
Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó ëèíåéíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà

10 Ôîðìóëû Ïóàññîíà è Äàëàìáåðà

Äëÿ ðåøåíèÿ çàäà÷è ìàëûõ êîëåáàíèé îäíîðîäíîé íåîãðàíè÷åííîé â îáå ñòîðîíû ñòðó-

íû ïðè ïðîèçâîëüíûõ âîçìóùåíèÿõ{
utt = a2uxx + f(x, t), x ∈ R, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R,

ñóùåñòâóåò ôîðìóëà Ïóàññîíà

u(x, t) =
1

2
[ϕ(x+ at) + ϕ(x− at)] +

1

2a

x+at∫
x−at

ψ(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f(s, τ)ds dτ.

Â ÷àñòíîì ñëó÷àå, ïðè f ≡ 0, ôîðìóëà Ïóàññîíà ïðåîáðàçóåòñÿ â ôîðìóëó Äàëàìáåðà

u(x, t) = 1
2
(ϕ(x+ a t) + ϕ(x− a t)) + 1

2 a

∫ x+a t

x−a t

ψ(s) ds.

10.1. Äîêàæèòå ôîðìóëó Äàëàìáåðà.

Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè:

10.2. utt = uxx + sinx, x ∈ R, t > 0; u(x, 0) = sinx, ut(x, 0) = 0, x ∈ R.
Îòâåò: u(x, t) = sin x.

10.3. utt = uxx + 6, x ∈ R, t > 0; u(x, 0) = x2, ut(x, 0) = 4x, x ∈ R.
Îòâåò: u(x, t) = (x+ 2t)2.

10.4. utt = uxx + x t, x ∈ R, t > 0; u(x, 0) = cos x, ut(x, 0) = x2 + x, x ∈ R.
Îòâåò: u(x, t) = cosx cos t+ x2t+ 1

3
t3 + x t+ 1

6
x t3.

10.5. utt = uxx + 2x2, x ∈ R, t > 0; u(x, 0) = e−x, ut(x, 0) = 2, x ∈ R.
Îòâåò: u(x, t) = 2 t+ x2 t2 + 1

6
t4 + e−x ch t.

10.6. utt = uxx + g(x) f(t), x ∈ R, t > 0; u(x, 0) = 0, ut(x, 0) = 0, x ∈ R, ãäå ôóíêöèÿ
g òàêîâà, ÷òî g(2m)(x) ≡ 0.

Îòâåò: u(x, t) =
m−1∑
k=0

1
(2 k+1)!

g(2k)(x)
∫ t

0
(t− τ)2 k+1 f(τ) dτ .

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

Ðåøèòå ñëåäóþùèå çàäà÷è Êîøè.

10.7. utt = 9uxx + sinx, x ∈ R, t > 0; u(x, 0) = 1, ut(x, 0) = 1, x ∈ R.
Îòâåò: u(x, t) = 1 + t+ 1

9
(1− cos 3t) sinx.

10.8. utt = a2uxx + sinωt, x ∈ R, t > 0; u(x, 0) = 0, ut(x, 0) = 0, x ∈ R.
Îòâåò: u(x, t) = t

ω
− 1

ω2 sinωt.

10.9. utt = uxx + ex, x ∈ R, t > 0; u(x, 0) = sinx, ut(x, 0) = x+ cosx, x ∈ R.
Îòâåò: u(x, t) = x t+ sin(x+ t)− (1− ch t)ex.
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