'6 7 8)7(+8) 95!8. *5):'5+;" + #8'<

(,' ( =,+8 %)($%'2' '5+' #'%!-,5!(,'6 Ps(i,Π
t) $%+3 +4)',<

(- 7 %)#5!8'%5!8.> ?)7+8 !3%)*!8" (5+4)',(- @:.#(,#+,' 9<

5!(,9A !$'%),!%!# $%!$!%&+!5) 95!6 (' '7&++ 7 %)* +:+-8 #

$%+($!(!3 '55!(,+ !(!3'6 ,'7.B'6 $!$. -&++" :,! $%'2(,)# -<

',(- 5'&' '(!!3%)*5C8 $%+ %'D'5++ *)2):+ !$,+8+*)&++> E2+5

+* ($!(!3!# %'D'5+- =,!6 $%!3 '8C 3C $%'2 !4'5 F> /! 23'%<

G!8 HIJK + (!(,!+, # $%'!3%)*!#)5++ *5):'5+6 L.57&++ $%+($!<

(!3 '55!(,+ M(8> #C%)4'5+' MNIO # $%+8'%' PO> 0 9,'%5),+#5C6

$!21!2 (!(,!+, # +($! 9*!#)5++  !"#$ %&!"$' !(!3'6>

 !"#$#%#&'# ()*) ($)*+$' rΠ : {1, ..., N} → {1, ..., N} "!,-&!.

)/0'  !"#$ %&!"$)1 23' 4%453'+$$ Π6 )03$ rΠ(i) > rΠ(j) 23'

&0)7 i, j ∈ {1, 2, ..., N}6 /!*$7 8/% Φ(ξi) > Φ(ξj)9 :"!8)"$) rΠ(i)
"!,-&!)/0'  !";%1 %0%<$ ξi9

+,&-./,0 1#%#23'0)

 

Q%'2 !4'5) # %)3!,' HRSK> Q.(,9

L.57&+- α : {1, . . . , N} → lR+" ,)7)- :,!

∑N
r=1 α(r) = 1> ?!G2) α

5)*C#)',(- %)54+%.;B'6 L.57&+'6> Q%+ *)2)55!6 %)54+%.;<

B'6 L.57&++ !$'%),!% (' '7&++ ( %)($%'2' '5+'8 #'%!-,5!(,'6

P{#C3%),9 !(!39 ( %)5G!8 r} = α(r), r = 1, . . . , N,

5)*C#)',(- %)5G!#!6 (' '7&+'6> ?)7)- (' '7&+- 5' ,'%-', @:.#<

(,#+,' 95!(,+A $%+ (7! 9 .G!25! 8) C1 %)* +:+-1 $%+($!(!3<

 '55!(,+ !(!3'6>

T)(,5C6 ( .:)6" G2'

α(r) =
η − 1

N

(

2(r −N)

N − 1
+

η

η − 1

)

,

$%+ η ∈ (1, 2] 5)*C#)',(-  +5'65C8 %)54+%!#)5+'8> U'G7! #+<

2',9" :,! .( !#+- %)54+%.;B'6 L.57&++ #C$! 5-;,(->

 

 !"#$%&'()"%* $+,-.!,/.- +01%$2'/-,0& ,-.3+"  !"#$"% &'(')*$+"4
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 !"#$ ! %&'(") N *)++, -+%".,'"!,$ !+/+01**2 %&-'34 η/N 2
& "!"#$ ! %&'(") 5 6 -+%".,'"!,$ (2−η)/N 7 8!/* 9"/":*,$ η = 22
," "!"#$ ! %&'(") 5 *)++, '3/+-34 -+%".,'"!,$ !+/+01**7 8!/*

:+ η → 12 ," %&!9%+;+/+'*+ -+%".,'"!,+< !+/+01** !,%+)*,!. 0
%&-'")+%'")37

=&'("-&. !+/+01*. 9%* η = 2− 2/(N + 1) >0-*-&/+','& 9%*?
)+'+'*4 "9+%&,"%& !+/+01** @AB ! 9";!,&'"-0"< %&'("- "!"?

#+< rΠ(i) -)+!," C'&D+'*< *E 9%*!9"!"#/+''"!,*7
F/+;34G*< *C %&!!)&,%*-&+)HE "9+%&,"%"- ,&0:+ 9%+;9"?

/&(&+, %&':*%"-&'*+ "!"#+<7

 !"#$"#%& '()(*+$&,

 

 !"#$%&!$# &'$()$(!* +#,#-.)) +

$%/0#$!0 &'$()$% s 1)(!# (%/2%()#3 !"#$%&!$ s4&'$()$(!* +#4
,#-.))5 6,7 !&8!$% !9#$#6(!:! $!6)&#,;+-!:! $#<#()7 )/ &#-'4

=#* "!"',7.)) (#/%2)+)0! )/2,#-%>&+7 s !+!8#* + $%2(!0#$(?0
$%+"$#6#,#()#0 ) )/ ()@ 2?8)$%#&+7 !+!8; + (%)8!,;<)0 $%(4

:!0A

B,#6'>=## '"$%C(#()# "!-%/?2%#&D 9&! !"#$%&!$

E4&'$()$(!* +#,#-.)) 8,)/!- "! +2!)0 +2!*+&2%0 - $%(:!4

2!* +#,#-.))A F8!/(%9)0 9)+,! +!8?&)*D +!+&!7=)@ 2 2?8!$#

!+!8) i "$) )+"!,;/!2%()) !"#$%&!$% E4&'$()$(!* +#,#-.))

9#$#/ ZT(i,Π
t)D % "$) )+"!,;/!2%()) $%(:!2!* +#,#-.)) G 9#$#/

ZR(i,Π
t)A H'+&; E[·] !8!/(%9%#& 0%&#0%&)9#+-!# !C)6%()#

+,'9%*(!* 2#,)9)(?A

 !"#$%&%'& ()()  !"#$#%&' (%! E[ZT(i,Π
t)] = 2r−1

N
'

E[ZR(i,Π
t)] = 2r

N+1 , )
D[ZR(i,Πt)]
D[ZT(i,Πt)] →

2r
2r−1 *+) N → ∞,

 ! ! "#$%#&'(( )*$%+,&-(. */*),.0(&1

F8(!2,#()# 2+#* "!"',7.)) (% -%C6!* )&#$%.)) IJK +!!&4

2#&+&2'#& "!6@!6'D "$)0#(7#0!0' "$) )0)&%.)!((!0 0!6#,)$!4

2%()) 2 "!"',7.)!((!* :#(#&)-# 1+0AD (%"$)0#$D LMN5D !6(%-!D

 

 !"#$%&'()"%* $+,-.!,/.- +01%$2'/-,0& ,-.3+"  !"#$%&'$ (')'* +!$4

EO



 !" #$%&'()*" +&*$%, -()&.*+&/ $ /0$&%&1 +'*$+&$&2!())&$.34

&25," $6(7, 89 :,;,$.#4 7& *<*=*'#(.$"> ?$)&/)," 7&.*/,@

=*" +'* A.&7 $&$.&*. / .&7B ;.& / C89  ,D( -()&.*+B $#5(@

$./())& +'(/0E,45*1 +& +'*-& )&$.* /$( +'&;*( &$&2* +&+#@

!"=**B $ 2&!3E&1 /('&".)&$.34 2# (. *$%!4;() *: ',$$7&.'(@

)*" #D( ), $!( #45(1 *.(',=** +&$!( (-& +&"/!()*"> ? ),%&

/ #$+(E)06 +'*!&D()*"6 89 +'*$+&$&2!())&$.3 +&.&7%&/B %,%

+',/*!&B *7((. +&!&D*.(!3)#4 %&''(!"=*4 $ +'*$+&$&2!())&@

$.34 '& *.(!3$%*6 -()&.*+&/> F .,%*6 $!#;,"6 =(!($&&2',:)&

$&6',)".3 ),*2&!(( +'*-& )0( &$&2* / .(;()*( '" , *.(',=*1

89 * -()('*'&/,.3 $ +&7&534 %'&$$*)-&/(', * 7#.,=** &$.,/@

E#4$" ;,$.3 +&+#!"=**> G,$$7&.'*7 )(%&.&'0( *:/($.)0( $6(@

70 #+',/!()*" +&+#!"=*(1B '(,!*:#45*( A.&. +'*)=*+>

 !"#$%&$' (#%$#)*"'+ H, %,D&1 *.(',=** 89B /&@+('/06B

$.'&*.$" &;('( )," +&+#!"=*" Πt+1
+& +',/*!,7 C89> F&@

/.&'06B ($!* +& +'*$+&$&2!())&$.* /$( -()&.*+0 )&/&1 +&+#!"@

=** #$.#+,4. 7,%$*7,!3)& +'*$+&$&2!())&1 I !"#$%&J &$&2* ξt
e

*: +'( 0 #5(1 +&+#!"=**B .& & *) *: ),*7()(( +'*$+&$&2!()@

)06 -()&.*+&/ / Πt+1
:,7()"(.$" ), ξt

e
>

K,%*7 &2',:&7B ($!* 89 +'*7()"(.$"  !" '(E()*" :, ,;*

2(:#$!&/)&1 &+.*7*:,=** ILJB .& +&$!( &/,.(!3)&$.3 :),;()*1

=(!(/&1 <#)%=** A!*.)06 <()&.*+&/ f(x(ξ1
e
)), f(x(ξ2

e
)), . . . 2#@

 (. )(#20/,45(1> M&!(( .&-&B %,% +&%,:,! 8> G# &!3< NOPQB

+'* x(B) = X * 0 < Pm < 1B  &+&!)()*( C89 A!*.,'@

)&1 $.',.(-*(1 &2($+(;*/,(. $6& *7&$.3 +&$!( &/,.(!3)&$.*

f(x(ξ1
e
)), f(x(ξ2

e
)), . . . % &+.*7,!3)&7# :),;()*4 =(!(/&1 <#)%@

=** :, ,;* ILJ +&;.* ),/(')&(>

F7($.& & )&1 A!*.)&1 &$&2* / 89 7&D(. $&6',)".3$" )(%&@

.&'&( +& 7)&D($./& -()&.*+&/ .(%#5(1 +&+#!"=**B *7(45*6

/0$&%#4 +'*$+&$&2!())&$.3 I$7>B ),+'*7('B NRSQJ> K,%*( $.',@

.(-** ),:0/,4.$" '()#"'$%& *(+,$%& -%-.!/0""> T!( #45,"

