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Çàäà÷è îïòèìèçàöèè ñ äðåâîâèäíûì ïðåäñòàâëåíèåì
ðåøåíèé

çàäà÷è ïîñòðîåíèÿ íåëèíåéíûõ ìîäåëåé (ìàòåìàòè÷åñêèõ
âûðàæåíèé, ôóíêöèé, àëãîðèòìîâ, ïðîãðàìì) íà îñíîâå
çàäàííûõ ýêñïåðèìåíòàëüíûõ äàííûõ, ìíîæåñòâà
ïåðåìåííûõ, áàçîâûõ ôóíêöèé è îïåðàöèé

ñèíòåç ðåøàþùèõ äåðåâüåâ

èäåíòèôèêàöèÿ ïàòòåðíîâ â ñåìåéñòâàõ áåëêîâ è äðóãèõ
áèîïîñëåäîâàòåëüíîñòåé

Ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå

Â àëãîðèòìå ãåíåòè÷åñêîãî ïðîãðàììèðîâàíèÿ ïîïóëÿöèÿ
äåðåâüåâ èòåðàòèâíî ïðåîáðàçóåòñÿ ïîñðåäñòâîì îïåðàòîðîâ
âîñïðîèçâåäåíèÿ, àíàëîãè÷íûõ ïðîöåññàì ñåëåêöèè,
êðîññèíãîâåðà (ðåêîìáèíàöèè), ìóòàöèè è ëîêàëüíûõ
óëó÷øåíèé â æèâîé ïðèðîäå è ñîöèóìàõa.

aKoza J.R., Poli R.: Genetic programming (2005)
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Ïðåäñòàâëåíèå ðåøåíèé

Ôóíêöèîíàëüíîå äåðåâî T = (V,E),
Ëèñòüÿ èç ìíîæåñòâà X = {x1, x2, . . . , xm},
Âåðøèíû èç ìíîæåñòâà áàçîâûõ ôóíêöèé F = {f1, f2, . . . , fk}
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X = {x1, x2, x3},
F = {f1, f2, f3}
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Çàäà÷à îïòèìèçàöèè

Âõîä: íàáîð ïàð {(x̄i, yi)},
x̄i = (x̄i1, . . . , x̄

i
m), i = 1, . . . , n. n - îáúåì îáó÷àþùèé âûáîðêè

Öåëåâàÿ ôóíêöèÿ g(T ) =
∑n

i=1 (yi − T (x̄im))2,
T (x̄i) - çíà÷åíèå ôóíêöèîíàëà íà äåðåâå T â x̄i
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T (x1, x2, x3) = f1(f3(x1, x3), f1(x2, f2(x1)))
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Ýâîëþöèîííûå àëãîðèòìû (ãåíåòè÷åñêîå
ïðîãðàììèðîâàíèå)

Îñíîâíîé ïðèíöèï ðàáîòû ÝÀ îñíîâàí íà êîìïüþòåðíîì
ìîäåëèðîâàíèè ïðîöåññà ýâîëþöèè ñ ó÷åòîì ôàêòîðîâ
èçìåí÷èâîñòè, íàñëåäîâàíèÿ è îòáîðà íàèáîëåå
ïðèñïîñîáëåííûõ îñîáåé.

Ñòàöèîíàðíàÿ ñõåìà. Ñõåìà àëãîðèòìà

1. Ïîñòðîèòü íà÷àëüíóþ ïîïóëÿöèþ.
2. Ïîâòîðÿòü øàãè 2.1-2.4 ïîêà íå âûïîëíåí êðèòåðèé
îñòàíîâêè:

2.1 Âûáðàòü äâóõ ðîäèòåëåé T1,T2 èç òåêóùåé ïîïóëÿöèè.
2.2 Ïðèìåíèòü ìóòàöèþ ê T1 è T2 ñ âåðîÿòíîñòüþ pm.

