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An nonlinear second order ordinary singularly perturbed equation
is consided.We suppose that the solution has boundary layers near
the endpoints of the interval. We use the linear interpolation for the
source in the equation for the every mesh interval. The concordance
of the solutions in the neighbouring mesh intervals leeds to the finite-
difference scheme. We prove that under some conditions this scheme
has the second order of the accuracy uniformly in a small parameter.

We shall consider the following singularly perturbed boundary value problem:

Lu=eu" — f(z.u) =0,u(0) = A,u(l) =B (1)
with the hypotheses, which will be assumed throughout the paper :
e>0,feC*(I,R),I=[0,1], f, > 3>0. (2)

The solution u(z) has two boundary layers near the endpoints of the interval
I.

In the linear case of problem (1) the question of construction of a difference
scheme with the property of uniform convergence in a small parameter e
at first was considered by Bahvalov N.S [1]. In that paper was proved the
uniform convergevce of the central difference scheme on the mesh with the
points concentrated in the boundary layers. This approach, based on the
concentration of mesh points in the regions where the solution changes rapidly,
was developed by Liseikin V.D., Petrenko B.E.|2]. In [3] the numerical soluton
of nonlinear problem (1) was found by using Richardson extrapolation on a
special nonuniform discretizaton mesh.In [4] after some transformation the
problem (1) was solved by a standard difference scheme on the equidistant
mesh in the combination with the solution of the corresponding reduced
problem.



Another approach for construction of the schemes with the property of
uniform convergence in a small parameter € - to take into account boundary-
layer behavior of the solution in the coefficients of the difference scheme.
An exact difference scheme was founded by Samarsky A.A. [5]. Familiar
approach was presented by Gaevoy V.P.[6] . In the linear case the special
difference scheme was constructed in [7], [8] and in some other papes [9].

In this paper for nonlinear problem (1) we’ll construct the scheme of the
second order accuracy uniformly in € . Our method corresponds to the second
from the mentioned approaches. Throughout the paper C' and C; denote
positive constants independing of ¢ and mesh steps. We use the maximum
norm ||V|| = max |V;| for any vector V = (V1, V4, ..., V) and

V|| = max |V (x)|,z € I for any function V(x) .

We introduce the mesh €2 :

0= {LUZ X =T + hi,QIO = O,IN = 1}, Az = I:xri7xi+1).

To construct the difference scheme for the problem (1) we consider the

problem: B N
LV =eV"— f(z,V)=0,V(0) = A, V(1) = B, (3)

where for x € A,
F(@,V) = fut fonle = 20) + [y (V = Va)
with
fo = F(@n, Vo), fan = Folan, Vi), S = fir(@n, Vi), Vo = V().

For every interval A,, the solution of the problem (3) has a form :

Va(@) = V(@) + 1" explom(e = 2n)] + 95" expl=an(e = 20)],  (4)
where V- some solution of the equation (3) :

VO(z) = =B, 2(bpx + dp) + 3,2 (bpzn + dy) cosh[ay, (v — z,)]+

+b,3;, 2, sinh[ay, (2 — 2,)],

where

Qn = ﬁne—O.S’ ﬁn = (f\,/n)o.57 bn = leym dn = fn - bnxn - f\,/nvn
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We select 1\, 14" to satisfy conditions of continuity for V() :

Va(wn) = V!, V(@) = Vnh+1~
The condition V € C'[0,1] is valid, if
Vr:—l(xn) = Vrz<xn)7 n= 17 27 7N - L

Using (4), we obtain the system of finite-difference equations :

671 h ﬁn

oy 4 B coth(an1hg) | V)
Snb(on ) 1 [Sinh(anhn+1)+ﬁ 1 coth(ay, 1 )] vV, +

+Bn_1 coth(ay_1h, )V = F, VI=A Vi=B, n=12..,N—1,

where s y 1 A

n— Qn—1Mp n A lln41
F, = ! tanh + = tanh
ﬁn—l 2 ﬁn 2
bnhn+1 1 ]_
" ﬁn [anhn—}—l Sinh(anhn+l>] *
+bn—1hn an—lhn COth(Oén_lhn) -1
671—1 an—lhn .

()

The difference scheme (5) is a system of nonlinear algebraic equations. The
solution of this system is bounded, if some conditions on the function f are

assumed.
Lemma 1. Suppose that

f=fu), f"(w)u = 0.

Then
VR < max{|A, |B], |£(0)|/5}.