$.',.(-*" 7&D(. ',$$7,.'*/,.3$" %,% +'( (!3)01 $!#;,1 ',$@

E*'()*" 7)&D($./, A!*.)06 &$&2(1>

,#$-".&$%&$' (#%$#)*"' /0%$1!)&"' 0.0/!'-")2+

RS



 !" #$%& '$!($)*"" +( ,(-.%& "$)!(/"" 01 2 3%3456/"7 .%8

9(2567$'6 .2( *)+%$"3(: 3%54;)++<= 3!">)+)+")> %3)!($%!%2

,!%''"+*%2)!( " >4$(/""? @(-.(6 +%2(6 %'%9A B(>)C()$ +),%$%8

!<& D+)3)!'3),$"2+<&E *)+%$"3?  !" #$%> 2 ,(;)'$2) D+)3)!8

'3),$"2+%*%E >%-)$ 9<$A 2B6$ *)+%$"3 ' +(">)+AF)& 3!"'3%8

'%95)++%'$A7: "5" *)+%$"3: 2<9!(++<& ' !(2+%>)!+<> !('3!)8

.)5)+")> '!)." ">)7C"= 3!"'3%'%95)++%'$A +"-) '!).+)& 2 $)8

,4C)& 3%3456/""? G +),%$%!<= 2(!"(+$(= 01 +( 2<=%.) ,!%'8

'"+*%2)!( ">))$'6 $%5A,% %."+ *)+%$"3 H $%*.( "B>)+6)$'6 $%5A8

,% %.+( %'%9A 3%3456/""?

I'%9)++%'$A7 '$(/"%+(!+%& '$!($)*"" 43!(25)+"6 3%34568

/")& 6256)$'6 B+(;"$)5A+% 9%5)) 9<'$!%) D'4-)+")E %95('$"

3%"',(: 3% '!(2+)+"7 ' @01? G '26B" ' #$">: 2% >+%*"= !)(8

5"B(/"6= '$(/"%+(!+%& '$!($)*"" 43!(25)+"6 3%3456/")& 3!"

'%23(.)+"" +%2%& %'%9" ' %.+%& "B ">)7C"='6 2 3%3456/"": +%8

2(6 %'%9A 2 3%3456/"7 +) .%9(256)$'6?

 !"! #$%&'()&* +&),,-./)0%&' - 12('3--

J(!6.4 ' %3)!($%!%> %.+%$%;);+%*% ,!%''"+*%2)!( @01: 2

*)+)$";)',"= (5*%!"$>(= "'3%5AB47$'6 " .!4*") %3)!($%!< !)8

,%>9"+(/"" !%."$)5A',"= *)+%$"3%2? I9C)& ;)!$%& .56 2')= "B

+"= 6256)$'6: $(, +(B<2()>%): '2%&'$2%  !"!#$%& '!()*K B+(;)8

+") .56 ,(-.%*% *)+( 3%$%>,( 2<9"!()$'6 "B B+(;)+"& '%%$2)$8

'$247C"= *)+%2 %.+%*% "5" .!4*%*% !%."$)5)&?

 !

G +),%$%!<= 2(!"(+$(= ,!%''"+*%2)!( !)B45A$($%> 6256)$8

'6 %."+ *)+%$"3 L'>?: +(3!">)!: MNOP: %.+(,%: +("9%5)) !('3!%8

'$!(+)+< %3)!($%!< ' .24>6 2<=%.+<>" *)+%$"3(>"? G% 2$%!%>

'54;(): ' /)5A7 '%=!(+)+"6 !(B+%%9!(B"6 3%3456/"": '$!)>6$'6

3%'$!%"$A ,(, >%-+% 9%5)) 4.(5)++<) %."+ %$ .!4*%*% *)+%$"3<

3%$%>,%2?

 4'$A .(+< !%."$)5A',") *)+%$"3< ξ " η: .56 ,%$%!<= 3%8

 !

 !""#$ %&#'%(&# & )!*#(!+ ,- ./012345 "!6!&"#  !"! #$%"&'(&&()" 7 8&9

:8$(%8 ;!%("<= %:>;!$= %**!*! #$%"&'(&&()" ?%=- @ABCD-

QN



 !"#$%&'( )$ $ *%+!&,)!- )!&!./!- ξ′, η′0 1'2, - 3$#$4% !&'5&6

'&-57& !* $+,4%+,(8 ,2, '9%.$ ) %#'&$-2%+,(  %:%+,; &$/!-$8

4&! x(B) ⊆ D8 &!*#$ 5.%'&+! ,')!2<3!-$&<8 &$/ +$3=-$%.578

 !"#$ #%&""'()&*+%!0 >!# ?&,. &% .,+!. )!+,.$7& -')!.!*$6

&%2<+57 )!'2%#!-$&%2<+!'&< m = (m1, . . . ,ml) ∈ B8 )! /!&! !;

'& !(&'( *%+!&,)= )!&!./!-@

ξ′i =

{

ξi, %'2, mi = 1
ηi, ,+$4%8

; η′i =

{

ηi, %'2, mi = 1
ξi, ,+$4%8

#2( i = 1, . . . , l0 A$''.!& ,. #-$ ) ,.% $ ,')!2<3!-$+,( .$'/,

/ !'',+*!-% $0

 !"#$%&'#() *'$++,#-$"&'. > , #%;'&-,, ?&!*! !)%6

 $&! $ i6=; *%+8 i = 1, . . . , l8 /!), 5%&'( - *%+!&,) )!&!./$ ,3

i6&!; )!3,B,, *%+!&,)$ !#+!*! ,2, # 5*!*!  !#,&%2( '  $-+=.,

-% !(&+!'&(.,8 +%3$-,',.! !& -=C! $ # 5*,9 *%+!-0 D! .$2<+!

#$++=; !)% $&! !) %#%2(%&'( -=C! !. .$'/, / !'',+*!-% $ '

 $-+!.% +=.  $') %#%2%+,%. +$ .+!"%'&-% B0

k/0$1&1#() *'$++,#-$"&'. E$++=; !)% $&! ) %#'&$-6

2(%& '!C!; !C!CF%+,% !#+!&!4%4+!*! / !'',+*!-% $0 G '& !6

/% *%+!&,)$ -=C, $%&'( k  $32,4+=9 /!! #,+$& '/ %F,-$+,(

0 < χ1 < χ2 < . . . < χk < l '  $-+!.% +=.  $') %#%2%+,%.

' %#, -'%-!3.!"+=9 &$/,9 +$C! !-0 HC!3+$4,. χ0 = 08 &!*#$
.$'/$ / !'',+*!-% $ !) %#%2(%&'( '2%#57F,. !C $3!.@

mi =

{

1, %'2, max{j : χj < i} I 4%&+!% 4,'2!

0, ,+$4%

#2( i = 1, . . . , l0 E$++=; !)% $&! ,.%%& &! '-!;'&-!8 4&! ) ,

3$#$+,, 4%&+!*! 4,'2$ &!4%/ '/ %F,-$+,( k8 )% -$( , )!'2%#6

+(( /!! #,+$&= !#+!*!  !#,&%2( -'%*#$ )% %9!#(& !#+!.5 )!6

&!./50 J$!C! !&8 ) , +%4%&+!. k ?&, /!! #,+$&= /!), 57&'( -

/$"#=; ,3 *%+!&,)!- )!&!./!- !&  $3+=9  !#,&%2%;0 1'2, ?&,

'-!;'&-$ / $;+,9 /!! #,+$& ) %#'&$-2(7&'( +%"%2$&%2<+=.,8

KL



 ! "!#$ %& ' ()*!+',!-./0  .1 /.,&-.$"&20  !"#$%$&  !$''()*

#$%+!0 *3( 1! !3!" ) 3!1. 4$/! (*. 3.))". 3(-.$ )5 1.1 1!+'6!

( ()*!+',7$ )5 8$ /!$ 8()+! k 1!!39(/. )13$:(-./(5;

<.#9&2 (, !*().//&= !*$3. !3!- 13!))(/4!-$3. "!#$ 

%& ' 3$.+(,!-./ ( - -.3(./ $ ) !9/(" 4$/! (*!" *! !"1.

