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Some physical processes, as flame spreading or pollution transfer lead to
elliptic problems for unlimited domains. There is a problem to transfer the
boundary conditions to the boundary of the limited domain. In this work we
consider the case of half - limited interval. We use approach [1],[2] to extract
stable set of solutions, corresponding to condition at the infinity. We suggest
an asimptotic method to form the boundary conditions.

Define for any continuous or mesh function p(x) ||p|| = max |p(x)|.
Throughout the paper let C and Ci denote positive constants, that are always
independent of ε and h.

Consider the problem:

Tεu = −εu′′ + mu′ + g(u) = 0, (1)

u(0) = A, lim
x→∞u(x) = B. (2)

We suppose, that g′′(s) is continuous function,

ε ∈ (0, 1], m > 0, g(B) = 0, g′(s) ≥ α > 0, s ∈ R. (3)

Problem (1)-(2) simulates the flame spreading, when u– the tempera-
ture, m– flame speed, ε – diffusion coefficient, function g(u) corresponds to
Arrenius law:

g(u) = K(u−B) exp(−E/u).

Get the estimate of stability for operator Tε.
Lemma 1. Let p(x), q(x) - any enough smooth functions, bounded at the

infinity. Then for all x ∈ [0,∞)

|p(x)− q(x)| ≤ α−1‖Tεp− Tεq‖+ |p(0)− q(0)|+ lim
s→∞ |p(s)− q(s)|.

Proof. Let z = p− q. Define linear operator:

Lεz = −εz′′ + mz′ + bz = Tεp− Tεq, b = [g(p)− g(q)][p− q]−1.

Let
Ψ(x) = α−1‖Tεp− Tεq‖+ |z(0)|+ lim

s→∞ |z(s)| ± z(x).
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Then
LεΨ(x) ≥ 0, 0 < x < ∞, Ψ(0) ≥ 0, lim

x→∞Ψ(x) ≥ 0.

Using maximum principle we get Ψ(x) ≥ 0. Lemma is proved.
Taking p = u, q = 0, we have from lemma 1:

|u(x)| ≤ β−1|g(0)|+ |A|+ |B|.

Lemma 2. Function u(x) increases, if A < B and decreases, if A > B.
Proof. Let A < B, z = u−B. Define linear operator:

Lεφ = −εφ′′ + mφ′ + [g(z + B)− g(B)]z−1φ. (4)

If
φ(0) ≤ 0, lim

x→∞φ(x) = 0, Lεφ(x) = 0

, then φ(x) ≤ 0 . Using φ(x) = z(x), we get u(x) ≤ B. Using the relation:

u′(x) = −ε−1

∞∫

x

[g(u(s))− g(B)] exp[mε−1(x− s)]ds,

we get u′(x) ≥ 0 for any x. The case A ≥ B is the same. Lemma is proved.
Lemma 3. For any x

|u(x)−B| ≤ |A−B| exp[r0x],

where r0 is the negative root of equation: −εr2 + mr + α = 0.
We can proof lemma 3, using maximum principle for operator Lε.
Transfer the boundary condition from the infinity to some point L0. The

point (B, 0) is a special point of the type ”sadle” in the space of the variables
(u, u′). We use approach [1],[2] and define the stable separatrice of the ”sadle”
by relation:

u′(x) = r1(u(x)−B) + γ(u(x)), (5)

r1 is the negative root of the equation −εr2 + mr + g′(B) = 0,
γ(u) is solution of the problem:

εγ′(u)[r1(u−B) + γ(u)] = εr2γ(u) + g(u)− g′(B)(u−B),

γ(B) = 0, r1 + r2 = mε−1. (6)

Lemma 4. For all x:

|γ(u(x))| ≤ C exp{2r0x}. (7)
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Proof. Taking into account (5),(6), we get:

ε
d

dx
γ(u(x))− r2εγ(u(x)) = g(u(x))− g′(B)(u(x)−B).

It follows:

γ(u(x)) = −ε−1

∞∫

x

[g(u(s))− g′(B)(u(s)−B)] exp[r2(x− s)]ds.

hence,
|γ(u(x))| ≤ max |g′′u(u(x))|(2r2ε)

−1(u(x)−B)2.

