
Ìåòîä Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ

24 Ýëëèïòè÷åñêèå óðàâíåíèÿ

24.1. Ðåøèòå ñòàöèîíàðíóþ çàäà÷ó â ïðÿìîóãîëüíèêå:{
∆u = 0, 0 < x < p, 0 < y < s,
u(0, y) = ux(p, y) = 0, u(x, 0) = 0, u(x, s) = f(x).

Îòâåò: u =
∞∑

k=1

fk

sh
(2k−1)πs

2p

sh (2k−1)πy
2p

sin (2k−1)πx
2p

, ãäå fk = (f,Xk)
(Xk,Xk)

= 2
p

p∫
0

f(x) sin (2k−1)πx
2p

dx.

24.2. Ðåøèòå ñòàöèîíàðíóþ çàäà÷ó â ïîëóïîëîñå:{
∆u = 0, 0 < x <∞, 0 < y < `,
u(x, 0) = uy(x, `) = 0, u(0, y) = f(y), u(∞, y) = 0.

Îòâåò: u =
∞∑

k=1

fke
− (2k−1)πx

2` sin (2k−1)πy
2`

, ãäå fk = (f,Yk)
(Yk,Yk)

= 2
`

∫̀
0

f(x) sin (2k−1)πy
2`

dy.

24.3. à) Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà ∆u = 0 â ïîëÿðíûõ êîîðäèíàòàõ.
á) Íàéäèòå íåïðåðûâíîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà ∆u = 0 â êðóãå 0 6 r < R.
â) Íàéäèòå íåïðåðûâíîå è îãðàíè÷åííîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà ∆u = 0 âíå êðóãà
0 6 r < R.
Óêàçàíèå: ∆u = 1

r
(rur)r + 1

r2 uϕϕ.

Îòâåò: à) u = A0 ln r + B0 +
∞∑

k=1

(Ckr
k + Dkr

−k)(Ak cos kϕ + Bk sin kϕ).

á) u = B0 +
∞∑

k=1

rk(Ak cos kϕ + Bk sin kϕ).

â) u = B0 +
∞∑

k=1

r−k(Ak cos kϕ + Bk sin kϕ).

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

24.4. Ðåøèòå ñòàöèîíàðíóþ çàäà÷ó â ïîëóïîëîñå:{
∆u = 0, 0 < x <∞, 0 < y < `,
uy(x, 0) = uy(x, `) + hu(x, `) = 0, u(0, y) = f(y), u(∞, y) = 0, h > 0.

Îòâåò: u =
∞∑

k=1

fke
−λkx cos λky, ãäå fk = (f,Yk)

(Yk,Yk)
=

2(h2+λ2
k)

`(h2+λ2
k)+h

∫̀
0

f(x) cos λky dy, λk � ïîëî-

æèòåëüíûå êîðíè óðàâíåíèÿ λ tg λ` = h.
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