>9+5 ? !4! 9!) . !8/! ! %3!)( ' - !3!2 4$/! (*@; A.+$$ %79$ 

3.))"! 3$/ !*$3. !3 13!))(/4!-$3.0 *3( 1! !3!" $) $) -$//&"

!%3.,!" ) 3!( )5  !+'1! !9(/ 4$/! (* *! !"1.;

 !"!#! $%&'(!)*+$, -./$(0'+!1''2 B7) ' 3$C.$ )5 ,.D

9.8. 7)+!-/!2 ".1)("(,.6(( - *3!) 3./) -$ 9-!(8/&= ) 3!1

9+(/& n; E.))"! 3(" -&8()+( $+'/7F )+!#/!) ' ,.9.8( ! &)D

1./(5 /.(+78C$4! *! *3()*!)!%+$//!) ( 4$/! (*.0 1.1 3$,7+'D

 . . 13!))(/4!-$3. 9+5 ,.9.//!2 *.3& 3!9( $+')1(= 4$/! (*!-

*3( 7)+!-(( -&*!+/$/(5 )-!2) -. *$3$9.8( 4$/!-; A+5 *3!) !D

 & *!) ./!-1( ? !2 ,.9.8( %79$" *3$9*!+.4. ' 8 ! !*$3. !3&

*!) 3!$/(5 /.8.+'/!2 *!*7+56((0 13!))(/4!-$3. ( "7 .6(( 4$D

/$3(37F  !+'1! 4$/! (*&0 *3$9) .-+5F:($ 9!*7) ("&$ 3$C$D

/(5;

G 78$ !" )-!2) -. *$3$9.8( 4$/!-0 )H!3"7+(37$" ,-.-/" $0*

1(2-34)$& !+ $25()-6((I 9+5 *3!(,-!+'/&= ,.9.//&= 3!9(D

 $+')1(= 4$/! (*!- p1, p20 *3$9) .-+5F:(= 9!*7) ("&$ 3$C$D

/(50  3$%7$ )5 /.2 ( *3$9) .-+5F:(2 9!*7) ("!$ 3$C$/($ 4$D

/! (* ξ0  .1!2 8 !I

J@ 9+5 1.#9!4! j = 1, . . . , n -&*!+/5$ )5 ξj = p1j (+( ξj = p2j K
L@ ξ ("$$ ".1)(".+'/!$ ,/.8$/($ H7/16(( *3()*!)!%+$//!D

) ( )3$9( -)$= 4$/! (*!-0 79!-+$ -!35F:(= 7)+!-(F J@;

A.+$$ "/!#$) -! /!"$3!- 1!!39(/. 0 - 1! !3&= 3!9( $+'D

)1($ 4$/! (*& 3.,+(8/&0 %79$" !%!,/.8. ' 8$3$, D(p1, p2);
M 1.8$) -$ *3("$3. ?HH$1 (-/! 3.,3$C("!2 ,.9.8( !* (D

".+'/!2 3$1!"%(/.6(( 3.))"! 3(" )+$97F:7F (,-$) /7F ,.D

9.87 (,  $!3(( 43.H!-; B7) ' ("$$ )5 43.H G = (V,E) ) "/!#$D

) -!" -$3C(/ V = {v1, . . . , v|V |} ( "/!#$) -!" 3$%$3 E; N.9.8.

! /.(%!+'C$" /$,.-()("!" "/!#$) -$ )!) !( - ! &)1./((  .D

LO



 !"! #!$%&!'()*+, S ⊆ V - .*! &/ !$&! 0(10! e ∈ E &( /&2/$(&*3

&! )0,45 $+5% +(06/&,% /4 S 7*8(8 S 9 &(4,+/)/%!( %&!'()*+!:

/ %!;&!)*< =*!"! %&!'()*+, %, )/%,><&,8

?)*()*+(&&@% 15$(* #0($)*,+>(&/( 0(6(&/A ) #!%!;<B

+( *!0,3/&$/ ,*!0, /4 {0, 1}n- "$( n = |V |, / ξj = 1 *!"$, / *!><3
 ! *!"$,-  !"$, +(06/&, vj #0/&,$>('/* /) !%!%5 #!$%&!'(3

)*+58 C5)*< Φ(ξ) = |x(ξ)| $>D >B1!"! $!#5)*/%!"! 0(6(&/D x(ξ)8
E, 4,%(.(&! + 0,1!*( F8G,>,6, / H8I/J,5), KLMN- #0/ /)#!><3

4!+,&// $,&&!"! #0($)*,+>(&/D 0(6(&/A 4,$,., !#*/%,><&!A

0( !%1/&,2// 0,40(6/%, 4, #!>/&!%/,><&!( +0(%D8

O>D *!"! .*!1@ + =*!% 51($/*<)D- 0,))%!*0/% #0!/4+!><&@(

0!$/*(><) /( &(4,+/)/%@( %&!'()*+, S1 / S2 / )!!*+(*)*+5B3

;/( /% "(&!*/#@ p1 / p28 P)J!$D /4 )+!A)*+, #(0($,./ "(&!+-

0(6(&/(3#!*!%! S $!>'&! )!$(0',*< +)( %&!'()*+! +(06/&

L = S1 ∩ S2-  0!%( *!"!- + S &( $!>'&! 1@*< =>(%(&*!+ %&!'(3

)*+, V \ (S1∪S2)- , +(06/&@ ) &!%(0,%/ /4 %&!'()*+, D(p1, p2)
&(!1J!$/%! +@10,*< !#*/%,><&@% !10,4!%8 C!)>($&(( *0(1!3

+,&/( Q!0%5>/05(*)D-  , 4,$,., ! &,/1!><6(% &(4,+/)/%!%

%&!'()*+( + #!$"0,Q(- #!0!'$(&&!% %&!'()*+!% +(06/& ) &!3

%(0,%/ /4 D(p1, p2)8 R(" ! +/$(*<- .*! $,&&@A #!$"0,Q D+>D(*3

)D $+5$!><&@%8

O>D !*@) ,&/D &,/1!><6("! &(4,+/)/%!"! %&!'()*+, + $+53

$!><&!% "0,Q( H = (V ′, E′) %!'&! +!)#!><4!+,*<)D *(% Q, 3

*!%- .*! &,/1!><6(( &(4,+/)/%!( %&!'()*+! +)("$, D+>D(*)D

$!#!>&(&/(% &,/%(&<6("! +(06/&&!"! #! 0@*/D C ′- *! ()*< *,3
 !"! &,/%(&<6("! #! %!;&!)*/ %&!'()*+, +(06/&- .*!  ,'$!(

0(10! /&2/$(&*&! J!*D 1@ !$&!A /4 &/J8

S,$,., ! &,/%(&<6(% +(06/&&!% #! 0@*// $+5$!><&!"!

"0,Q, H = (V ′, E′) =QQ( */+&! 0,40(6/%, ) #!%!;<B ,>"!3

0/*%, #!)*0!(&/D %/&/%,><&!"! 0,40(4, +! +)#!%!",*(><&!%

"0,Q(- )!)*!D;(% /4 "0,Q, H / $!#!>&/*(><&@J +(06/&@3

/)*!.&/ , v0 / +(06/&@3)*! , vn+18 P)*!.&/ v0 )!($/&D(*)D

)! +)(%/ +(06/&,%/ !$&!A $!>/- , )*! vn+1 9 )! +)(%/ +(03

6/&,%/ $05"!A $!>/8 T(10,% /4 %&!'()*+, E′ #0/#/)@+,B*)D

LU



 !"#$%!&%'! ()$(*"#%'! "($"$ %$"+,- . )! )./- ,%0,1!%+%'/

1$($2%,+!23%'/ 4!)5,%./ 6 !1,%,&%'! ()$(*"#%'! "($"$ %$7

"+,8 9.,/!%35!! 4!)5,%%$! ($#)'+,! C ′ :$)/,)*!+"; ,< 4!)7

5,%- ,%0,1!%+%'= )! )./ /,%,/.23%$>$ ).<)!<.8

?!%$+,( ξ- ;42;@A,B"; 4!#+$)$/7,%1,#.+$)$/ /%$C!"+4.

L∪(V ′\C ′) ()!1"+.42;!+ "$ $B )!5!%,! <.1.&, $(+,/.23%$B )!7

#$/ ,%.0,, 12; <.1.&, $ %., $235!/ %!<.4,",/$/ /%$C!"+4!8

 !"#$%&%'& ()*)  !"#$#%&' (%! )*+ $#)#(, ! -#,./-&0/.

1/20,--!. 3!"24%,, 32, %/5 6/ 32/)3!*!6/-,+5 ! 73!7!8/

32/)7%#1*/-,+ 2/0/-,9 :%;/; vj ∈ C ⇔ ξj = 1< $#)#(# !3%,=
.#*&-!9 2/"!.8,-#>,, ?@@/"%,1-! 2#$2/0,.#;

D <$) ($ 4'&,"2,+!23%$B "2$C%$"+, <.1.& $(+,/.23%$B )!7

#$/ ,%.0,,- ($)$C1!%%'= ).<2,&%'/, ,<4!"+%'/, <.1.&./,

#$/ ,%.+$)%$B $(+,/,<.0,, , .2>$),+/./ ,= )!5!%,; (),4$7

1,+"; 4 EFG- FHI8 J.""/$+)!%%.; <1!"3 ($"+.%$4#. <.1.&, $(+,7

/.23%$B )!#$/ ,%.0,, %! ;42;!+"; !1,%"+4!%%$B 4$</$C%$B 6

"/8- %.(),/!)- EK- GI8 L' $) %., $2!! ($1=$1;A!B :$)/*2,)$4#,

M+$B ($1<.1.&, , /!+$1$4 !! )!5!%,; 1!2.!+"; %. $"%$4! 4'&,"7

2,+!23%$>$ M#"(!),/!%+.8

 !"! #$%&'()*+$ ,-$%./0&1$*(2 -$3$*(4

N*A!"+4*!+  $235$! &,"2$ <.1.& $(+,/,<.0,,- 4 #$+$)'=

%., $2!! !"+!"+4!%%'/ "($"$ $/ ()!1"+.42!%,; )!5!%,B ;42;7

!+"; 4!#+$) 0!2'= ,2, ).0,$%.23%'= &,"!2- (!)!"+.%$4#. M2!7

/!%+$4 %!#$+$)$>$ /%$C!"+4. ,2, !>$ ).< ,!%,! %. ($1/%$C!7

"+4.8 L$ /%$>,= ,< M+,= "2*&.!4 ()!1"+.42!%,! )!5!%,B ($")!17

"+4$/ 14$,&%'= >!%$+,($4 %! ,/!!+ "/'"2. , ).""/.+),4.@+";

 $2!! ($1=$1;A,! -/)1!,(-4/ ()!1"+.42!%,; " ()$"+).%"+4$/

>!%$+,($4

B = A1 ×A2 × . . .×Al,

A1, . . . , Al 6 %!#$+$)'! #$%!&%'! /%$C!"+4. ",/4$2$48

OP



 !"#$%&'$! ()!"*+,#-!'%!. # &,*+'$*+%. /$0!+ 12+3 %*($-34

5$#,'$ "-6 7$"%)$#7% )!8!'%9 5,",&% $(+%/%5,:%% # !#7-%"$4

#$/ ()$*+),'*+#! X = Rq
. 7,7 # ()%/!)! ; %5 (< =<>< ?/!*+$ "#$4

%&'$@$ ()!"*+,#-!'%6 "-6 7,0"$9 7$$)"%',+2 xi, i = 1, . . . , q,
()% A+$/ %*($-35B!+*6 C$)/,+ * (-,#,DE!9 5,(6+$9< F*(!84

'2! )!5B-3+,+2 ', $1E!"$*+B('2G +!*+$#2G ()%/!),G "!/$'4

*+)%)BD+ ,-@$)%+/2  !""#$#%&!'()%*+ ,-*(.&!! H*/<. ',()%4

/!). I>>JK. 7$+$)2! /$@B+ ),**/,+)%#,+3*6 7,7 /$"%C%7,:%% LM.