Ïîëó÷èòü T′
1 è T′

2

2.3 Ïîñòðîèòü ïîòîìêà T′ ñ ïîìîùüþ ñêðåùèâàíèÿ T′
1 è T′

2.
2.4 Çàìåíèòü T′ îäíó èç ¾õóäøèõ¿ îñîáåé â ïîïóëÿöèè.

3. Âåðíóòü â êà÷åñòâå ðåçóëüòàòà ëó÷øåå ïî öåëåâîé ôóíêöèè
äåðåâî çà âñå âðåìÿ ðàáîòû àëãîðèòìà.
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Ýâîëþöèîííûå àëãîðèòìû (ãåíåòè÷åñêîå
ïðîãðàììèðîâàíèå)

Ïîïóëÿöèîííàÿ ñõåìà ñ ýëèòîé. Ñõåìà àëãîðèòìà

1. Ïîñòðîèòü íà÷àëüíóþ ïîïóëÿöèþ.
2. Ïîâòîðÿòü øàãè 2.1-2.2 ïîêà íå âûïîëíåí êðèòåðèé
îñòàíîâêè:

2.1 Ïîñòðîèòü íîâóþ ïîäïîïóëÿöèþ P′, ïîëîæèâ
ïåðâîíàëüíî P′ = {}. Ïîâòîðèòü øàãè 2.1.1-2.1.3 k ðàç:

2.1.1 Âûáðàòü äâóõ ðîäèòåëåé T1,T2 èç òåêóùåé
ïîïóëÿöèè.

2.1.2 Ïðèìåíèòü ìóòàöèþ ê T1 è T2 ñ âåðîÿòíîñòüþ pm.
Ïîëó÷èòü T′

1 è T′
2

2.1.3 Ïîñòðîèòü ïîòîìêà T′ ñ ïîìîùüþ ñêðåùèâàíèÿ T′
1 è

T′
2. Äîáàâèòü T′ ê P′.
2.2 Çàìåíèòü îñîáÿìè èç P′ k ¾õóäøèõ¿ îñîáåé â

ïîïóëÿöèè.
3. Âåðíóòü â êà÷åñòâå ðåçóëüòàòà ëó÷øåå ïî öåëåâîé ôóíêöèè
äåðåâî çà âñå âðåìÿ ðàáîòû àëãîðèòìà.
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Ãåíåðàöèÿ íà÷àëüíîé ïîïóëÿöèè

Ìåòîä Full

Ïîëíîå äåðåâî çàäàííîé ãëóáèíû
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x1 d 

Ìåòîä Crow

Â êàæäîé âåðøèíå: ïîääåðåâî èëè ëèñò ñ çàäàííîé âåðîÿòíîñòüþ
Âåðõíÿÿ ãðàíèöà íà ãëóáèíó
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f3 ? 
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x2 
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ИЛИ 

Ìîäèôèêàöèÿ ìåòîäà Crow

Â êàæäîé âåðøèíå: ïîääåðåâî èëè ëèñò ñ çàäàííîé âåðîÿòíîñòüþ
Âåðõíÿÿ ãðàíèöà íà ãëóáèíó, ìàêñ. ÷èñëî âåðøèí
Íèæíÿÿ ãðàíèöà íà ãëóáèíó
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Îïåðàòîðû ìóòàöèè äëÿ äåðåâüåâ

Òî÷å÷íàÿ ìóòàöèÿ GP-PM
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Çàìåíà ïîääåðåâà GP-SM
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Îäíîòî÷å÷íûé êðîññèíãîâåð íà äåðåâüÿõ GP-SPX

Poli R., Langdon W.B. On the search properties of di�erent
crossover operators in genetic programming (1998)
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Ðàâíîìåðíûé êðîññèíãîâåð íà äåðåâüÿõ GP-UX

Poli R., Page J. Solving high-order Boolean parity problems with
smooth uniform crossover, sub-machine code GP and demes (2000)
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Ðàâíîìåðíûé êðîññèíãîâåð íà äåðåâüÿõ GP-UX

