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Abstract

This paper proposes quantum-accelerated optimal recombination
operators (optimized crossovers) to be used in genetic algorithms
for the traveling salesman problem (TSP) and makespan minimiza-
tion on a single machine with setup times. For the symmetric TSP
with adjacency-based encoding, the Optimal Recombination Prob-
lem (ORP) reduces to a TSP on a graph with maximum vertex degree
4 and a set of forced edges. Applying the quantum speedup result of
Moylett, Linden, and Montanaro (2017), we obtain a bounded-error
quantum crossover algorithm. In the case of asymmetric TSP (ATSP)
with adjacency-based encoding, the ORP reduces to the ATSP on
qubic graphs, so a modification of the quantum algorithm from
Moylett, Linden, and Montanaro (2017) yields a bounded-error op-
timized crossover. Both quantum crossovers for the TSP and ATSP
have time complexity bounds, smaller by exponential factors (in
the number of vertices), compared to previously known optimized
crossovers for these problems. For makespan minimization on a
single machine with position-based encoding, the ORP reduces to a
quadratic unconstrained binary optimization (QUBO) formulation,
enabling solution by quantum annealers. The QUBO has at most
L k/2] binary variables and, for almost all problem instances, only
O(log k) binary variables, where k is the number of jobs.
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1 Introduction

The performance of genetic algorithms (GAs) depends critically on
the crossover operator. The Optimal Recombination Problem (ORP)
formalizes finding the best possible offspring given two feasible
parent solutions: the offspring must include every feature shared
by both parents and exclude features absent in both [1, 18]. For
some well-known combinatorial optimization problems the ORP
is polynomially solvable, but for many other problems the ORP
itself is NP-hard [10]. Computational experiments indicate that the
GAs with optimized crossover, which solves the ORP exactly [9]
or partition crossover operators [2] which solve it approximately,
can be significantly faster than the GAs with standard randomized
crossover operators.

Recent advances in quantum computing provide new tools for
structured NP-hard problems. Quantum walk-based algorithms
yield provable speedups for known backtracking algorithms [3, 13,
14], while quantum annealers [11] can minimize Quadratic Uncon-
strained Binary Optimization (QUBO) objectives arising naturally
from some mathematical programming models. In this paper we ap-
ply these two approaches to design quantum-accelerated crossover
operators. The main results are the following.

(1) TSP under adjacency-based representation. The ORP
reduces to the TSP with vertex degree at most 4 and forced
edges. Application of the quantum algorithm of Moylett et
al. [14] yields a bounded-error algorithm for this ORP with
time complexity 1.301" up to a polynomial factor in the
problem input size.

(2) ATSP under adjacency-based representation. The ORP
reduces to the ATSP with vertex degree at most 3 and forced
edges. Modification of a quantum algorithm from Moylett
et al. [14] yields a bounded-error algorithm for this ORP
with time complexity 1.233" up to a polynomial factor in the
problem input size.

(3) Makespan minimization with position-based represen-
tation. The ORP reduces to a compact QUBO, amenable to
quantum annealing.

Section 2 covers the Adjacency-Based approach, Section 3 ad-
dresses Optimal Recombination with Position-Based Representa-
tion, and Section 4 concludes.
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2 Optimal Recombination with
Adjacency-Based Representation

2.1 ORP for the TSP

Consider a symmetric complete graph G = (V, E) with |V| = n ver-
tices and edge weights c;; > 0. In the adjacency-based (permutation
matrix) encoding, each Hamiltonian cycle is uniquely represented
by its edge set. Given two parent tours with edge sets E; and Es,
the ORP seeks a shortest Hamiltonian cycle using only edges from
E; U E; while containing all edges in F = E; N Ej:

min Y,y Ce Xe
s.t. x defines a Hamiltonian cycle on V,
Xe=1Ve€eF, x.€{0,1} YeeU\F,
where U = E; U E,. This problem is strongly NP-hard [10].