%*($-35BDE%! C$)/,+ * (-,#,DE!9 5,(6+$9 % *(!:%C%&!*7%9

$(!),+$) /B+,:%% I;=J. @"! B&%+2#,D+*6 ),5'$*+% /!0"B #!7+$4

),/% %5 +!7BE!9 ($(B-6:%%<

N,70! '!"#$%&'2! ()!"*+,#-!'%6 %*($-35BD+*6 * :!-3D

$1!*(!&!'%6 "$(B*+%/$*+% )!8!'%6 x(ξ) "-6 #*67$@$ @!'$+%4
(, ξ ∈ B< O)%/!) +,7$@$ ()!"*+,#-!'%6 )!8!'%9 "-6 5,",&%
$ ',%/!'38!/ ($7)2+%% /'$0!*+#, *$"!)0%+*6 # (< P<><

Q%)$7$! ()%/!'!'%! '!"#$%&'2! ()!"*+,#-!'%6 ',G$"6+ #

LM "-6 5,",&. @"! /'$0!*+#$ "$(B*+%/2G )!8!'%9 *$*+,#-6D+

(!)!*+,'$#7%< R,**/$+)%/ # 7,&!*+#! ()%/!), '!7$+$)2! $(!4

),+$)2 LM. ()!"-$0!''2! "-6 5,",&% 7$//%#$60!),<

OB*+3 ",' ($-'29 @),C G = (V,E) * 'B/!),:%!9 #!)8%' %
B7,5,', "-%', d(e) "-6 7,0"$@$ )!1), e ∈ E< N)!1B!+*6 ',9+%
7),+&,98%9 $1G$". +$ !*+3 :%7-. ()$G$"6E%9 ($ #*!/ #!)8%',/

@),C, % %/!DE%9 /%'%/,-3'BD "-%'B< ? ",''$/ *-B&,! #

7,&!*+#! '!"#$%&'$@$ ()!"*+,#-!'%6 "-6 $1G$", /$0!+ 12+3

#21),' :!-$&%*-!''#9 #!7+$) %5 l = |V | − 1 &%*!-. @"! ξi *$4
"!)0%+ '$/!) i4+$9 #!)8%'2 ()% $1G$"!. ',&%',6 * #!)8%'2 v1<

 !"#$%&# '#&(()*+&,"#$ ( -$(%)-*./ &%&0#$1"*)2

"/3 S,''29 $(!),+$) 12- ()!"-$0!' # ),1$+! S< L$-"1!)@, %

R< T%'@-! IP=J % 7),+7$ $1$5',&,!+*6 UVW<

  

R,**/$+)%/ "!94

*+#%! 7)$**%'@$#!), UVW ', %--D*+),+%#'$/ ()%/!)!<

OB*+3 ",'2 *-!"BDE%! )$"%+!-3*7%! @!'$+%(2 * 7$$)"%',4

+,/% *7)!E%#,'%6 χ1 = 3, χ2 = 7X

  

 ! "#$%&'()*$*  !"#$!%%& '!  () *"+,,+-("+

P=



ξ ! " # $ % & ' ( ) *+

η ! % & # " ) ( ' * $+,

-./0/1/ 23451.67896 5:;7. 9<7=.>;> ?0/98@/;> A7.58>452B

4<50>7 A7.3 4<> C85; 90>8/D896 .754<7=717..3;>E

! F F F " ) ( ' F F+

! F F F % & ' ( F F+,

G/177B =16 @/H=5A5 >I .754<7=717..3J I./07.>K 4<527<678L

96B ;5H.5 1> 2 C85K 45I>M>> 598/2>8N 4<7H.77 I./07.>7, O/L

4<>;7<B 2 47<25; >I ?@/I/..3J A7.58>452 .71NI6 598/2>8N " ./

47<25K 45I>M>>B 8,@, " ?H7 I/P>@9><52/./ 2 07827<85; A7.7B 5=L

./@5 ;5H.5 598/2>8N ./ ;7987 I./07.>6 #B $ > *, Q./15A>0.5B 25

285<5; A7.58>47 ;5H.5 598/2>8N ./ ;7987 #B * > $E

! F # $ " ) ( ' F *+

! F F # % & ' ( * $+,

O/@5.7MB 598/1N.37 I./07.>6 I/451.6D896 8/@>;> H7 45L

4/<.3;> 5:;7./;>B @/@>;> >I;7.61>9N 9<7=.>7 ?0/98@>B 851NL

@5 8747<N 5:;7. 4<5>9J5=>8 .7 ;7H=? A7.58>4/;>B / 2.?8<>

@/H=5A5 >I .>J, R </99;/8<>2/7;5; 4<>;7<7 % ;7.67896 ./ "B &

S ./ )B ' S ./ (B ( S ./ ', T/@>; 5:</I5;B <7I?1N8/8 @<599>.A527</

>;778 2>=E

ξ′ ! % # $ " ) ( ' & *+

η′ ! " ) # % & ' ( * $+,

U/@ 45@/I/1> C@947<>;7.83B @<599>.A527< VWX 45@/I32/78

J5<5Y>7 <7I?1N8/83 2 <6=7 I/=/0 9598/217.>6 </94>9/.>KB 2 85

2<7;6 @/@ =16 I/=/0> @5;;>256H7</ 1?0Y>7 <7I?1N8/83 45@/I/L

1> 547</85<3B 59.52/..37 ./ ./917=52/.>> 925K982/ 9;7H.598>

27<Y>., Z<>;7< [Q 9 >9451NI52/.>7; @<599>.A527</ VWX =16

I/=/0> ?4</217.>6 4598/2@/;> 4<5=?@M>> 4<>25=>896 2 4, $,$,

$#



 !""#$%&'# ()"*$+,*$ $-)&!%$&$. #/%!0''1 -&'#)(2)#34 .

5!6!7) *$##'.$28)&! ' 6&/9'4 5!6!7!41 96) 6$-/"%'#3#' &):);

('2#' 2.+2<%"2 -)&)"%!($.*'= >&' $-'"!('' ?%'4 $-)&!%$&$.

-$6 "+/7!@(3# .3A$&$# -$('#!)%"2 .3A$& " &!.($#)&(3#

&!"-&)6)+)(')# "&)6' .")4 .$5#$8(34 .!&'!(%$.=

 !"#$%& '()*+#

 !

"$"%$'% . $A#)() -!&3 9)($. '5 "+/;

7!@($ .3A&!((34 -$5'0'@ . 6!(($@ (! .4$6 -)&)"%!($.*)= B

%$7*' 5&)('2 +$*!+,($9$ -$'"*! 6+2 5!6!7' *$##'.$28)&!1

-&' 6)@"%.'' 6!(($9$ $-)&!%$&! .3-$+(2)%"2 :!9 . "+/7!@($

.3A&!((/< %$7*/ '5 $*&)"%($"%'  !"#$% &'() CDDE=

 !"#$%& ,-.%/#

 "

"$"%$'% . -)&)#)F)('' 9)(! '5 "+/;

7!@($ .3A&!(($@ -$5'0'' (! "+/7!@($) 7'"+$ -$5'0'@ .+).$

'+' .-&!.$= B$6)&8'#$) .")4 -&$#)8/%$7(34 9)($. -&' ?%$#

"6.'9!)%"2 (! $6(/ -$5'0'<=

 !"#$%& 0123#)*+#45 >$"+)6('@ -&'#)& $-)&!%$&! #/%!;

0'' $-&)6)+2)%"2 (!'A$+)) -&$"%$ . "+/7!) 5!6!7' *$##'.$2;

8)&! . %)&#'(!4 G)($%'-$.1 %$ )"%, $A4$6$. 9&!G! G= H $A4$6)1
5!6!(($# .4$6(3# 9)($%'-$# "+/7!@(3# $A&!5$# .3A'&!<%"2

6.! ()"#)8(34 &)A&! ' 5!#)(2<%"2 6./#2 ($.3#' &)A&!#'1 *$;

%$&3) . 6!(($# "+/7!) $-&)6)+2<%"2 $6($5(!7($= B %$7*' 5&);

('2 +$*!+,($9$ -$'"*!1 6)@"%.') 6!(($9$ $-)&!%$&! -&)6"%!.;

+2)% "$A$@ :!9 . "+/7!@($ .3A&!((/< %$7*/ '5 $*&)"%($"%'1

$-&)6)+)(($@ $%($"'%)+,($ I;5!#)(3 CDJE=

678#9+*+%* 15:5 *+,-./0 .1234,/56 3-789-/:1;<8,= 57!

/.>,< ? !@.59A.B : 7C.@.AA3= :DE9 A9F:3,GA3= C3F,43:C9 49!

E9A,= @.F.G, C355,:3;H94.I

 !

 !"#$%&'()"%* $+,-.!,/.- 0.+"&, ,-.1+"  !"#$%& '()$)*+%,

 "

 !"#$%&'()"%* $+,-.!,/.- 0.+"&, ,-.1+" -#*.) '()$)*+%,

KK



 ! "#$%#&'() *)')+#,)-.#) /0*1%#+2(

 ! "#!$%&$' "#&(')'**+' (+,' -.'/+ 0'*'%&1'-$&. !2034

#&%/3(5 $!$ "#!(&235 &-"326789%-: ( $3/;&*!<&& - *'$3%3#+/&

=(#&-%&1'-$&/& "#3<')8#!/&5 81&%+(!9>&/& -"'<&?&$8 #'4

,!'/3@ 7!)!1&A B#')& %!$&. "#3<')8# *!&;32'' 1!-%3 &-"3264

789%-: 23$!26*!: 3"%&/&7!<&:5

 !