Using Lemma 3, we get (7).
Using the equation (5) we form the problem for any finite interval :

−εu′′ + mu′ + g(u) = 0,

u(0) = A, u′(L0) = r1[u(L0)−B] + γ(u(L0)). (8)

We can find γ(u) from the equation (6) with some mistake. Investigate the
influence of that mistake on the solution of problem (8).

heorem 1. Let ũ is solution of problem (8) in the case of function γ̃(v).
Let γ̃′(v) is continuous function, r1 + γ̃′(v) ≤ 0, v ∈ R. Let

|γ(u(L0))− γ̃(u(L0))| ≤ ∆,

where u(x) is solution of the problem (1)-(2). Then for every x ∈ [0, L0]

|u(x)− ũ(x)| ≤ 2∆εm−1 exp[m(2ε)−1(x− L0)]. (9)

Proof. Let z = u− ũ. Then

Lεz = −εz′′ + mz′ + [g(u)− g(ũ)](u− ũ)−1z = 0,

z(0) = 0, Dεz = z′(L0) + τz(L0) = γ(u(L0))− γ̃(u(L0)),

where τ = −r1 − γ̃′(θ) for some θ.
Define

Ψ(x) = 2∆εm−1 exp[m(2ε)−1(x− L0)]± z(x).

Then

LεΨ(x) ≥ 0, x ∈ (0, L0), Ψ(0) ≥ 0, Ψ′(L0)− (r1 + γ′0(θ))Ψ(L0) ≥ 0.

Using maximum principle we get Ψ(x) ≥ 0, x ∈ [0, L0]. The theorem is
proved.
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Let ũ′(L0) = 0. Then

|u(x)− ũ(x)| ≤ Cε exp[m(2ε)−1(x− L0) + r0L0], 0 ≤ x ≤ L0.

Let ũ(L0) = B. In this case

|u(x)− ũ(x)| ≤ C exp[m(2ε)−1(x− L0) + r0L0], 0 ≤ x ≤ L0.

We use asymptotic approach to solve problem (6). We consider two terms
of asymptotic series:

γ̃(u) = γ0(u) + εγ1(u). (10)

Taking into account (10) in (6), we have:

γ0(u) =
g′(B)(u−B)− g(u)

m
,

γ1(u) = −g′(B)

m2
{γ0(u) + g(u)γ′0(u)}. (11)

Lemma 5. Let g′′(s) is continuous function, u(x) is solution of problem
(1)-(2). Then for all x

|γ(u(x))− γ̃(u(x))| ≤ Cε2. (12)

Proof. Let z(u(x)) = γ(u(x))− γ̃(u(x)). Then

ε
d

dx
z(u(x))− εr2z(u(x)) = F (x), lim

x→∞ z(u(x)) = 0, (13)

where |F (x)| ≤ C0ε
2. From (13) we have

z(u(x)) = −1

ε

∞∫

x

F (s) exp[r2(x− s)]ds.

It follows that |z(u(x))| ≤ C0m
−1ε2. Lemma is proved.

The problem (8) is restriction of the problem (1)-(2) to a finite interval.
We can prove, that for finite j for some C and all x ∈ [0, L0]

|u(j)(x)| ≤ C. (14)

So, the solution of the problem (8) has not boundary layer and some monotone
scheme may be used to solve the problem (8). As we noted, the problem (6)
can be solved with some mistake. Investigate the influence of that mistake
on the solution of a one sided difference scheme.
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Let Ω is the uniform mesh of the interval [0, L0]. Consider the scheme:

T h
n uh = −εΛxx,nu

h + anΛx,nu
h + g(uh

n) = 0,

uh
0 = A, Rhu

h = Λx,Nuh + Θ(uh
N) = 0, (15)

where

Λx,nu
h =

uh
n − uh

n−1

h
, Λxx,nu

h =
uh

n+1 − 2uh
n + uh

n−1

h2
, Θ(u) = −r1(u−B)−γ(u).