Poli R., Page J. Solving high-order Boolean parity problems with
smooth uniform crossover, sub-machine code GP and demes (2000)
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Çàäà÷à îïòèìàëüíîé ðåêîìáèíàöèè (ÇÎÐ)

Îïðåäåëåíèå îñíîâàíî íà ñâîéñòâå ïåðåäà÷è ãåíîâ.1

Çàäà÷à îïòèìàëüíîé ðåêîìáèíàöèè
aÄàíî: èíäèâèäóàëüíàÿ çàäà÷à êîìáèíàòîðíîé îïòèìèçàöèè I
ñ ìíîæåñòâîì äîïóñòèìûõ ðåøåíèé Sol è äâà ðîäèòåëüñêèõ
ðåøåíèÿ
p1 = (p11, . . . , p

1
l ),p

2 = (p21, . . . , p
2
l ) èç Sol.

Íàéòè: äîïóñòèìîå ðåøåíèå (ïîòîìêà) p′ ∈ Sol òàêîå ÷òî

1 p′j = p1j èëè p′j = p2j ∀ j = 1, . . . , l,

2 äëÿ êàæäîãî p̄ ∈ Sol òàêîãî ÷òî p̄j = p1j èëè p̄j = p2j ∀ j
èìååò ìåñòî

f(p′) ≤ f(p̄)

(â ñëó÷àå çàäà÷è íà ìèíèìóì).

aA.V. Eremeev, J.V. Kovalenko. Optimal recombination in genetic
algorithms for combinatorial optimization problems (2014)

1Radcli�e, N.J.: The algebra of genetic algorithms (1994)
Çàõàðîâ À.Î. ÝÀ ñ ÎÐ äëÿ çàäà÷è àïïðîêñ. áóëåâûõ ô-öèé 13



ÇÎÐ íà äåðåâüÿõ

f3 

x3 x1 x1 

f1 f3 

 

f1 

x3 x2 x2 

f3 f2 

x2 

(1) (1) 

(2) (2) (3) (3) 

(4) (4) 

Ðàññìàòðèâàåìûå âèäû ñêðåùèâàíèÿ:

Îäíîòî÷å÷íûé êðîññèíãîâåð: 4 âàðèàíòà - (1), (2), (3), (4).
Ñòðîãèé êðîññèíãîâåð: 3 âàðèàíòà - (2), (3), (4).
Ðàâíîìåðíûé (ñòðîãèé) êðîññèíãîâåð, 23 âàðèàíòîâ -
êîìáèíàöèè èç (2), (3), (4).
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Ýêñïåðèìåíò íà áóëåâûõ äåðåâüÿõ

Äåðåâüÿ T = (V,E)

Ëèñòüÿ X = {x1, x2, . . . , xm}, xi ∈ {0, 1}, i = 1, 2, . . . ,m.
Áàçîâûå ôóíêöèè F = {∧,∨,¬∧,¬∨}.

Òåñòîâûå äàííûå

1. Even-3 parity
2. Ìóëüòèïëåêñîð (3-MUX)
3. Ñëó÷àéíî ñãåíåðèðîâàííûå çíà÷åíèÿ

even-parity:

0 0 0 0
0 0 1 1
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 1

3-MUX:

0 0 0 0
0 0 1 0
0 1 0 1
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 0
1 1 1 1
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Ýêñïåðèìåíò íà áóëåâûõ äåðåâüÿõ

Íà÷àëüíàÿ ïîïóëÿöèÿ: ìåòîä Full ãëóáèíû d
Òóðíèðíàÿ ñåëåêöèÿ
Ìóòàöèÿ: çàìåíà ïîääåðåâà (GP-SM)
LS: �rst improvement ñ íåïîëíûì ïðîñìîòðîì îêðåñòíîñòè
(GP-SM)
Êðîññèíãîâåð:
OPT_STR_SINGLE_POINT, OPT_SINGLE_POINT,
RAND_STR_SINGLE_POINT, RAND_SINGLE_POINT,
OPT_STR_UNIFORM