CD!)*+'E !203#&%/+ $3##'$4

%&#3($& #','*&@ & )'$3)&#89>&' =(#&-%&$&A  &D' 3"&-+(!9%4

-: 3-*3(*+' "#&*<&"+ #!;3%+ =%&. "#3<')8#A

 !"! #$%&'()&* $+,-.-/&0-*

F!--/3%#&/ /'%3)5 -3-%3:>&@ ( "#&/'*'*&& "#3<')8#+ 234

$!26*3@ 3"%&/&7!<&& $ $!D)3/8 *3(3/8 #','*&95 "3281'**3/8

( #'7826%!%' /8%!<&& & $#3--&*03('#!A G281,'**3' %!$&/ 3;#!4

73/ #','*&' $3)&#8'%-: $!$ 0'*3%&" & )3;!(2:'%-: ( "3"82:<&9

HIA J8-%6 )2: (-:$303 =2'/'*%! y ∈ D 3"#')'2'*! *'$3%3#!: '03

 !"#$%& $%' N(y) ⊆ DA K $!1'-%(' 3$#'-%*3-%& 7!1!-%89 (+4
;&#!'%-: /*3D'-%(3 %31'$5 *!.3):>&.-: ( "#')'2!. 7!)!**303

#!--%3:*&: 3% y5 *!"#&/'#5 ( /'%#&$' L=//&*0!A
J#3<')8#! 23$!26*3@ 3"%&/&7!<&& "#')*!7*!1'*! )2: 3%+-4

$!*&: ( !)('& *  +%,-.-)5 %3 '-%6 %!$303 )3"8-%&/303 #','4

*&: y′5 ( 3$#'-%*3-%& $3%3#303 *'% #','*&@ 281,&. '03 "3 <'2'4
(3@ ?8*$<&&A F!;3%! "#3<')8#+ 23$!26*3@ 3"%&/&7!<&& -3-%34

&% ( "3-2')3(!%'26*3/ "'#'.3)' 3% #','*&: $ #','*&95 %!$&/

3;#!73/5 1%3 $!D)3' *3(3' #','*&' :(2:'%-: *!&281,&/ "3 <'4

2'(3@ ?8*$<&& ( 3$#'-%*3-%& "#')+)8>'035

 "

&2& "3 $#!@*'@

/'#' 8281,!'% "#')+)8>'' #','*&' ( -/+-2' <'2'(3@ ?8*$4

<&&A K3 /*30&. -281!:. "3&-$ "3 3$#'-%*3-%& N(y) (+"32*:4
'%-: "'#';3#3/ '' =2'/'*%3(A M30)! .3#3,&' #'7826%!%+ )!'%

8"#3>'**!: =(#&-%&$!5 ( $3%3#3@ &7 %'$8>'03 #','*&: y (+"324
*:'%-: "'#'.3) ( "'#(3' *!@)'**3' #','*&'5 8281,!9>'' 7*!4

 !

 ! " #$%&#'($) $*+,-,.&/,0) 1 &(2#$3.45($) #,+06&+760 *6,(3+$ (&8

.41&+'  ! !"#$!%&# '()*+#"* ,-.-./01 234560/7-89

 "

9 &(2#$3.45($) #,+06&+760 ,"*$#'.70+"3 +06-,( :.;/ 0-<65=0>4 -5=.:

NO



 !"#! f(y)$ ! %&'(!)"!! *&(+ !""&! ,-.#/ &01-2&/ 1!3!"#! y′

4,$!$ +5! "! +(+ 3-!/&! 6 '6&!7 &.1!',"&',#8 96(9!,'9  !"# $%

&'( !)*+(,(!($ %&)1&0"!! & /!,&)-: *&#'.- (&.-(;"&7 &*,#<

/#2-=## '/$> "-*1#/!1> 6 ?@@> @AB$

C&,#6-=#!7 )(9 #'*&(;2&6-"#9 )-""&D& /!,&)- 96(9!,'9 ,&,

E-.,>  ,& /"&5!',6& (&.-(;"F: &*,#/+/&6 '&)!15#,> 6  -',<

"&',#> # D(&0-(;"F7 &*,#/+/$ %&G,&/+ !',!',6!""& *1!)*&(-<

D-,;>  ,& &1D-"#2-=#9 *&#'.- "- /"&5!',6! (&.-(;"F: &*,#<

/+/&6 #(# 6 &.1!',"&',# G,&D& /"&5!',6- +6!(# #, 3-"'F *&<

(+ #,; D(&0-(;"F7 &*,#/+/$ H "-#0&(;3!7 ',!*!"# &*#'-""-9

G61#',#.- *&):&)#, )(9 ,!: '#,+-=#7> .&D)- 6F #'(!"#! 2"-<

 !"#9 f(y′), y′ ∈ N(y) 2"- #,!(;"& +*1&I-!,'9 *1# #26!',"&/

2"- !"## f(y)$
J-''/&,1#/ 6 .- !',6! *1#/!1- 2-)- + & /-.'#/-(;"&/ 1-2<

1!2!> 'E&1/+(#1&6-""+K 6 *$ @$L$ %+',; &.1!',"&',;K 1-21!<

2- y = {Uy, U
′
y} 96(9!,'9 /"&5!',6& 6'!: ,!: 1-21!2&6 {U,U ′}> 6

.&,&1F: U #(# U ′ &,(# -!,'9 &, Uy "! 0&(!!  !/ k 6!13#"-/#>

D)! k M .&"',-",-$ H G,&/ '(+ -! 6F #'(!"#! 6!'- & !1!)"&D&

1-21!2- #2 &.1!',"&',# &'+I!',6#/& 2- O(|V |) &*!1-=#7> 6 ,&

61!/9 .-. "!*&'1!)',6!""&! 6F #'(!"#! 6!'- 1-21!2- ,1!0+!,

O(|E|) &*!1-=#7$
N-. *&.-2-(- *1-.,#.-> 6& /"&D#: 2-)- -: &,F'.-"#! (&<

.-(;"&D& &*,#/+/- *&'(! *&',1&!"#9 .-5)&7 "&6&7 &'&0# &.-<

2F6-!,'9 '(#3.&/ ,1+)&!/.#/ # 2-/!)(9!, 1-0&,+ -(D&1#,/-$

H ,-.#: '(+ -9: (&.-(;"-9 &*,#/#2-=#9 /&5!, *1#/!"9,;'9

,&(;.& . &,)!(;"F/ &'&09/> (#0& 6/!',& ',-")-1,"&D& (&.-(;<

"&D& *&#'.-> ,1!0+KI!D& /"&D&.1-,"F: *!1!:&)&6 . +(+ 3-K<

I#/ 1!3!"#9/> )(9 .-5)&7 "&6&7 &'&0# 6F*&("9!,'9 ,&(;.&

&)#" 3-D ,-.&7 *1&=!)+1F ?LAB> ,-. "-2F6-!/-9 (&.-(;"-9 .&1<

1!.,#1&6.- 1!3!"#7$

 !

 !"#$ !%&"'(!)* %'(+,

OP



 !"! #$%&'()* %+,-./01( 2-..)20/.-32/ .)4)'/5

 !""#$ %&'() *()(+&" ,(-!,."($ (*'/%/0!1// 2&3&"/$4 "(

(',/5!&'67 '&%4 5'( - 8"(8. *(,95&""(%9 2&3&"/: 8%&6'( ,(;

-!,."($ (*'/%/0!1// *2/%&"7:' "&-('(2#$ <=!)"#$> !,?(;

2/'%@ A!- *2!8/,(4 ),7 B'(?( '2&+9&'67 *2&)6'!8/'. 0!)!59 8

8/)& ('#6-!"/7 "!+(2! /,/ 2!0%&C&"/7 B,&%&"'(8 /0 "&-('(;

2(?( 0!)!""(?( %"(=&6'8! U @  ,7 0!)!5 '!-(?( '/*! /08&6'"(
+(,.3(& 5/6,( <=!)"#D> !,?(2/'%(84 2!+('! -('(2#D "!5/"!;

&'67 6 *96'(?( %"(=&6'8! / "! -!=)($ /'&2!1// - /%&:C&%967

E8(0%(="(4 &C& "&)(*96'/%(%9F "!+(29 /,/ 2!0%&C&"/: )(+!8;

,7&'67 "(8#$ B,&%&"' 6 /6*(,.0(8!"/&% "&-('(2(?( B82/6'/5&;

6-(?( *2!8/,!@ G9C&6'89:' '!-=& <=!)"#&> !,?(2/'%#4 2!+(;

'! -('(2#D "!5/"!&'67 6 0!)!""($ 6(8(-9*"(6'/ B,&%&"'(84 / "!