Investigate the properties of scheme (15).
Lemma 6. Let ph, qh are any mesh functions . Then for every n:

|ph
n − qh

n| ≤ α−1|T hph − T hqh|+ |ph
0 − qh

0 |+
+(4ε + 2αh)α−1|Rhp

h −Rhq
h| exp[α(2ε + αh)−1(xn − L0)]. (16)

Proof. Let zh = ph − qh. Then

Lhzh = T hph − T hqh, zh
0 = ph

0 − qh
0 , Dhz

h = Rhp
h −Rhq

h, (17)

where Lh – linear operator

Lh
nz

h = −εΛxx,nz
h + anΛx,nz

h + bnz
h
n, (18)

bn = [f(ph
n, xn)− f(qh

n, xn)]/(ph
n − qh

n),
Dh – linear operator:

Dhz
h = [Θ(ph

N)−Θ(qh
N)][ph

N − qh
N ]−1zh

N + Λx,Nzh.

Define mesh functions φh, ρh:

φh
n =

[
1 +

αh

2ε

]n−N

, ρh
n =

[
1 +

αh

2ε

]n+1−N

.

Then

exp[α(2ε)−1(xn − L0)] ≤ φh
n ≤ exp[α(2ε + αh)−1(xn − L0)].

Lh
nφh ≥ σ[8ε + 4αh]−1φh

n, Dhφ
h ≥ α[4ε + 2αh]−1, Dhθ

h ≥ 0. (19)

Define Ψh:

Ψh = α−1‖T hph − T hqh‖+ |ph
0 − qh

0 |+ (4ε + 2αh)α−1|Rhp
h −Rhq

h|φh ± zh.

Then
Ψh

0 ≥ 0, DhN
hΨh ≥ 0, Lh

nΨh ≥ 0, n = 1, 2, ..., N − 1, (20)

5



Using maximum principle we get Ψh ≥ 0. Lemma is proved. From lemma 6
follows that scheme (15) has unique and bounded solution.

According to the next theorem the scheme (15) has the property of the
uniform convergence in ε.

Theorem 2. For some C

||[u]Ω − uh|| ≤ Ch. (21)

We can prove that theorem, using (14) and maximum principle.
Lemma 7. Let Θ̃′(v) is continuous function, Θ̃′(V ) ≥ α̃ > 0. Let ũh is

solution of scheme (15) in the case of perturbed function Θ̃. Then if

|Θ(uh
N)− Θ̃(uh

N)| ≤ ∆,

then for every n

|uh
n − ũh

n| ≤ ∆η−1(4ε + 2αh) exp[α(2ε + αh)−1(xn − L0)]. (22)

Prove. Let zh = uh − ũh. Then

Lh
nz

h = 0, zh
0 = 0, Dhz

h =
zh

N − zh
N−1

h
+

Θ̃(uh
N)− Θ̃(ũh

N)

uh
N − ũh

N

zh
N = Θ̃(uh

N)−Θ(uh
N),

Lh (3.7) bn = [f(uh
n, xn)− f(ũh

n, xn)]/(uh
n − ũh

n). Define Ψh:

Ψh
n = ∆η−1(4ε + 2αh)φh

n ± zh
n.

Using maximum principle we prove lemma.
Scheme (15) is a sistem of nonlinear equations. We use Picar method to

find solution:

−εΛxx,nu
j+1 + anΛx,nu

j+1 + Guj+1
n = Guj

n − f(uj
n, xn),

uj+1
0 = A, Λx,Nuj+1 + Guj+1

N = Guj
N −Θ(uj

N). (3.22)

Lemma 8. Let

0 < g ≤ ∂f

∂u
≤ G, 0 < g ≤ Θ′(u) ≤ G.

Then for every iteration j

||uj+1 − uh|| ≤
(
1− g

G

)
||uj − uh||.
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Proof. Define zj = uj − uh. Then

−εΛxx,nz
j+1 + anΛx,nz

j+1 + Gzj+1
n = [G− f ′u(sn, xn)]zj

n,

zj+1
0 = 0, Λx,Nzj+1 + Gzj+1

N = [G−Θ′(rn)]zj
N .

Define

Ψh
n =

(
1− g

G

)
||zj|| ± zj+1

n .

Then the conditions (20) are fulfilled and therefore Ψh ≥ 0. Lemma is proved.
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