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20 Ïàðàáîëè÷åñêèå óðàâíåíèÿ

Ðåøèòå ñëåäóþùèå íà÷àëüíî-êðàåâûå çàäà÷è òåïëîîáìåíà â òîíêîì ñòåðæíå.

20.1.


ut = a2uxx, 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t > 0,
u(x, 0) = Ax.

Îòâåò: u(x, t) = 2Al
π

∞∑
k=1

(−1)k+1

k
e−(aπk

l
)2t sin πk

l
x.

20.2.


ut = a2uxx, 0 < x < l, t > 0,
u(0, t) = 0, ux(l, t) = 0, t > 0,
u(x, 0) = ϕ(x).

Îòâåò: u(x, t) =
∞∑

k=0

ake
−[

(2k+1)aπ
2l

]2t sin (2k+1)π
2l

x, ãäå ak = 2
l

∫ l

0
ϕ(x) sin (2k+1)π

2l
xdx.

20.3.


ut = a2uxx − βu, 0 < x < l, t > 0,
u(0, t) = 0, ux(l, t) = 0, t > 0,
u(x, 0) = sin πx

2l
.

Îòâåò: u(x, t) = e−(a2π2

4l2
+β)t sin π

2l
x.

20.4.


ut = a2uxx − βu, 0 < x < l, t > 0,
ux(0, t) = 0, ux(l, t) = 0, t > 0,
u(x, 0) = ϕ(x).

Îòâåò: u(x, t) =
∞∑

k=0

ake
−[(akπ

l
)2+β]t cos kπ

l
x, a0 = 1

l

∫ l

0
ϕ(x)dx, ak = 2

l

∫ l

0
ϕ(x) cos kπ

l
xdx,

k = 1, 2, ....

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

20.5.


ut = a2uxx, 0 < x < l, t > 0,
ux(0, t) = 0, u(l, t) = 0, t > 0,
u(x, 0) = A(l − x).

Îòâåò: u(x, t) = 8Al
π2

∞∑
k=0

1
(2k+1)2

e−[
(2k+1)aπ

2l
]2t cos (2k+1)π

2l
x.

20.6.


ut = a2uxx − βu, 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t > 0,
u(x, 0) = ϕ(x).

Îòâåò: u(x, t) = 2
l

∞∑
k=1

(
∫ l

0
ϕ(ξ) sin kπ

l
ξdξ)e−[(aπk

l
)2+β]t sin kπ

l
x.
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