
Ïåðâûé ñåìèíàð âòîðîãî ñåìåñòðà

16 Ïîâòîðåíèå

Ïóñòü f ∈ L1(R, C) è f 
 F . Òîãäà åñëè f � ÷åòíàÿ ôóíêöèÿ, òî

Fcos(ξ) =
∫ ∞

0
f(x) cos ξ x dx, f(x) = 2

π

∫ ∞

0
Fcos(ξ) cos ξ x dξ,

åå ïðÿìîå è îáðàòíîå êîñèíóñ-ïðåîáðàçîâàíèå Ôóðüå. Ïðè÷åì 2 Fcos ≡ F . Åñëè f � íå÷åòíàÿ

ôóíêöèÿ, òî

Fsin(ξ) =
∫ ∞

0
f(x) sin ξ x dx, f(x) = 2

π

∫ ∞

0
Fsin(ξ) sin ξ x dξ,

åå ïðÿìîå è îáðàòíîå ñèíóñ-ïðåîáðàçîâàíèå Ôóðüå. Ïðè ýòîì −2 i Fsin ≡ F .

16.1. Ïóñòü f, g ∈ L1([0;∞), C). Äîêàæèòå ñîîòâåòñòâèå

(f ∗ g)(x) =

∫ t

0

f(s) g(x− s) ds 
 Fsin Gcos + Fcos Gsin.

16.2. Ðåøèòå íà÷àëüíî-êðàåâóþ çàäà÷ó:

ut = a2uxx + f(x, t), 0 < x < ∞, t > 0, u(0, t) = u(x, 0) = 0.

Îòâåò: u(x, t) = 1
2a
√

π

t∫
0

∞∫
0

f(s,t−τ)√
τ

[
e−

(x−s)2

4a2τ − e−
(x+s)2

4a2τ

]
ds dτ .

Ðåøèòå ñëåäóþùèå çàäà÷è êîëåáàíèé ïîëóáåñêîíå÷íîé ñòðóíû.

16.3. utt = uxx, x > π
2
, t > 0; u(π

2
, t) = 3 t, t > 0; u(x, 0) = 0, ut(x, 0) = 3 − 2 cos x,

x > π
2
.

Îòâåò: v(x, t) = u(x + π
2
, t)− 3 t, v(x, t) = cos(x− t)− cos(x + t),

u(x, t) = v(x− π
2
, t) + 3 t = sin(x− t)− sin(x + t) + 3 t.

16.4. utt = uxx, x > 0, t > 0; ux(0, t)− 2 u(0, t) = t e−3 t, t > 0; u(x, 0) = 2 e−x, ut(x, 0) =
0, x > 0.

Îòâåò: u(x, t) = f(x+t)+g(x−t) =

{
e−x−t + e−x+t, 0 < t 6 x;
e−x−t + 3 e2 (x−t) + (1− x + t) e3 (x−t) − 3 ex−t, 0 < x < t.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

Ðåøèòå ñëåäóþùèå çàäà÷è êîëåáàíèé ïîëóáåñêîíå÷íîé ñòðóíû.

16.5. utt = 4 uxx, x > 0, t > 0; ux(0, t) − u(0, t) = 2 e−2 t, t > 0; u(x, 0) = 2 sin x,
ut(x, 0) = 0, x > 0.
Îòâåò: u(x, t) = f(x + 2 t) + g(x− 2 t) =

=

{
sin(x + 2 t) + sin(x− 2 t), 0 < 2 t 6 x;
sin(x + 2 t) + (2 x− 4 t− 1) ex−2 t + cos(x− 2 t), 0 < x < 2 t.

16.6. utt = 4 uxx, x > 0, t > 0; ux(0, t) − u(0, t) = e−2 t, t > 0; u(x, 0) = 0, ut(x, 0) =
4 e−x, x > 0.

Îòâåò: u(x, t) = f(x + 2 t) + g(x− 2 t) =

{
−e−x−2 t + e−x+2 t, 0 < 2 t 6 x;
−e−x−2 t + (1− x + 2 t) ex−2 t, 0 < x < 2 t.
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