2.2 Reduction to a Degree-4 TSP with Forced
Edges
In a TSP on graph (digraph) with bounded vertex degree, arbitrary
positive edge (arc) weights and a given set of forced edges (arcs),
it is required to find a shortest Hamiltonian cycle (circuit) in the
given graph (digraph) that passes all forced edges (arcs).
We apply the construction from [7] (Subsection 3.2, Symmetric
Case). Construct the auxiliary graph G’ = (V’, E’) as follows.
(1) Remove all edges of E \ (E; U E).
(2) Contract every maximal path P,, whose edges all lie in F =
E;NE; into a single forced edge {u, v} of the same total length.
Let F’ denote the resulting set of forced edges in G’. Since each
parent tour contributes exactly two edges incident to each vertex,
every vertex of G’ has degree at most 4, and |V’| < n.
An optimal solution to the TSP on G’ with forced edge set F’,
after expanding each forced edge back into the corresponding path,
yields an optimal solution to the ORP on G.

2.3 Applying the Quantum Algorithm

Let us use the notation O*(c") instead of O(n%c") for any a > 0,
¢ > 1, which allows to omit polynomial factors in n. Let us say
that an algorithm for a TSP on graph fails, if either it does not
find a Hamiltonian cycle when one exists or returns a non-optimal
solution. Following [14], we call an algorithm that fails with a
probability at most 1/3 a bounded-error algorithm.

Applying the quantum speedup method from [13] to the back-
tracking algorithm of Xiao and Nagamochi [17], Moylett, Linden,
and Montanaro [14] proved the following.

THEOREM 1 (MOYLETT ET AL., THEOREM 5). There is a bounded-
error quantum algorithm that solves the TSP on any n-vertex graph
of maximum degree 4 with integer edge costs bounded by L in time
0*(1.301" log L loglog L1og(1/6)).

In fact it is easy to note in the proof of Theorem 5 in [14] that
the claim of this theorem is valid for any constant failure prob-
ability A € (0,1) (not only A = 1/3 as the above definition of a
bounded-error algorithm implies). Besides that, this theorem also
holds for the TSP with forced edges because Theorem 5 in [14] is
based on the recursive algorithm which receives a TSP instance
with a set of forced edges in each recursive call. Application of
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Theorem 1 with these extensions and the set of fixed edges F’
gives:

THEOREM 2. Let the edge costs in n-vertex complete graph G be in-
tegers from [0, L], then the ORP for the symmetric TSP with adjacency-
based representation is solvable by a quantum algorithm in time

0"(1.301" log Lloglog L)
with failure probability at most A for any constant A € (0, 1).

Theorem 3 is an improvement in terms of the running time
over the optimized crossover operator [7], which solves this ORP
in O(1.89") time via the bounded error algorithm from [6]. The
probabilistic performance guarantees do not present a significant
draw back here because the GA is a randomized algorithm itself,
moreover, the crossover operators may be used in the GAs with
some given crossover probability, which is less than 1.

2.4 ORP for the Asymmetric TSP and Usage of
Degree-3 Digraphs with Forced Edges

A similar approach may be taken to speed up the optimized
crossover for the asymmetric version of the TSP (ATSP). Suppose
a complete digraph G is given. The set of vertices of G is V =
{v1,...,0,} and a set of arcs is A = {(v;,0;) : v,0; € V, i # j}.
A weight (length) ¢;; > 0 of each arc (v;,v;) € Ais given as well.
In the ATSP, it is required to find a Hamiltonian circuit of mini-
mum length. Below, it will be convenient to use the so called forced
ATSP problem: Given a directed graph with non-negative lengths
(weights) of arcs and a specified subset of forced arcs, it is required
to find a minimum length Hamiltonian circuit, containing all forced
arcs.

The degree of a vertex in a digraph will be understood as the
total number of incoming and outgoing arcs for this vertex. A cubic
digraph is the one where each vertex has a degree at most 3.

Let A; and A; be the sets of arcs of the two parent tours. In the
case of adjacency-based representation of solutions to the ATSP,
the ORP may be considered as the forced ATSP on the digraph
G’ = (V,A; U A;) with the set of forced arcs F’ := A; N A,. Each
vertex in G’ has a degree at most four. Note that the forced ATSP
on the digraph G’ is equivalent to the forced ATSP on the following
cubic digraph G” = (V”,A”) with a set of forced arcs F”’ and
|[V”| < 2n: Substitute each vertex of degree four v € V by a pair of
vertices , 9 connected by an artificial arc (9,9) of length ¢(3,7) = 0.
All arcs that entered v, are now incoming in 3, and all arcs that left
v are now outgoing from 4. The set F”” consists of the set of forced
arcs F’ and the artificial arcs. A shortest Hamiltonian circuit of
G"’ respecting all forced arcs gives an optimal offspring tour after
re-expanding each pseudo-arc.