-!=)($ /'&2!1// /0 /%&:C&?(67 "!+(2! /6-,:5!&'67 B,&%&"' 6

"!/%&".3&$ <1&""(6'.:>@

 ,7 -(22&-'/2(8-/ ?&"('/*! ξ4 *(,95&""(?( "! 8#D()& (*&;
2!'(2(8 %9'!1// / -2(66/"?(8&2!4 - "!+(29 B,&%&"'(8 J(ξ)4 6(;
('8&'6'89:C/D ξ4 *2/%&"7&'67 <=!)"#$> !,?(2/'%@ H "&-('(;
2#D 6,95!7D 8 <=!)"(%> !,?(2/'%& 1&,&6((+2!0"( /6*(,.0(;

8!'. '(,.-( B,&%&"'# /0 J(ξ) E6%@4 "!*2/%&24 IJKF@ H )29?/D

6,95!7D ILMK 8 *2(1&66& 2!+('# <=!)"(?(> !,?(2/'%! 8 %"(=&;

6'8( J(ξ) )(+!8,7:'67 B,&%&"'# /0 U\J(ξ)@
H -!5&6'8& *2/%&2! 2!66%('2/% ()/" /0 <=!)"#D> !,?(2/';

%(8 -(22&-'/2(8-/ 2&3&"/$4 /6*(,.0(8!""#$ 8 NO ),7 0!)!5/ (

"!/%&".3&% *(-2#'// %"(=&6'8! IJK@  !""!7 0!)!5! /%&&' 6,&;

)9:C9: P(2%9,/2(8-9@ Q96'. )!"# %"(=&6'8( M = {1, ...,m}
/ "!+(2 &?( *()%"(=&6'8 Mj ⊆ M 4 ?)& j ∈ U = {1, ..., n}@ Q();
%"(=&6'8( J ⊆ U "!0#8!&'67  !"#$%&'( M 4 &6,/

⋃

j∈J

Mj = M @

A!=)(%9 Mj *2/*/6!"! 6'(/%(6'. E/,/ 8&6F cj > 04 cj ∈ lR@

R2&+9&'67 "!$'/ *(-2#'/& %/"/%!,."($ 69%%!2"($ 6'(/%(6'/@

S!66%!'2/8!&%#$ ?&"&'/5&6-/$ !,?(2/'% (6"(8!" "! "&)8(;

/5"(% *2&)6'!8,&"// 2&3&"/$4 +,!?()!27 -('(2(%9 (+&6*&5/;

8!&'67 )(*96'/%(6'. P&"('/*! *2/ ,:+(% ?&"('/*&@ T+(0"!5/%

UJ



 !"!# Ui $%&'!()*& +%,!-(&* .&,$%&'!()* Mj / .&-"0*123+4

56!$!%) i ∈ M / )7!7 Ui = {j : i ∈ Mj}7 8 ,1%%&$ 9: ;!%&)+. ξ
(&()&+) +#m ;!%&* ξ1, ξ2, ..., ξm/ ."+ !$ ξi ∈ Ui, ;,! i = 1, 2, ...,m/

)7!7 -1',0< ;!% -&,+"=!) &,%& +# $%&'!()*/ .&-"0*123+4 (&>

&)*!)()*=23+< 56!$!%)7 9!%&)+.= ξ (&.&()1*6?!)(? .&-"0)+!

@A!%&)+.B J(ξ)/ (&,!"'13!! %&$!"1 *(!4 )!4 .&-"0*123+4 .&,>
$%&'!()*/ -&)&"0! #1-&,+"&*1%0 4&)? C0 * &,%&$ +# ;!%&* ξ7

8 -1 !()*! &.!"1)&"1 "!-&$C+%1D++ $&'!) +(.&6E#&*1)E(?/

%1."+$!"/ "1*%&$!"%0< -"&((+%;&*!"7 F"+ $=)1D++ * (6= 1<%&

*0C"1%%&$ .&,$%&'!()*! ;!%&* *0.&6%?!)(? #1$!%1 +4 #%1 !>

%+< %!-&)&"0$ (6= 1<%0$ &C"1#&$7 G6? 5AA!-)+*%&< "1C&)0

,1%%&;& 9: D!6!(&&C"1#%& ."+$!%+)E &.!"1)&" -&""!-)+"&*-+

"!H!%+</ +(-62 123+< +# ;!%&)+.1 ξ/ .&6= !%%&;& * "!#=6E>

)1)! -"&((+%;&*!"1 + $=)1D++/ %!-&)&"0! I6+H%+!J .&,$%&'!>

()*1 Mj 7 K 5)&< D!6E2 * 9: LMN +(.&6E#=2)(? )"+ I'1,%0!J

5*"+()+-+/ -1',1? +# -&)&"04 %14&,+) %!-&)&"&! ."+C6+'!%>

%&! "!H!%+! .&,#1,1 + %1+$!%EH!;& .&-"0)+? $%&'!()*1 M
.&("!,()*&$ .&,$%&'!()* ( %&$!"1$+ +# J(ξ)7 O1(($&)"+$ &,>

%= +# 5)+4 5*"+()+-7

G1%%1? 5*"+()+-1 &C&#%1 1!)(? PQRS/ **+,= )&;&  )& "!#=6E>

)1)&$ !! "1C&)0 ?*6?!)(? 6!-(+-&;"1A+ !(-+ $+%+$16E%&! +#

.&-"0)+</ (&,!"'13+4(? * .&,$%&'!()*! J(ξ)7 PQRS %1 +%1!)

"1C&)= ( ,1%%&;& %1 *4&, .&-"0)+? J(ξ)/ +/ ."&($1)"+*1? !;&

56!$!%)0 * .&"?,-! *&#"1()1%+? %&$!"&*/ +(-62 1!) )! +# %+4/

=,16!%+! -&)&"04 %! %1"=H1!) ,&.=()+$&()+ "!H!%+?7 F"!,.&>

61;1!)(?/  )& +#%1 16E%& 56!$!%)0 $%&'!()*1 U =.&"?,& !%0

.& %!*&#"1()1%+2 +4 ()&+$&()+7

 !"#$%&' ()*+

,- F&6&'+)E J := J(ξ)7
.- G6? *(!4 j +# J * .&"?,-! *&#"1()1%+? +%,!-(&* *0.&6%?)ET

.-.- U(6+ J\{j} > .&-"0)+!/ )& .&6&'+)E J := J\{j}7
/- G6? *(!4 i ∈ M * "!#=6E)+"=23!$ ;!%&)+.! η .&6&'+)E

ηi := j/ ;,! j ∈ Ui ∩ J 7
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 ! "!#$ % &'$() (*+,-*(. #$/,*-0 0,*,12!3 2,'-+456-7 0,8

94:$//,$ 0,2+;*-$< =,(9$ 0+-1$/$/-. 0+,>$'4+ 9,2!9)/,7 2,+8

+$2*-+,?2- +$"$/-. 0,94:$//;7 #$/,*-0 ',@!?9.$*(. ? 0,048

9.>-5< A!//;7 0,'B,' 0+-/.*, /!&;?!*)  !"!#$%&%' (&% )*+,

-'<

 !

C*1$*-13 :*, ? /$2,*,+;B +$!9-&!>-.B #$/$*-:$(2-B !9#,8

+-*1,? ( 9,2!9)/,7 ,0*-1-&!>-$7 +$"$/-7 -9- ( -(0,9)&,?!/-8

$1 DE!'/;BF G?+-(*-2 2,++$2*-+,?2- ,2!&;?!$*(. @,9$$ ?;#,'8

/, ',@!?9.*) ? 0,049.>-5 -(B,'/;7 #$/,*-03 0,94:$//;7 (+!&4

0,(9$ +$2,1@-/!>-- - 14*!>--3 ?1$(*, (2,++$2*-+,?!//,#, +$8

"$/-. HIJK< L 2!:$(*?$ &/!:$/-. 0+-(0,(,@9$//,(*- '9. *!2,#,

#$/,*-0! 0+-/-1!$*(. 0+-(0,(,@9$//,(*) ,(,@-3 0,94:$//,7 ?

+$&49)*!*$ 2,++$2*-+,?2-< L G*,1 (94:!$ #,?,+.*3 :*, ? MN +$8

!9-&,?!/! .! /&+0%&! (&% )*+1<

 "

O!2 0+!?-9,3 /! /!:!9)/,1

G*!0$ *!2,7 MN &!*+!:-?!$* @,9)"$$ :-(9, -*$+!>-7 :$1 0+- 9!8

1!+2,?,7 G?,95>-- '9. 0,94:$/-. +$"$/-7 *,#, E$ 2!:$(*?!3

,'/!2,3 0+- ',(*!*,:/, @,9)",1 ?+$1$/- +!@,*; @!9'?-/,?!

G?,95>-. 1,E$* -1$*) 0+$-146$(*?,< P!9'?-/,?4 G?,95>-5

1,E/, *!2E$ +!((1!*+-?!*) 2!2 :!(*/;7 (94:!7 MN ( '$2,'-8

+456$7 G?+-(*-2,7 Q(1< 0< %<%R<

 !

 ! "#$#%&'&()*+ ,-./-0,1-! 2*-)3,!-,(*45,/ !(6&-7 (&81,1&4.9

0:+ & -/ -&;!<:5,/ *=!.(/>?/-,: !0?&>/1&4.+ , @., 2*-)3,!-&?A-!9

'!(2!?!6,B/0),/ ,8'/-/-,: =/(/<&4.0: =! -&0?/<0.1*# C&)!-7 %&'&()&

>7?, !=(!1/(6-*.7 !.)(7.,:', 6/-/.,), 1 -&B&?/ DE 1#

 "

FG# $&?<1,- =(/<?!G,? '/;&-,8'+ 0!6?&0-! )!.!(!'* =/(1!-&B&?A-!

=(,!>(/./--7/ -&17), !(6&-,8'!1 '!6*. 1 <&?A-/HI/' 0.&.A -&0?/<*/'79

',# J& =/(1!' @.&=/ !(6&-,8'7 K>?&6!<&(: 0!!.1/.0.1*45,' '*.&3,:'L

=!?*B&4. 01!H0.1! !>*B,.A0: -/)!.!(!'* =!?/8-!'* -&17)*#  (,0=!0!>9

?/--!0.A .&),; !(6&-,8'!1 *1/?,B,1&/.0: , !-, (&0=(!0.(&-:4.0: =! =!9

=*?:3,,# J& 1.!(!' @.&=/ =(,!>(/./--7H =!?/8-7H -&17) '!G/. >7.A M=!9

1.!(-! ,8!>(/./-N 6/-/.,B/0)!H @1!?43,/H+ 1 (/8*?A.&./ B/6! !- 8&=,071&9

/.0: -/=!0(/<0.1/--! 1 6/-!' , 0.&-!1,.0: -&0?/<*/'7'#
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 ! ! "#$%&'()*+'# ,-('./'$'

 !" #$%&'( )*+*, +'-./01$%2 %31'#')*4'' '#001-" 5%)#%67

$%-18 +0.%#3%)'4'' '-(%+$%2 )*+*,' $* /"+ 9%!00 3/%-1:( 3%+7

)*+*,; 3/',0# 3%!<,*=>'0-" 3%+)*+*,' %.*):5*=1-" %+$%1'37

$:#' 3% -5%02 3%-1*$%5.0 ' #%&<1 9:18 ?@@0.1'5$% /0A0$:

1%,$% '!' 3/'9!'60$$%B C ,'-!< )*+*, /*--#*1/'5*0#%&% .!*-7

-* %1$%-"1-" 1*.'0; &+0 1/09<01-" $*21' %31'#*!8$:2 $*9%/ '!'