Ñõåìû ýêñïåðèìåíòîâ

1. SUBTREE + OPT_STR_SINGLE_POINT
2. SUBTREE + OPT_SINGLE_POINT
3. SUBTREE + RAND_STR_SINGLE_POINT
4. SUBTREE + RAND_SINGLE_POINT
5. LS (SUBTREE) + OPT_STR_UNIFORM
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Ðåçóëüòàòû ýêñïåðèìåíòà, even-3 parity

1000 èòåðàöèé, 30 çàïóñêîâ
Ãðàôèê: ñðåäíåå çíà÷åíèå öåëåâîé ôóíêöèè íà ïîïóëÿöèè
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Ðåçóëüòàòû ýêñïåðèìåíòà, 3-mux

1000 èòåðàöèé, 30 çàïóñêîâ
Ãðàôèê: ñðåäíåå çíà÷åíèå öåëåâîé ôóíêöèè íà ïîïóëÿöèè
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Ðåçóëüòàòû ýêñïåðèìåíòà, ñëó÷àéíûì îáðàçîì

1000 èòåðàöèé, 30 çàïóñêîâ
Ãðàôèê: ñðåäíåå çíà÷åíèå öåëåâîé ôóíêöèè íà ïîïóëÿöèè
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Ðåêîðä â ýêñïåðèìåíòå

Äîëÿ çàïóñêîâ, â êîòîðûõ ïîëó÷åíî îïòèìàëüíîå çíà÷åíèå
öåëåâîé ôóíêöèè çà ðàâíîå âðåìÿ ðàáîòû àëãîðèòìà.

OPT_STR_SNGL OPT_SNGL RAND_STR_SNGL RAND_SNGL OPT_UNI
even-3 parity 0 (0.87*) 0.4 (1*) 0 (0.43*) 0 (0.5*) 0.53 (1*)

3-mux 0.93 1 0.57 0.77 1
rand 0.93 1 0.7 0.83 1

* äîëÿ çàïóñêîâ, êîãäà ïîëó÷åíî çíà÷åíèå, îòëè÷íîå íà 1 îò
îïòèìàëüíîãî
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Ýêñïåðèìåíò ñ 6-mux

Ïîïóëÿöèîííàÿ ñõåìà: ýëèòà 70% îò ïîïóëÿöèè
Ïåðåçàïóñê: íåò èçìåíåíèé ðåêîðäà çà psize èíòåðàöèé
Îñòàíîâ: íàéäåí îïòèìóì èëè äîñòèãíóòî ìàêñ. ÷èñëî èòåðàöèé
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Ýêñïåðèìåíò ñ 6-mux
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Ýêñïåðèìåíò ñ 6-mux
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Ýêñïåðèìåíò ñ 6-mux
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Ýêñïåðèìåíò ñ 6-mux
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Çàêëþ÷åíèå

1 Ðàññìîòðåíû çàäà÷è îïòèìèçàöèè ñ ïðåäñòàâëåíèåì
ðåøåíèé â âèäå äåðåâüåâ. Àëãîðèòì ãåíåòè÷åñêîãî
ïðîãðàììèðîâàíèÿ.

2 Èññëåäîâàíà çàäà÷à îïòèìàëüíîé ðåêîìáèíàöèè (ÇÎÐ) íà
äåðåâüÿõ.

3 Ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò íà òåñòîâûõ
çàäà÷àõ ñ áóëåâûìè äåðåâüÿìè è ôóíêöèÿìè: even-parity,
mux, rand. Ïðîàíàëèçèðîâàíà ðàáîòà ðàíäîìèçèðîâàííûõ
è îïòèìèçèðîâàííûõ îïåðàòîðîâ ñêðåùèâàíèÿ.
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Ñïàñèáî çà âíèìàíèå!

https://gitlab.com/alex2108/tree-crossover
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