
Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó ëèíåéíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà

6 Óðàâíåíèÿ c ïîñòîÿííûìè êîýôôèöèåíòàìè

6.1. Äîêàæèòå, ÷òî ëþáîå óðàâíåíèå âèäà uxy + aux + buy + cu = 0, a, b, c ∈ R, ïóòåì
çàìåíû u = veαx+βy, α, β ∈ R, v = v(x, y), ìîæíî ïðèâåñòè ê âèäó vxy + qv = 0, q ∈ R.

Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó è èçáàâüòåñü îò ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà.

6.2. uxx − 6uxy + 9uyy − ux + 2uy = 0.

Îòâåò: ξ = 3x + y, η = x, vηη − vξ = 0, ãäå u(ξ, η) = e−
1
4
ξ+ 1

4
ηv(ξ, η).

6.3. uxx − uyy + ux + uy − 4u = 0.

Îòâåò: ξ = x− y, η = x + y, vξη − v = 0, ãäå u(ξ, η) = e−
1
2
ξv(ξ, η).

Ðàññìîòðèì óðàâíåíèå

a11uxx + a22uyy + a33uzz + 2a12uxy + 2a13uxz + 2a23uyz + a1ux + a2uy + a3uz + au = 0. (1)

Äëÿ òîãî, ÷òîáû ïðèâåñòè óðàâíåíèå (1) ê êàíîíè÷åñêîìó âèäó, íåîáõîäèìî ïðîäåëàòü ñëåäó-

þùèå îïåðàöèè.

1. Âûäåëÿÿ ïîëíûå êâàäðàòû ìåòîäîì Ëàãðàíæà, ïðåîáðàçîâàòü êâàäðàòè÷íóþ ôîðìó

F (λ) = λT Aλ = a11λ
2
1 + a22λ

2
2 + a33λ

2
3 + 2a12λ1λ2 + 2a13λ1λ3 + 2a23λ2λ3

ê âèäó

F (λ) = b11(m11λ1+m12λ2+m13λ3)2+b22(m21λ1+m22λ2+m23λ3)2+b33(m31λ1+m32λ2+m33λ3)2,

ãäå b11, b22, b33 ∈ {−1, 0, 1}.
2. Ñîñòàâèòü èç êîýôôèöèåíòîâ mij ìàòðèöó M è âû÷èñëèòü ìàòðèöó C = (M−1)T .

3. Çàìåíà ïåðåìåííûõ

 ξ
η
ζ

 = C

 x
y
z

 ïðèâåäåò óðàâíåíèå (1) ê êàíîíè÷åñêîé ôîðìå

b11uξξ + b22uηη + b33uζζ + b1uξ + b2uη + b3uζ + bu = 0.

Óðàâíåíèå íàçûâàåòñÿ:

1) ýëëèïòè÷åñêèì, åñëè b11, b22, b33 � îòëè÷íû îò íóëÿ è îäíîãî çíàêà;

2) ãèïåðáîëè÷åñêèì, åñëè b11, b22, b33 � îòëè÷íû îò íóëÿ è ðàçíûõ çíàêîâ;

3) ïàðàáîëè÷åñêèì, åñëè îäèí èç êîýôôèöèåíòîâ b11, b22, b33 ðàâåí íóëþ, à îñòàëüíûå îäíîãî

çíàêà.

Îáîñíóåì ïðèâåäåííûé àëãîðèòì. Ïóñòü B =

 b11 0 0
0 b22 0
0 0 b33

 è G(µ) = µT Bµ, òîãäà

G(Mλ) = λT MT BMλ = F (λ) è, ñëåäîâàòåëüíî,A = MT BM . Ðàññìîòðèì äèôôåðåíöèàëüíûé

îïåðàòîð êâàäðàòè÷íîé ÷àñòè óðàâíåíèÿ (1)

L = a11
∂2

∂x2 + a22
∂2

∂y2 + a33
∂2

∂z2 + 2a12
∂2

∂x∂y + 2a13
∂2

∂x∂z + 2a23
∂2

∂y∂z = ( ∂
∂x , ∂

∂y , ∂
∂z )A

 ∂
∂x
∂
∂y
∂
∂z

 .
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Åñëè

 ξ
η
ζ

 = C

 x
y
z

, òî
 ∂

∂x
∂
∂y
∂
∂z

 = CT


∂
∂ξ
∂
∂η
∂
∂ζ

. Çíà÷èò,

L = ( ∂
∂ξ , ∂

∂η , ∂
∂ζ ) C A CT


∂
∂ξ
∂
∂η
∂
∂ζ

 .

Âûáðàâ ìàòðèöó C â âèäå C = (M−1)T , ìû ïîëó÷èì, ÷òî ìàòðèöà CACT = (M−1)T AM−1 = B

áóäåò ìàòðèöåé îïåðàòîðà L â ïåðåìåííûõ ξ, η, ζ. À ýòî, â ñâîþ î÷åðåäü, îçíà÷àåò, ÷òî îïåðàòîð

L ïðèîáðåòåò êàíîíè÷åñêèé âèä.

Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ.

6.4. uxx + 4uyy + uzz + 4uxy + 2uxz + 4uyz + 2u = 0.
Îòâåò: uξξ + 2u = 0.

6.5. uxy + uzz + ux − uy = 0.
Îòâåò: uξξ − uηη + uζζ + 2uξ = 0.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

Ïðèâåäèòå ê êàíîíè÷åñêîìó âèäó è óïðîñòèòå ïðè ïîìîùè ýêñïîíåíöèàëüíîé çàìå-

íû ñëåäóþùèå óðàâíåíèÿ.

6.6. uxy − uxz − ux + uy + uz + u = 0.
Îòâåò: ξ = x + y, η = −x + y, ζ = y + z, uξξ − uηη + 2uη + 2uζ + u = 0,
u = veη−ζ , vξξ − vηη + 2vζ = 0.

6.7. uyy − 2uxy + uzz + ux + uy + uz + u = 0.

Îòâåò: ξ = y, η = x + y, ζ = z, uξξ − uηη + uζζ + uξ + 2uη + uζ + u = 0, u = ve−
1
2
ξ+η− 1

2
ζ ,

vξξ − vηη + vζζ + 3
2
v = 0.
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