/*)#0>0$'0 ?!0#0$1%5 ') $0.%1%/%&% )*+*$$%&% #$%60-15*; )*7

+*,' -%-1*5!0$'" /*-3'-*$'2; #*/A/<1')*4'' 30/05%)%. ' +/B

C*. 3/*5'!%; /0A0$'0 3%+)*+*, #%601 9:18 %-<>0-15!0$% - 3%7

#%>8= %+$%&% '!' $0-.%!8.'( *!810/$*1'5$:( D6*+$:(E ?57

/'-1',0-.'( 3/*5'!; 5 /0)<!81*10 ,0&% . '#0=>0#<-" F5%)#%67

$%; 0>0 $0+%3<-1'#%#<G ,*-1',$%#< /0A0$'= +%9*5!"01-" %+'$

'!' 9%!00 $%5:( ?!0#0$1%5B H/' ?1%# 3/0+A0-15<=>'0 3%+)*7

+*,' #%&<1 +*5*18 /0)<!81*1:; )*1/<+$"=>'0 '!' <3/%>*=>'0

/0A0$'0 3%-!0+<=>'(B  *60 %31'#*!8$:0 /0A0$'" %1+0!8$:(

3%+)*+*, )*,*-1<= %.*):5*=1-" $0 /*4'%$*!8$:#' - 1%,.' )/07

$'" '-(%+$%2 )*+*,' 5 40!%#B

I<>0-150$$%0 3%5:A0$'0 1%,$%-1' %.%$,*10!8$%&% /0A0$'"

#%601 9:18 +%-1'&$<1% )* -,01 3%+9%/* 3%-!0+%5*10!8$%-1' ?57

/'-1'.; 3/'#0$"0#:( +!" /0A0$'" 3%+)*+*, '!' )* -,01 5:9%7

/* 3%/"+.* %9/*9%1.' ?!0#0$1%5 /0A0$'"B  !" 3%'-.* $*'9%!00

3%+(%+">0&% <3%/"+%,'5*$'" #%601 9:18 '-3%!8)%5*$ &0$01'7

,0-.'2 *!&%/'1#; &+0 &0$%1'3 -%+0/6'1 '$@%/#*4'= % 3%-!0+%7

5*10!8$%-1' 3/'#0$0$'" ?5/'-1'. '!' %9/*9%1.' ?!0#0$1%5 /07

A0$'"B J*.'# %9/*)%#; D6*+$:0E ?5/'-1'.' %-<>0-15!"=1 +07

.%+'/%5*$'0 '$@%/#*4''; )*3'-*$$%2 5 &0$%1'30B  *$$:2 3%+7

(%+ 9:!; 5 ,*-1$%-1'; <-30A$% 3/'#0$0$ . )*+*,*# -%-1*5!0$'"

/*-3'-*$'2; +5<#0/$%2 <3*.%5.'; /*-3/0+0!0$'" )*+*$'2 3% !%7

.*!8$%2 5:,'-!'10!8$%2 -01' KLMNB

O .*,0-150 3/'#0/* /*--#%1/'# &'9/'+$:2 *!&%/'1#; %-$%7

5*$$:2 $* PQ ' D6*+$%2E ?5/'-1'.0 +!"  !"!#$ %&'!()*+$, &-.

/0!(1!2$ &'-"%13$$; 3/0+-1*5!"=>02 -%9%2 %9%9>0$'0 .!*--'7

,0-.%2 1/*$-3%/1$%2 )*+*,'B
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 !"#$ %&'()*"#+& ,&"#-+.(%&+ /-+0& k1 - %&'()*"#+& ,&#/*2
3(#*'*4 5 m6 73&80-)(9 )*/*8Mi 9-%"(9-'$0:4 &3;*9 ,/&<!%2

=((1 %&#&/:4 ",&"&3*0 ,/*<&"#-+(#$ ,&"#-+.(% i, i = 1, ..., k1 Aj

5 &3;*9 ,/&<!%=((1 0*&3>&<(9:4 ,&#/*3(#*'? j, j = 1, ...,m6
@/&9* #&A&1 *"'( &"!.*"#+'B*#"B 0*%&#&/-B ,&"#-+%- &# ,&"#-+2

.(%- i ,&#/*3(#*'? j1 #& &0- 0* 9&C*# 3:#$ 9*0$D* 8-<-00&A&
80-)*0(B mij 6 E&<*'$ )-"#()0& =*'&)("'*00&A& '(0*40&A& ,/&2

A/-99(/&+-0(B <'B F#&4 8-<-)( +:A'B<(# "'*<!?.(9 &3/-8&9G

F (z, x) =
k

∑

i=1

m
∑

j=1

(aijzij + cijxij) → min HIJK

m
∑

j=1

xij ≤ Mi, i = 1, . . . , k, HILK

k
∑

i=1

xij = Aj , j = 1, . . . ,m, HIMK

zij ∈ {0, 1}, i = 1, . . . , k, j = 1, . . . ,m, HINK

mijzij ≤ xij ≤ Mizij , i = 1, . . . , k, j = 1, . . . ,m. HIOK

P!'*+: ,*/*9*00:* zij !%-8:+-?# 0- 0-'()(* ('( &#"!#"#+(*
,&"#-+%( &# ,&"#-+.(%- i ,&#/*3(#*'? j1 - +*.*"#+*00:* ,*/*2
9*00:* xij &3&80-)-?# ** &3;*96

Q ,&9&.$? ,&'(0&9(-'$0&4 "+&<(9&"#( &# RS2,&'0&4 8-<-2

)( TUVPWXYWX ZL[ 0*#/!<0& ,&%-8-#$1 )#& 8-<-)- ,&("%- <&2

,!"#(9&A& /*D*0(B <'B "("#*9: HILK2HIOK B+'B*#"B RS2#/!<0&4

<-C* ,/(m = 16 \ "'!)-*1 %&A<- +"*mij /-+0: 0!'?1 /-""9-#/(2

+-*9-B 8-<-)- B+'B*#"B >&/&D& (8+*"#0&4 #/-0",&/#0&4 8-<-)*4

" ](%"(/&+-00:9( <&,'-#-9( Z^[6

T-""9&#/(9 A*0*#()*"%(4 -'A&/(#9 _`abc1 &"0&+-00:4 0-

(<** ,&"'*<&+-#*'$0&A& /*D*0(B 8-<-)( !,/-+'*0(B ,&"#-+%-2

9( <'B %-C<&A& ,&#/*3(#*'B + &#<*'$0&"#(6 \ -'A&/(#9* <*%&2

<(/&+-0(B ,&#/*3(#*'( /-""9-#/(+-?#"B ,&&)*/*<0& ( %-C<&2

9! (8 0(> 0-80-)-?#"B ,&"#-+%( (8 &"#-+D*A&"B ! ,&"#-+.(%&+
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 !"#$% &' ()*+,,- . &' +#//# '%! 01 23  /)4#/0567#0/7 & ,/*

8%,6)9:#; & '7(*% &' /$ 0'% & 0'#!,0#6#<- =%* *%* '%//$%0>

',5%#0/7 ?%(%9% $,8,$,?%+,,@ 0 5 *%9#/05# A)8*+,, &',/& >

/ !6#88 /0, $ B8 &',870C@ 8%&',$#'@ 5#6,9,8) 1/F (z, x) &',
)/6 5,, F (z, x) > 0- D)/0C & '7( * ?%(%#0/7 / & $ 4CE &#'#>

/0%8 5*, ,8(#*/ 5 & 0'#!,0#6#< σ = (j1, ..., jm)- = ;(% '#:#8,#

$ B#0 !10C & /0' #8 & ;#8 0,&) ξ = σ@ ,/& 6C?)7 /6#()E4)E

&' +#()')F
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 !"#$%&#'()%!*σ+
 !" k := 1 #$ m %&'$!(")*+

,- ,-./)* 01#123 #!" $#($4$ '$)5-6/)-!" jk7
)8-8 '$!32/)* %-9)$5 xijk , i = 1, ..., k.

.- :-5-;2/)1)* $6<-=& '5$#39>//+ Mi := Mi − xijk 8

?1#121 ; $#(/= '$)5-6/)-!-= '5/6!/@-(($ 5-.1-);" ;

'$=$A*B C@1#($4$D 1!4$5/)=17 ;E-=1 9$)$5$4$ 63#-) '5/%-#-F

(1 (/@-8 :$!32-(($- 5-.-(/- =$@-) $9101)*;" (-#$'3;)/=&=

G % H)$= ;!321- -=3 (10(121-);" .)51I8

J(1!$4/2(1" 01#121 '$/;91 (1/!32.-K '-5-;)1($%9/ %$0(/F

91-) '5/ 5-.-(// 01#12/ 9$==/%$"@-518  !" 01#12/ 9$==/%$F

"@-51 /0%-;)($ =($@-;)%$ 3;'-.(&E 5-1!/01>/K 4-(-)/2-;9$4$

1!4$5/)=17 / 1!4$5/)= LMNOP =$@($ 51;;=1)5/%1)* 919 1#1'F

)1>/B $#($4$ /0 (/E #!" 01#12/ 3'51%!-(/" '$;)1%91=/8 LMNOP

6&! 5-1!/0$%1( ; /;'$!*0$%1(/-= )35(/5($K ;-!-9>// / ;)1>/$F

(15($K ;E-=& 3'51%!-(/" '$'3!">/-K8 Q 912-;)%- =3)1>// 6&!

