
4 Ïîòîê âåêòîðà. Ôîðìóëà Îñòðîãðàäñêîãî

Ïîòîêîì âåêòîðíîãî ïîëÿ A = (A1, A2, A3) ÷åðåç ïîâåðõíîñòü S íàçûâàåòñÿ ÷èñëî∫∫
S

A(x, y, z) · n(x, y, z) dS =
∫∫

S
A · n dS,

ãäå n(x, y, z) � ýòî íîðìàëü ê ïîâåðõíîñòè S â òî÷êå (x, y, z) ∈ S.

4.1. Íàéäèòå ïîòîê ïîëÿ A(x, y, z) = (x, 2y, 3z) ÷åðåç ïîâåðõíîñòü S, êîòîðàÿ çàäàíà

îòîáðàæåíèåì s(ξ, η) = (ξ, ξ2, η2), (ξ, η) ∈ [0; 1]2.

4.2. Íàéäèòå ïîòîê âåêòîðà (x, y, z) ÷åðåç ïîëóñôåðó S: x2 + y2 + z2 = a2, z > 0.

Ïóñòü Ω � ýòî îáëàñòü â R3, îãðàíè÷åííàÿ êóñî÷íî ãëàäêîé ïîâåðõíîñòüþ S, A ∈ C1(Ω, R3)
� ýòî íåïðåðûâíî äèôôåðåíöèðóåìîå âåêòîðíîå ïîëå. Òîãäà ñïðàâåäëèâà ôîðìóëà Ãàóññà-

Îñòðîãðàäñêîãî ∫∫
S

A · n dS =
∫∫∫

Ω
divA dv,

ãäå n � ýòî âåêòîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè S, divA(x) ≡ ∇ · A(x) = ∂A1
∂x1

(x) + · · · +
∂An
∂xn

(x).

4.3. Ïðåîáðàçóéòå èíòåãðàë
∫∫

S
(x3, y3, z3) · n(x, y, z) dS, ãäå êóñî÷íî ãëàäêàÿ ïîâåðõ-

íîñòü S îãðàíè÷èâàåò îáúåì Ω, n(x, y, z) � âåêòîð âíåøíåé íîðìàëè ê S â òî÷êå

(x, y, z) ∈ S.

4.4. Âû÷èñëèòå èíòåãðàë
∫∫

S
n dS, ãäå êóñî÷íî ãëàäêàÿ ïîâåðõíîñòü S îãðàíè÷èâàåò

îáúåì Ω. ×åìó ðàâåí èíòåãðàë
∫∫

S
a · n dS, åñëè a = (a1, a2, a3) = const?

4.5. Äîêàæèòå, ÷òî îáúåì òåëà Ω ðàâåí ïîòîêó âåêòîðà A = (1
3
x, 1

3
y, 1

3
z) ÷åðåç ïîâåðõ-

íîñòü ýòîãî òåëà.

4.6. Íàéäèòå ïîòîê âåêòîðà (x2, y2, z2) ÷åðåç ïîâåðõíîñòü êóáà [0; a]3.

4.7. Íàéäèòå ïîòîê âåêòîðà (x2, y2, z2) ÷åðåç ÷àñòü ïîâåðõíîñòè êîíóñà S = {z2 =
x2 + y2, 0 6 z 6 h}.

4.8. Ïóñòü îáúåì Ω îãðàíè÷åí êóñî÷íî ãëàäêîé ïîâåðõíîñòüþ S. Äîêàæèòå, ÷òî∫∫
S

cos(r, n) dS = 2

∫∫∫
Ω

1

|r|
dv,

ãäå r = (x, y, z), n � âåêòîð âíåøíåé íîðìàëè ê S. Êàê èçìåíèòñÿ ôîðìóëà, åñëè âìåñòî
âåêòîðà r ðàññìîòðåòü âåêòîð ρ = (x− a, y − b, z − c).

4.9. Ïóñòü îáúåì Ω îãðàíè÷åí êóñî÷íî ãëàäêîé ïîâåðõíîñòüþ S, u ∈ C2(Ω). Äîêàæèòå,
÷òî ∫∫

S

∂u

∂n
dS =

∫∫∫
V

∆udv,∫∫
S

u
∂u

∂n
dS =

∫∫∫
V

((∇u)2 + u∆u) dv.

Êàê áóäóò âûãëÿäåòü ýòè ôîðìóëû, åñëè ôóíêöèÿ u ãàðìîíè÷åñêàÿ, òî åñòü ∆u = 0 â

Ω.

1



Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

4.10. Ïóñòü îáúåì Ω îãðàíè÷åí êóñî÷íî ãëàäêîé ïîâåðõíîñòüþ S. Âû÷èñëèòå èíòåãðàë
Ãàóññà ∫∫

S

cos(r, n)

r2
dS,

ãäå r = (x, y, z), n � âåêòîð âíåøíåé íîðìàëè ê S. Êàê èçìåíèòñÿ ôîðìóëà, åñëè âìåñòî
âåêòîðà r ðàññìîòðåòü âåêòîð ρ = (x− a, y − b, z − c).

4.11. Ïóñòü îáúåì Ω îãðàíè÷åí êóñî÷íî ãëàäêîé ïîâåðõíîñòüþ S, u, v ∈ C2(Ω). Äîêà-
æèòå âòîðóþ ôîðìóëó Ãðèíà∫∫∫

Ω

∣∣∣∣ ∆u ∆v
u v

∣∣∣∣ dv =

∫∫
S

∣∣∣∣ ∂u
∂n

∂v
∂n

u v

∣∣∣∣ dS,

ãäå n � âåêòîð âíåøíåé íîðìàëè ê S.

4.12. Ïóñòü Ω � îáëàñòü â R3, A ∈ C1(Ω) � íåïðåðûâíîå âåêòîðíîå ïîëå. Äîêàæèòå,

÷òî äëÿ âñåõ M ∈ Ω ñïðàâåäëèâà ôîðìóëà

divA(M) = lim
d(V )→0

1

V

∫∫
S

A · n dS,

ãäå S � êóñî÷íî ãëàäêàÿ ïîâåðõíîñòü, îãðàíè÷èâàþùàÿ îáúåì V òàêîé, ÷òî M ∈ V ⊂ Ω,
d(V ) � äèàìåòð îáúåìà V .
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