
Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó ëèíåéíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà

5 Óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè

Ðàññìîòðèì óðàâíåíèå

a11uxx + 2a12uxy + a22uyy + b1ux + b2uy + cu + f = 0. (1)

Âñÿêàÿ âçàèìíîîäíîçíà÷íàÿ çàìåíà ïåðåìåííûõ ξ = ξ(x, y), η = η(x, y) ïðèâîäèò ê íîâîìó

óðàâíåíèþ, êîòîðîå ýêâèâàëåíòíî (1). Êàê æå âûáðàòü ξ è η òàê, ÷òîáû â ýòèõ ïåðåìåííûõ

óðàâíåíèå èìåëî íàèáîëåå ïðîñòóþ ôîðìó? Äëÿ òîãî, ÷òîáû ïîñëå çàìåíû ÷àñòü êîýôôèöè-

åíòîâ îáðàòèëàñü â íîëü, íåîáõîäèìî íàéòè õàðàêòåðèñòèêè óðàâíåíèÿ (1) (õàðàêòåðèñòèêè

� ýòî òàêàÿ êîîðäèíàòíàÿ ñåòêà íà ïëîñêîñòè (x, y), â êîòîðîé óðàâíåíèå (1) ïðèîáðåòàåò

êàíîíè÷åñêèé âèä). Õàðàêòåðèñòèêàìè óðàâíåíèÿ (1) ÿâëÿþòñÿ ïåðâûå èíòåãðàëû óðàâíåíèÿ

a11dy2 − 2a12dxdy + a22dx2 = 0. (2)

Â çàâèñèìîñòè îò çíàêà äèñêðèìèíàíòà ∆ = a2
12 − a11a22 ðàçëè÷àþò òðè ñëó÷àÿ:

1) Ãèïåðáîëè÷åñêèé (∆ > 0). Óðàâíåíèå (2) ðàñïàäàåòñÿ íà äâà ÎÄÓ dy
dx = a12±

√
∆

a11
(íå

îãðàíè÷èâàÿ îáùíîñòè ñ÷èòàåì, ÷òî a11 6= 0, â ïðîòèâíîì ñëó÷àå ðàññìîòðèâàþò óðàâíåíèÿ
dx
dy = a12±

√
∆

a22
). Èç ýòèõ óðàâíåíèé íàõîäèì èíòåãðàëû f1(x, y) = C1, f2(x, y) = C2. Çàìåíà

ïåðåìåííûõ ξ = f1(x, y), η = f2(x, y) ïðåîáðàçóåò óðàâíåíèå (1) ê âèäó uξη = − F̄
a12

, ïðàâàÿ

÷àñòü êîòîðîãî íå ñîäåðæèò âòîðûõ ïðîèçâîäíûõ ôóíêöèè u.
2) Ïàðàáîëè÷åñêèé (∆ = 0). Óðàâíåíèå (2) ýêâèâàëåíòíî óðàâíåíèþ dy

dx = a12
a11

, èíòåãðèðóÿ

êîòîðîå íàõîäèì f(x, y) = C. Çàìåíà ïåðåìåííûõ ξ = f(x, y), η = g(x, y) (ãäå g � ïðîèçâîëüíàÿ

ôóíêöèÿ, ëèíåéíî íåçàâèñèìàÿ ñ f) ïðåîáðàçóåò óðàâíåíèå (1) ê âèäó uηη = − F̄
a22

, ïðàâàÿ

÷àñòü êîòîðîãî íå ñîäåðæèò âòîðûõ ïðîèçâîäíûõ ôóíêöèè u.

3) Ýëëèïòè÷åñêèé (∆ < 0). Óðàâíåíèå (2) ðàñïàäàåòñÿ íà óðàâíåíèÿ dy
dx = a12±i

√
|∆|

a11
, ðåøàÿ

êîòîðûå íàõîäèì èíòåãðàëû f(x, y)± ig(x, y) = C1± iC2. Ïîñëå çàìåíû ξ = f(x, y), η = g(x, y)
óðàâíåíèå (1) ïðèìåò âèä ã11uξξ+ã22uηη = −F̄ , ã11ã22 > 0, ïðàâàÿ ÷àñòü êîòîðîãî íå ñîäåðæèò
âòîðûõ ïðîèçâîäíûõ ôóíêöèè u.

Çàìåòèì, ÷òî îäíî è òî æå óðàâíåíèå ìîæåò èìåòü ðàçíûé òèï â ðàçíûõ ÷àñòÿõ ïëîñêîñòè.

Òàêæå îòìåòèì, ÷òî çàìåíà ïåðåìåííûõ ξ = ξ(x, y), η = η(x, y) âçàèìíîîäíîçíà÷íà, åñëè

åå ÿêîáèàí d(ξ,η)
d(x,y) =

∣∣∣∣ ξx ξy

ηx ηy

∣∣∣∣ íåïðåðûâåí è îòëè÷åí îò íóëÿ äëÿ âñåõ (x, y).

Ïðåîáðàçóéòå ê êàíîíè÷åñêîìó âèäó ñëåäóþùèå óðàâíåíèÿ.

5.1. uxx − 2uxy + uyy + 9ux + 9uy − 9u = 0.
Îòâåò: ξ = x + y, η = x, uηη + 18uξ + 9uη − 9u = 0 (ïàðàáîëè÷åñêîå âñþäó).

5.2. 2uxx + 3uxy + uyy + 7ux + 4uy − 2u = 0.
Îòâåò: ξ = y − x, η = 2y − x, uξη + 3uξ − uη + 2u = 0 (ãèïåðáîëè÷åñêîå âñþäó).

5.3. uxx + 4uxy + 13uyy + 3ux + 24uy − 9u + 9(x + y) = 0.
Îòâåò: ξ = y− 2x, η = 3x, uξξ + uηη + 2uξ + uη − u + ξ + η = 0 (ýëëèïòè÷åñêîå âñþäó).

5.4. (1 + x2)2uxx + uyy + 2x(1 + x2)ux = 0.
Îòâåò: ξ = y, η = arctg x, uξξ + uηη = 0 (ýëëèïòè÷åñêîå âñþäó).

5.5. uxx − (1 + y2)2uyy − 2y(1 + y2)uy = 0.
Îòâåò: ξ = arctg y − x, η = arctg y + x, uξη = 0 (ãèïåðáîëè÷åñêîå âñþäó).

1



Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

5.6. uxx + uxy − 2uyy − 3ux − 15uy + 27x = 0.
Îòâåò: ξ = 2x− y, η = x + y, uξη + uξ − 2uη + ξ + η = 0 (ãèïåðáîëè÷åñêîå âñþäó).

5.7. uxx + 4uxy + 10uyy − 24ux + 42uy + 2(x + y) = 0.
Îòâåò: ξ = y−2x, η = x, 6uξξ +uηη +90uξ−24uη +2ξ+6η = 0 (ýëëèïòè÷åñêîå âñþäó).

5.8. y2uxx + 2xyuxy + x2uyy = 0.
Îòâåò: ξ = y2 − x2, η = x2, uηη − ξ

2η(ξ+η)
uξ + 1

2η
uη = 0 (ïàðàáîëè÷åñêîå âñþäó, êðîìå

òî÷êè (0, 0), â êîòîðîé óðàâíåíèå âûðîæäàåòñÿ).

2


	 c  