Proof. Rewrite scheme (5) in a form :

thh — ﬁn Vh . ﬁn
n sinh(ay i) il sinh(anhnﬂ)—i_
(0 h
+ Bp_1coth(ay,_1h,) + fé n) tanh 2" ”“1 Vit

(6)



f'(kn) p_1hy h f(0) ap_1hy,
1 coth(am_1hn) — tanh = tanh
+ | Bp1 coth(a,—_1hy,) 5 an 5 |4 5 an 5
h
+f5(0) fanh 2L yh A V=B n=1,2,.. N — 1,

where ,, € (0,V ). Using (6) we can prove that 32_; > f(k,). It follows
that maximum principle for operator L" is valid [5], [10] : if

Lhh <o, wh >0 A >0 n=12.,N~-1, (8)

then ¥ >0, n=0,1,..., N. We define ¥" = max{|A|, |B|,|f(0)|/8} £ V"
For given ¥" inequalities (8) have a place , it follows ¥* > 0. Lemma is
proved.

Lemma 2. Suppose that ||[V"|| < C, where V" is the solution of the scheme
(5). Then :

VI < Cy, [V/(@)] < Co[1+ €0 (exp(—ra) + exp(a(z — 1)],  (9)

where k = (8/€)%5, V is the solution of the problem (3).
Proof. Write the problem (3) in a form :

V" —a(x)V =g(x), V(o) = A, V(1) = B, (10)

where for z € A, a(x) = 32, g(z) = fn + bu(x — x,) — B2V". Taking into
account that ||V < C we get |g(x)| < C3. Using inequality
VI < |A|+]|Bl+ 879, we get ||V]| < Cy. Using the condition |g(z)| < Cs
and famillar results [7],we get (9).Lemma is proved.

Let €2 be a nonuniform mesh of the interval /.We want a relatively high
density of points in a boundary layers. Let M be a number of mesh points

in the boundary layer. We take for n < M
T, =—k "Il — (1 —k1)M 'n]. (11)
Forn>N-M
T, =1+r"In[l —(1—r M YN —n)]. (12)

We suppose, that the mesh € is uniform out of boundary layers, @) is a
number of uniform steps, Q = N — 2M.



Theorem 1. Let Q satisfies to conditions (11)-(12), V" is a bounded solution
of the scheme (5), [u]q is the solution of the problem (1) on mesh points. Then

V" = [uloll < ClQ™* + M72]. (13)
Proof. Let z =u — V. Then

ez — [f(‘r7u) - f(l’, V)](u - V>_1'Z = f(l’, V) - J?(J}, V)

For x € A, |f(z,V) — f(z,V)] < C[hZ,, + |V(z) — V(2,,)|?]. Using the
estimate (9) ,we get :

V(@) = V(za)| < [ IV/(s)lds < Cilar+

+Co{exp[—kzn] — exp[—Kani1] + exp[r (41 — 1)] — explr(z, — )]}
For n < M we use (11) and get :

\V(z) = V(z,)| < Cslhnsr + M.
For n < M hyy1 < M~ Tt follows
V(z) = V(x,)| <CM.

The case n > N — M may be considered in the same manner.
For M <n < N — M we get |V(z) — V(x,)| < CQ . So, we get

f(z, V)= f(z, V)| < CIM*+ Q2.

Taking into account, that [V]g = V" and ||z|| < 87 f(z, V) = f(z, V)|, we
get (13). Theorem is proved.
Consider the case of a linear problem :

Lu=eu" — c(x)u = f(z), u(0) = A, u(l) =B, (14)

where c(z) > >0, ¢ >0, f,ce C?0,1].
We rewrite scheme (5) for the problem (14):
ﬁn h ﬁ%

c
Lhyh=_"0 yh | 43 cothz, + — tanh
" sinh z,., "t sinh 2,11 Fn-1 On

Zn+1

+
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" Ry, 1 1 r— n
+ Cnlint1 ( — N Vi lﬁn_l coth z,, — Enl fanh 2

O Zne1  sinh z,44 Bn_1 2
— C%nljn o COtl;ann — 1] vh = g;j tanh %n + g:tanh Zn2+ Lt
L e BT @
where
cn = c(xp), ¢, = (xn), B2 = cp, a2 = B2/€, 2n = p_1hn, fn = fl2,),
fo = I'(@a).
Theorem 2. Let for any step h,
hn < h, B?[|C"]| < . (16)
Then the next estimate for the error of the scheme (15) is valid:
V" = [u]a|l < CR2.
Proof. For the problem (14) the equation (3) has a form :
V" —&x)V = f(z), V(0) =4, V(1) = B, (17)

where for x € A,

Ax) = cn + ez —an), f(2) = fot folz—zn)
Prove estimate ||V|| < C. Taking into account (16), we have :
&(x) = c(x) — " (0)(x — x,)*/2 > (/2.