To enumerate all feasible tours we consider the undirected com-
panion graph G = (V”,E), where each symmetric arc pair in
A” becomes an edge, and forced arcs become the forced edge set
F. The classical algorithm of Eppstein [6] enumerates all Hamil-
tonian cycles of G with forced edges in time O(n - 24/4) where
d = |E| - |F| < 2n is the number of arcs present in exactly one
parent, giving a worst-case complexity of O(n - 2/2). In [9] this
algorithm was slightly improved to O(2"/2), which is in O(1.42").
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2.5 Applying the Quantum Algorithm

We replace the enumeration, carried out by the algorithm of Epp-
stein [6], with a slightly modified quantum algorithm of Moylett,
Linden and Montanaro proposed in the proof of Theorem 4 in [14]
for solving the symmetric TSP on qubic graphs. We use the same
quantum backtracking algorithm as in Theorem 4 [14], this algo-
rithm is applied to graph G without any changes, but whenever it
finds a Hamiltonian cycle in G (let us denote the new cycle by Q),
we can check if it is possible to pass a circuit in the digraph G”
through the arcs corresponding to edges of Q in each of the two
directions. Whenever this is possible, we compute the length of
the circuit. Let L;" denote the length of the shortest circuit corre-
sponding to Q, if such circuit exists. Bisection procedure, that calls
the quantum backtracking algorithm, works analogously to that
in Theorem 4 [14], but instead of the total cost of Hamiltonian
cycle Lr we use the length of the circuit L, if it is defined. The
circuit validation procedure for each Hamiltonian cycle may be
performed in constant time if some additional information is sent
to the children nodes in the backtracking tree [9]. For this mod-
ified algorithm, the failure probability bound with any constant
A € (0,1) follows by the same reasoning as the failure probability
bound in Theorem 4 [14]. So we have

CoROLLARY 1. There is a bounded-error quantum algorithm
that solves the ATSP on any n-vertex graph of maximum
degree 3 with integer edge costs bounded by L in time
0*(1.110" log Lloglog Llog(1/4)).

Application of the algorithm from Corollary 1 to G with
[V"| < 2n vertices gives the following theorem.

THEOREM 3. Let the arc costs in n-vertex complete digraph G be
integers from [0, L], then the ORP for the ATSP with adjacency-based
representation is solvable by a quantum algorithm in time

0"(1.233" log(L) loglog(L))
with failure probability at most A for any constant A € (0,1).

This theorem yields an exponential in n quantum speedup factor
over the previous bound O(1.42") [9].

3 Optimal Recombination with Position-Based
Representation

3.1 ORP for Minimization of Makespan with
Setup Times

The Makespan Minimization problem on single machine 1|syy, |Cmax
seeks a permutation 7 = (74, ..., 1) of k jobs minimizing the total
setup time s(7) = Y5 s, 1., where s,, > 0 is the setup time
from job v to job u, sy, # Sy in the general case. This is equivalent to
the Shortest Hamiltonian Path Problem on a complete digraph [7].

In the position-based encoding, component 7; denotes the i-th
job in permutation =, i = 1,..., k. Given parents !, 72, the ORP
seeks for permutation 7* with 7 € {rril, Iflz} foralli =1,...,k
minimizing the total setup time. This ORP is NP-hard and can be
reduced to the ATSP with Vertex Requisitions [7, 8].
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3.2 QUBO Formulation and Quantum
Optimized Crossover

Following [8], define the bipartite graph G = (X, X, U), where
Xr = {1,...,k} is the set of positions, X is the set of jobs, an
edge {i, x} exists iff x € {x}, 77}. Edges of graph G are split into
special edges (positions where ] = 77) and q = q(G) even cycles,
q < Lk/2]. Each cycle i has two maximal matchings, w% and w'i.
As a result we have 29 perfect matchings in graph G, and there is a
one-to-one correspondence between the set of perfect matchings
of G and the set of feasible solutions to the ORP.