%&651( $'-51)$5 $6=-(17 % 912-;)%- 95$;;/(4$%-51 G $'-51)$5

RST U;=8 '8 V8WX8

Y'/.-= 1!4$5/)= 5-.-(/" 01#12/ ; $#(/= '$)5-6/F

)-!-=7 )8-8 % ;!321- m = 18 Y6$0(12/= #!" 951)9$;)/

A = A1, ci = ci1, ai = ai1, mi = mi1, xi = xi18

/($)01 (23#&%45 $26 7289(6 m = 1:
:$91 A > 0 / {i | Mi ≥ mi} 6= ∅7 %&'$!(")*+
,- Si := min{max{A,mi},Mi} #!" 1 ≤ i ≤ k7 )19/E 2)$ Mi ≥ mi8

.- Q&651)* 1 ≤ i ≤ k7 #!" 9$)$5$4$ Mi ≥ mi / %-!/2/(1

(ai + ciSi)/Si =/(/=1!*(18

;- :$!$@/)* xi := Si, A := A− xi, Mi := Mi − xi8

Z1 91@#$K /)-51>// @1#($4$ 1!4$5/)=1 #$61%!"-);" (1/F

6$!-- #-.-%1" '$;)1%91 % $)($;/)-!*($= %&51@-(// 01 -#/(/F

>3 '5$#39>//8 :$;!- 01%-5.-(/" 516$)& @1#($4$ 1!4$5/)=1

'5/=-("B);" '5$;)-K./- '5$>-#35& 3#1!-(/" /0!/.(-4$ $6<F
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 !" #$%&'()**+ (%,%$-. !%/ , #%01*,230 4" 35 , %6$"7*5 7*0

xi ≥ mi #$* xi > 08 93:* / #% 4"1 $; 7** /"&7%6% ":6%$*,!"

%("/ ,30+ 5,% A 6= 0+ ,% #%:'5 77% $ ; 7* 01:0 ,30 7 &%<

#'3,*!-!+ * 3%%,1 ,3,1'=> !' 6 7%,*#'+ 1 ("5 3,1 47"5 7*0

?'7()** #$*3#%3%@: 77%3,*+ 7"47"5" ,30 1 :*5*7" α/|A|+ 6& 

α &%3,",%57% !":% A;,$"?7%. (%B??*)* 7,C8 D"! ,*!+ 5,% 7 

("/&% $ ; 7* 4"&"5* AEFCGAEHC !%/ , @-,2 #%:'5 7% 3 #%!%<

>2= #%&I%&0> . # $ 3,"7%1(* σ8
J(3# $*! 7,":27- *33: &%1"7*0 ":6%$*,!" KLMNO #%("4"<

:*+ 5,% *3#%:24%1"7* 3# )*":*4*$%1"77%6% & (%& $" &" , 47"<

5*, :27% #$ *!'> 3,1% ("( #% 1$ ! 7*+ ,"( * #% ("5 3,1' $ <

; 7*. 1 3$"17 7** 3 7 #%3$ &3,1 77-! #$*! 7 7* ! &1%*57%6%

#$ &3,"1: 7*0 1 4"&"5 '#$"1: 7*0 #%3,"1("!* PQR8

 !"! #$%$&'($)*'$ +,-./'&%0

S ! ,*5 3(*. ":6%$*,! #$ &3,"1:0 , 3%@%. 6*@$*&*4")*= ! <

,%&" #%*3(" 7" %37%1 B1%:=)*%77%6% ":6%$*,!"+ ,"(%6% ("( 6 <

7 ,*5 3(*. ":6%$*,!+ * %&7%6% *:* 7 3(%:2(*I ! ,%&%1 :%(":2<

7%6% #%*3(" *T*:* & (%&*$'=>*I B1$*3,*( A3!8+ 7"#$*! $+ PQURC8

S ! ,*5 3(* ":6%$*,!- 01:0=,30 7"*@%:  *41 3,7-!* #$ &<

3,"1*, :0!* ! ,%&%1 *4 %@:"3,* ! ! ,*5 3(*I 1-5*3: 7*. PQVR+

(%,%$- 1%47*(:* @:"6%&"$0 (%!@*7")** ! ,%&%1 *4 7 3(%:2<

(*I %,$"3: . *7?%$!",*(* AB1%:=)*%77- 1-5*3: 7*0+ !7%6%<

($*, $*":27"0 %#,*!*4")*0+ !";*77% %@'5 7* + #$*@:*/ 7<

7- ":6%$*,!- * &$8C+ " ,"(/ # $ 7%3" ! ,%&%1 *4 &$'6*I 7"<

'(+ ,"(*I ("( @*%:%6*0+ 3%)*%:%6*0 * ?*4*("8 W%(":27-. #%*3(

!%/ , *3#%:24%1",230 7" $"47-I B,"#"I ! ! ,*5 3(%6% ":6%$*,<

!"X 7" B,"# *7*)*":*4")**+ #%3,%@$"@%,(*+ *:* 5 $ &%1",230 3

#$%) &'$"!* B1%:=)*%77-I ":6%$*,!%18

Y%%$&*7")*0 (%!#%7 7,%1 ! ! ,*5 3(*I ":6%$*,!%1 5"3,%

%3'> 3,1:0 ,30 3 #%!%>2= "&"#,*17-I #$"1*: * ! ,%&%1 !"<

;*77%6% %@'5 7*0+ '5*,-1"=>*I #$*3#%3%@: 77%3,2 %3%@ . *

$"33,%07* ! /&' 7*!* PQV+ QFR8
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 !"! #$%&'( )*+,*-&'( ./)$,*01'

 !"#$ %$!$&'()$**+, -+.$ (,$# /'0!'1'234'' /$*$5'&$6

(7', 3)/"!'5#"- ( 1!8/'#' %!'0)'9$**+#' #$5"13#': *$"06

,"1'#" "5#$5'5; 0");."$ %!375'&$(7"$ 2*3&$*'$ 7"#0'*34''

<5', 3)/"!'5#"- ( 537'#' 5"&*+#' #$5"13#': 737 #$5"1 -$56

-$= ' /!3*'4: %$!$0"! L67)3(("- ' 1$7"#%"2'4'> ?$*1$!(3 @(#A:
*3%!'#$!: BC: D: EF: EG: CHIJA

K3((#"5!'# 1)> %!'#$!3 7"#0'*34'L MN ' 5"&*"/" 3)/"!'56

#3 -$5-$= ' /!3*'4 O<*1 ' P"=/ BEGI 1)> 2313&' 4$)"&'()$**"/"

)'*$=*"/" %!"/!3##'!"-3*'> *3 #37('#8# @QJR@EFJ '2 %A EACA

S3#$5'#: &5" %!"4$(($ !30"5+ 3)/"!'5#3 -$5-$= ' /!3*'4 %!"6

'(,"1'5 85"&*$*'$  !"# $%: 5" $(5; "4$*7' (*'28 1)> "%5'#3);6

*"/" 2*3&$*'> 4$)$-"= T8*74'': %!'&$# 8-$)'&$*'$ 5"&*"(5'

<5"= "4$*7' (%"("0(5-8$5 8(7"!$*'L 3)/"!'5#3A

K30"53 /'0!'1*"/" 3)/"!'5#3 *3&'*3$5(> ( %")8&$*'> -$!,6

*$= "4$*7' U 1)> "%5'#3);*"/" 2*3&$*'> 4$)$-"= T8*74'' !$6

.$*'$# OU6!$)37(34'' '(,"1*"= 2313&'A P3)$$: -+%")*>$5(>

%"'(7 %!'0)'9$**"/" !$.$*'> ( %"#"V;L MNA W()' *3 *$7"5"6

!"= '5$!34'' t - MN -+%")*'5(> !3-$*(5-" U = f(x(ξ̃t)): <5"
"2*3&3$5 "%5'#3);*"(5; *3=1$**"/" !$.$*'> ' !30"53 /'0!'16

*"/" 3)/"!'5#3 23-$!.3$5(>A X %!"5'-*"# ()8&3$ MN %!"1")6

93$5 (-"L !30"58 1" (!3035+-3*'> 1!8/"/" 7!'5$!'> "(53*"-6

7': *3%!'#$!: 1"(5'9$*'> *$7"5"!"/" 2313**"/" &'()3 '5$!34'=

')' "/!3*'&$*'> %" -!$#$*' (&$53A

U"()$ 23-$!.$*'> %$!-"/" <53%3 *3&'*3$5 !30"58 5"&*+= 3)6

/"!'5# -$5-$= ' /!3*'4A U!' <5"#: $()' - MN *3=1$*" *$7"5"6

!"$ 1"%8(5'#"$ !$.$*'$ x(ξ̃tmax): 5" -$)'&'*3 ρ = f(x(ξ̃tmax))
'(%");28$5(> - 73&$(5-$ !$7"!13A X ()8&3$ 4$)"&'()$**+,

7"<TT'4'$*5"- 4$)$-"= T8*74'' c1, ..., cq #"9*" %")"9'5;

ρ = f(x(ξ̃tmax)) + 1A K$28);535"# !30"5+ /'0!'1*"/" 3)/"!'56

#3 >-)>$5(> "%5'#3);*"$ !$.$*'$A

N*3)"/'&*+= %"1,"1 #"9$5 %!'#$*>5;(> 1)> /'0!'1'234''

MN ( #$5"13#' %$!$0"!3 L67)3(("- BD: CHI ' 1$7"#%"2'4'' ?$*6
1$!(3 BEFIA U!' <5"# !30"53 MN ' 5"&*"/" 3)/"!'5#3 #"9$5 "(86
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 !"#$%&#'"& ()*)%%!%'+,- " ,./!+,/ +)0%1230/0 +)45!++6/0

*!3!+0&/0 789:; <620"%0#!%'+6! =>"(!*0/!+#6 " ?0.*05+6/0

)%?,*0#/)/0 ,(0")++,?, #0() (,>)@)%0- 2#, (*0/!+!+0! AB $
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