
3 Íîðìàëü ê ïîâåðõíîñòè è èíòåãðàë ïî ïîâåðõíîñòè

3.1. Ïîâåðõíîñòü S çàäàíà óðàâíåíèåì x2+y2+z2 = 169. Íàïèøèòå ôîðìóëó äëÿ âåêòî-
ðà íîðìàëè n(M) â êàæäîé òî÷êå M = (x, y, z) ∈ S. Íàïèøèòå óðàâíåíèå êàñàòåëüíîé
ïëîñêîñòè â òî÷êå M(3, 4, 12).

3.2. Ïîâåðõíîñòü S çàäàíà óðàâíåíèåì x2 + y3 + z4 = 169. Íàïèøèòå ôîðìóëó äëÿ

âåêòîðà íîðìàëè n(M) â êàæäîé òî÷êå M = (x, y, z) ∈ S.

3.3. Ïîâåðõíîñòü S îãðàíè÷èâàåò ïàðàëëåëåïèïåä [0; 1]× [2; 3]× [4; 6]. Íàïèøèòå ôîð-
ìóëó äëÿ âåêòîðà íîðìàëè n(M) â êàæäîé òî÷êå M = (x, y, z) ∈ S.

3.4. Ïîâåðõíîñòü S çàäàíà ôóíêöèåé s(ξ, η) = (ξ, ξ2 + η, ξ + η2), (ξ, η) ∈ R2. Íàïèøèòå

ôîðìóëó äëÿ âåêòîðà íîðìàëè n(M) â êàæäîé òî÷êå M = (x, y, z) ∈ S.

3.5. Ïîâåðõíîñòü S çàäàíà ôóíêöèåé s(ϕ, ψ) = ((2 + cosψ) cosϕ, (2 + cosψ) sinϕ, sinψ),
(ϕ, ψ) ∈ [0; 2π)2. Íàïèøèòå ôîðìóëó äëÿ âåêòîðà íîðìàëè n(M) â êàæäîé òî÷êå M =
s(ϕ, ψ) ∈ S.

3.6. Ïóñòü ïîâåðõíîñòü S îãðàíè÷èâàåò îáëàñòü Ω = {x2 + y2 6 z 6 1}. Âû÷èñëèòå ∂f
∂n
,

ãäå f = x + y2 + xz, à n � âåêòîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè S, âî âñåõ òî÷êàõ

ïîâåðõíîñòè S.

Ïóñòü ãëàäêàÿ ïîâåðõíîñòü S ⊂ Rn çàäàíà îòîáðàæåíèåì s = (s1(ξ, η), s2(ξ, η), s3(ξ, η)) ∈
C1(D,S). Èíòåãðàëîì ïî ïîâåðõíîñòè S îò ôóíêöèè f = f(x, y, z) íàçûâàåòñÿ ÷èñëî∫∫

S
f(x, y, z)dS =

∫∫
D

f(s1(ξ, η), s2(ξ, η), s3(ξ, η))
√
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Èíòåãðàë ïî ïîâåðõíîñòè ñóùåñòâóåò, åñëè g(ξ, η) = f(s(ξ, η))
√

EG− F 2 ∈ L(D).

3.7. Âû÷èñëèòå èíòåãðàë
∫∫

S
xdS, åñëè ïîâåðõíîñòü S çàäàíà ôóíêöèåé s(ξ, η) = (ξ, ξ2+

η, ξ + η2), (ξ, η) ∈ [0; 1]2.

3.8. Íàïèøèòå ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëà
∫∫

S
f(x, y, z)dS, åñëè ïîâåðõíîñòü

S çàäàíà ôóíêöèåé z = z(x, y), (x, y) ∈ Ω.

3.9. Âû÷èñëèòå
∫∫

S
dS

(1+x+y)2
ãäå S ýòî òðåóãîëüíèê ABC ñ êîîðäèíàòàìè âåðøèò

A(1, 0, 0), B(0, 1, 0), C(0, 0, 1).

3.10. Íàéäèòå ìàññó ïîëóñôåðû S: x2 + y2 + z2 = a2, z > 0, ïîâåðõíîñòíàÿ ïëîòíîñòü

êîòîðîé â êàæäîé òî÷êå M(x, y, z) ðàâíà z/a.

3.11. Íàéäèòå öåíòð òÿæåñòè îäíîðîäíîé ïîëóñôåðû S: x2 + y2 + z2 = a2, z > 0.

Äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ
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3.12. Äîêàæèòå ôîðìóëó Ïóàññîíà∫∫
S

f(ax+ by + cz) dS = 2π

∫ 1

−1

f(u
√
a2 + b2 + c2) du,

ãäå S � ïîâåðõíîñòü ñôåðû x2 + y2 + z2 = 1, a = const, b = const, c = const.

3.13. Íàéäèòå ìàññó ïîâåðõíîñòè S = {2z = x2 + y2, 0 6 z 6 1} ïîâåðõíîñòíàÿ

ïëîòíîñòü êîòîðîé ρ(x, y, z) = z.

3.14. Âû÷èñëèòå èíòåãðàë
∫∫

S
(x2 + y2)dS, ãäå S � ãðàíèöà îáëàñòè Ω = {x2 + y2 6

z2 6 1}.
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