A pair of vertices (LI + 1) in the left-hand part X; of G, such
that one of the vertices belongs to a cycle i and the other one
belongs to some other cycle i’ (or a special edge) will be called a
contact between cycle i and cycle i’ (or between cycle i and a special
edge). A contact inside a cycle will mean a pair of vertices in the
left-hand part of a cycle, if their indices differ exactly by one. If
a contact (I,] + 1) is present inside a cycle, then each of the two
maximal matchings in this cycle determines the I-th setup time of
a schedule. Each combination of the maximal matchings in cycles
with contacts determines the [-th setup time of a schedule for any
contact (1, ] + 1) between the cycles. Similarly we can identify setup
times for contacts between cycles and special edges. Summing up
such setup times we precompute (in O(k + g?) time [8]):

e PI": total setup time from matching w™i at contacts within
cycle i and to special edges, m € {0,1}, i € {1,...,q};
. Pi(ir,"’m,): total setup time from choosing w™! in cycle i and
wmi i cycle i’ at their contacts, m,m’ € {0,1}, i # ',
i’ e{1,...,q}.
Introduce binary variables d; € {0, 1} selecting the matching in

cyclei,i =1,...,q. The ORP may be formulated as follows:

q q9-1 q
i P(1—d;) + Pld;] + POV d; (1~ dy
(min ;[ P(1-dy) + Pld] > ,»;1 W di (1—dy)
ISR 1,1 S 0,1
+ Y P didy+ YT Y PO (1-dp)dy

i=1 i’=i+1 i=1 i’=i+1

q-1 q
0 2P (1=d) (1=dv). (1)

=1 i’=i+1

R~

Since (1) is quadratic in binary variables with no additional con-
straints, it is a Quadratic Unconstrained Binary Optimization (QUBO)
problem of size gq.

The QUBO (1) is directly solvable by quantum annealers (e.g.,
D-Wave [5]). Heuristic nature of the methods is applicable for evo-
lutionary algorithms, where an optimized crossover operator is
applied at each iteration with some probability. Note that the ob-
tained QUBO has q < | k/2] binary variables. Moreover, the results
of Serdyukov [16] and Eremeev-Kovalenko [8] state, that for al-
most all pairs of parent permutations ¢ < 1.1Ink , so the QUBO
has O(log k) variables. Also remark that the QUBO has no equality
or inequality constraints, so no penalty terms are needed and the
formulation is native to quantum annealers.

So we provide a quantum crossover operator for the position-
based ORP for the makespan minimization on the single machine
with setup times 1|y, |Crax:
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(1) Build G; find special edges and cycles in O(k) time.

(2) Compute QUBO matrix in O(k + ¢%) time.

(3) Submit the QUBO to a quantum annealer; obtain binary
vector d*.

(4) Recover the optimal permutation 7* from d* in O(k) time.

A similar QUBO and solving method can be constructed for
the ORP with position-based representation for the asymmetric
and symmetric TSP. Here we encode solutions by permutations
of vertices in positions of tours, fixing the first vertex in the first
position. And placing the vertex with the minimum number among
two adjacent to the first vertex in the last position in the symmetric
case. Such encoding allows us to exclude different permutations for
the same solution.

4 Conclusion

We have introduced two quantum-accelerated approaches to op-
timal recombination in genetic algorithms. For the TSP with
adjacency-based representation, applying the quantum walk al-
gorithm of [14] yields bounded-error optimized crossover oper-
ators, improving on previously known time-complexity bounds.
For makespan minimization on a single machine with position-
based representation, the natural QUBO reduction [8] allows quan-
tum annealing with at most | k/2] binary variables—typically only
O(logk).

These results show that quantum computing can provide mean-
ingful speedups for the inner loop of GAs on NP-hard permutation
problems. Note that the ORP instances produced during the run
of a GA may be treated as subproblems of the original problem,
which have sufficiently small size to be solvable sufficiently fast. A
somewhat similar approach is used in the industrial hybrid solvers
such as D-Wave, where classical metaheuristics (tabu search or
simulated annealing) are combined with intelligent allocation of
the quantum processing units to parts of the problem [12, 15].

Experimental evaluation in [4] have shown that quantum back-
tracking algorithms could substantially outperform leading classical
competitors in terms of runtime for graph colouring and Boolean
satisfiability problem instances. However the space usage of the al-
gorithms is extremely high. Future directions include experimental
validation of the proposed crossover operators on quantum hard-
ware, hybrid classical-quantum schemes of the genetic algorithms
for the considered TSP and scheduling problems, and extension to
multi-machine scheduling and vehicle routing problems.
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