
Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó ëèíåéíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà

11 Óðàâíåíèå êîëåáàíèé ïîëóáåñêîíå÷íîé ñòðóíû,

ïðîäîëæåíèå ðåøåíèÿ

11.1. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè utt = a2uxx, x ∈ R, t > 0; u(x, 0) = ϕ(x),
ut(x, 0) = ψ(x), x ∈ R. Èñïîëüçóÿ ôîðìóëó Äàëàìáåðà ïîêàæèòå, ÷òî
1) åñëè ϕ(x) è ψ(x) � íå÷åòíû, òî u(0, t) ≡ 0; 2) åñëè ϕ(x) è ψ(x) � ÷åòíû, òî ux(0, t) ≡
0.

11.2. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè utt = a2uxx+f(x, t), x ∈ R, t > 0; u(x, 0) =
ϕ(x), ut(x, 0) = ψ(x), x ∈ R. Èñïîëüçóÿ ôîðìóëó Äàëàìáåðà ïîêàæèòå, ÷òî
1) åñëè ϕ(x), ψ(x) íå÷åòíû è f(x, t) � íå÷åòíà ïî x, òî u(0, t) ≡ 0; 2) åñëè ϕ(x), ψ(x)
÷åòíû è f(x, t) � ÷åòíà ïî x, òî ux(0, t) ≡ 0.

Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè.

11.3. utt = a2 uxx, x > 0, t > 0; u(0, t) = 0, t > 0; u(x, 0) = 1 − e−x, ut(x, 0) = sin x,
x > 0.

Îòâåò: u(x, t) =

{
1− e−x ch at+ 1

2a
(cos(x− at)− cos(x+ at)), åñëè x− at > 0,

e−at sh x+ 1
2a

(cos(x− at)− cos(x+ at)), åñëè x− at 6 0.

11.4. utt = a2 uxx, x > 0, t > 0; ux(0, t) = 0, t > 0; u(x, 0) = x2 − x3, ut(x, 0) = cos x,
x > 0.
Îòâåò: u(x, t) = 1

2

(
(x+at)2−(x+at)3+(x−at)2−|x−at|3

)
+ 1

2a

(
sin(x+at)−sin(x−at)

)
.

Ðàçíûå çàäà÷è íà âîëíîâîå óðàâíåíèå

11.5. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è Êîøè utt = a2∆u, x ∈ Rn, t > 0; u(x, 0) = ϕ(x),
ut(x, 0) = 0, x ∈ Rn. Äîêàæèòå, ÷òî ôóíêöèÿ v(x, t) =

∫ t

0
u(x, τ)dτ ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è Êîøè vtt = a2∆v, x ∈ Rn, t > 0, v(x, 0) = 0, vt(x, 0) = ϕ(x), x ∈ Rn.

11.6. Ïóñòü ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ utt = uxx. Ïîêàæèòå, ÷òî
ôóíêöèÿ v = u

(
x

x2−t2
, t

x2−t2

)
òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ âñþäó, ãäå îíà

îïðåäåëåíà.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè.

11.7. utt = 9uxx, x > 0, t > 0; u(0, t) = 2, t > 0; u(x, 0) = x2 + x + 2, ut(x, 0) = sin 3x,
x > 0.

11.8. utt = 4uxx + 2, x > 0, t > 0; ux(0, t) = −3, t > 0; u(x, 0) = −3x, ut(x, 0) =
x2 cos 4x, x > 0.
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