
Ìåòîä Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ

25 Ýëëèïòè÷åñêèå óðàâíåíèÿ âíóòðè êðóãà, âíå êðó-

ãà, â êîëüöå

Èñïîëüçóÿ ðåçóëüòàò çàäà÷è ??, ðåøèòå ñëåäóþùèå ñòàöèîíàðíûå çàäà÷è.

25.1. ∆u = 0, 0 6 r < R, u(R,ϕ) = ϕ(2π − ϕ).

Îòâåò: u = 2
3
π2 − 4

∞∑
k=1

rk

k2Rk cos kϕ.

25.2. ∆u = 0, 0 6 r < R, u(x, y)|r=R = 4xy2.

Îòâåò: u = rR2 cos ϕ− r3 cos 3ϕ.

25.3. ∆u = 0, R < r < ∞, u(x, y)|r=R = x2 + 1, u(x, y) � îãðàíè÷åíà.

Îòâåò: u = 1 + 1
2
R2 + 1

2
r−2R4 cos 2ϕ.

25.4. ∆u = 0, a < r < b, u(a, ϕ) = A, u(b, ϕ) = B sin 2ϕ.

Îòâåò: u = A ln b−ln r
ln b−ln a

+ Bb2(r4−a4)
r2(b4−a4)

sin 2ϕ.

25.5. Íàéäèòå çíà÷åíèå êîíñòàíòû A, ïðè êîòîðîì ðàçðåøèìà çàäà÷à Íåéìàíà ∆u = 0,
0 6 r < R, ∂u

∂n̄
|r=R = A + cos2 ϕ è íàéäèòå åå ðåøåíèå.

Îòâåò: u = 4r2 cos 2ϕ (ìîæåò áûòü).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

25.6. ∆u = 0, R < r < ∞, u(R,ϕ) = 1
2

+ ϕ sin 2ϕ, u(x, y) � îãðàíè÷åíà.

Îòâåò: u(r, ϕ) = 1
2
− 4 R

3
r−1 cos ϕ+π R2 r−2 sin 2ϕ− R2

4
r−2 cos 2ϕ−

∞∑
k=3

4
4−k2 R

k r−k cos kϕ.

25.7. ∆u = 0, a < r < b, u(a, ϕ) = 0, u(b, ϕ) = A cos ϕ.

Îòâåò: u = A b(r2−a2)
r(b2−a2)

cos ϕ.
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