It imply |V (2)] < 287! fll + max{|A|,|B[}. So, |V(z)| < C. Now we
estimate z = u — V. We have :

Lz = f(x) = f(x) + [e(z) — e(2)]V.

Hence, |Lz| < Ch?%. Taking into account, that ||z|| < 87| Lz||, we get
|u — V| < Ch?. Using that [V]q is an exact solution of scheme (15) , we
complete the proof of the theorem 2.



Now we’ll consider the results of the numerical experiments.
Write a boundary value problem in a case of linear equation [4]:

u” — u = cos® mx + 2(me)? cos(2mz), u(0) =0, u(l) = 0. (18)

The solution of (18) has a form :

u(z) = [exp(—x/€) +exp(—(1 — z)/€)] / [1 + exp(—1/¢€)] — cos?(mx).

According to the theorem 2 the scheme (15) has a property of the second
order accuracy for any mesh. Let Q be uniform mesh with the step h. We
present a norm of the error [u]q — V" depending on € and h in the table 1.
The table 1 confirms the theorem 2. In the table 2 is presented the norm
of the error for the usiall second order difference scheme. Numerical results
confirm the advantage of the scheme (15).

Now we’ll consider the case of nonlinear boundary-value problem :

v —uP —u= f(x), u(0) =1, u(l) =1, (19)
where function f(z) corresponds to solution :
u(z) = {exp(—e_o'g‘x) + exp(e " (z — 1))} / [1 + eXp(—e_O'E’)] + sin(7x).

The difference scheme (5) is a system of nonlinear algebraic equations. We
use modified Pikar method to find its solution [11] :

B (k+1) B ®) (*) (k1)
. (k) n+l R (k) + ﬁn—l COth<an—1hn) Vn +
sinh(an " hpt1) sinh(an hpy1)

+8, coth(ay? b)) V,ETY — GV = E® — Gy,

VD — 4, v B o =1,2,. N — 1, (20)

As initial iteration for solution we chose V()) =1 for any n . The numerical
experiments indicated the convergence of iterative method for G > 1. For
calculations we chose G = 5. We break iterative process if maximal error
between solutions of neighbouring iterations not more 10~°. On every iterative
step we used Gaussian elimination method [5].

Table 3 contains a norm of the error for scheme (5) in the case of problem
(19) depending on e¢ and M, where b - number of mesh steps in each
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boundary layer. A number of uniform steps out of baundary layers is the
same as in layers () = M). In the layers mesh points were chosen according
to (11),(12). The results given in Table 3 support estimate (13).

Table 4 contains a norm of the error for scheme (5) in the case of the
uniform mesh. This calculations indicate that in the case of nonlinear problem
and scheme (5) there is necessity to concentrate mesh points in the boundary
layers.

Table 1.
€ h
0.1 0.05 0.01 0.005
1.0 5.9E-2 | 1.5E-2 | 6.2E-4 | 1.5E-4
0.1 3.2E-2 | 8.2E-3 | 3.3E-4 | 8.3E-5
0.01 || 4.0E-2 | 9.2E-3 | 3.3E-4 | 8.2E-5
0.005 || 4.3E-2 | 1.0E-2 | 3.3E-4 | 8.3E-5
Table 2.
€ h
0.1 0.05 0.01 0.005
1.0 3.1E-2 | 7.6E-3 | 3.0E-4 | 7.5E-5
0.1 1.2E-2 | 3.2E-3 | 1.3E-4 | 3.3E-5
0.01 || 9.7E-3 | 3.0E-2 | 1.4E-2 | 3.7TE-3
0.005 || 2.5E-3 | 9.8E-3 | 3.6E-2 | 1.4E-2
Table 3.
€ M
3 10 30 100
0.1 0.16E-1 | 0.17E-2 | 0.36E-2 | 0.60E-3
0.1E-1 || 0.49E-1 | 0.42E-2 | 0.29E-2 | 0.48E-3
0.1E-2 0.18 0.12E-1 | 0.33E-2 | 0.56E-3
0.1E-3 0.29 0.19E-1 | 0.35E-2 | 0.60E-3
0.1E-4 0.32 0.23E-1 | 0.36E-2 | 0.61E-3




Table 4.

€ h
0.1 0.02 0.01
0.1 0.11E-1 | 0.33E-3 | 0.12E-3
0.01 0.71E-1 | 0.13E-2 | 0.24E-3
0.001 0.91 0.24E-1 | 0.38E-2
0.0001 3.3 0.38 0.81E-1
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