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For a function of two variables, corresponding to a solution of the elliptic problem
with a boundary layer, the interpolation function is constructed. It is shown, that
interpolation error is small for any relations between a small parameter and mesh
steps. It is proved, that in case of the Shishkin mesh polinomial interpolation the
method is uniformly accurate with regard to a small parameter. Formulas for calculation
of derivatives, that use mesh values of the solutionwith a uniformly small error are
proposed.

BBenenune

,ZLHH QIIMINITUYIECKUX 3a/Ja4 C IOTPAHUYIHBIM CJI0€M Pa3HOCTHBIE CXEeMbl CO CBOMCTBOM PaBHO-
MEpHOi CXOIUMOCTH, KaK U3BECTHO, MOI'YT OBITH OCTPOEHBI JINOO Ha HEpaBHOMEPHOII CeTKe,
crymarorieiics B norpasungaoM cioe [1, 2|, mubo HAa paBHOMEpHON — € TOJATOHKON CXeMBbI
K MOrPAHCJIONHON cocTaBisttomieii pemtenust [3]. Eciu pemenne B y3iax ceTKu HaiiileHO, TO
AKTyaJICH BOIIPOC MHTEPHIOJIAINN CETOYHOI'O PEIICHUA. KaK 6y,£LeT IHOKa3aHO HHXKe, ITOJIN-
HOMUAJIbHaA UHTEPHOJIANNA MOXKET IIPUBOJAUTH K SHAYUTEJIbHBIM IOT'PDEITHOCTAM. B ,ZLaHHOﬁ
paboTe B ciIydae MPOU3BOJIBHON MPAMOYTOJIBHOI CETKH CTPOUTCSA U 0O0CHOBBIBAETCS HHTEPIIO-
JIATHS, YIATHIBAIOIIAS TOTPAHCIONHYIO COCTABISIONIYIO B perennn. [lokazano, 9To B ciaydae
crymarorieiicst ceTku [4] monnHoMua bHast HHTEPIOJISIHS JaeT PABHOMEPHO MAJIYIO TIOIPeIll-
HOCTB. PaCCMOTpeHbI " BOIIPOCHI HAXO2KAEHU A ITPOU3BOJHBIX B HpOI/ISBOJIbHOﬁ TOYKE 06.HaCTI/I
qepe3 3HavYeHns (DYHKIUU B y3JIaX CETKH.
Urak, nycrs dyukims u(x,y), onpeejaeHHas B IPAMOYTOJIbHON 00J1acTH

DI{(Z’,y)OSLESLl,OSySLQ},
Hpe,ZLCTaBI/IMa B BHJE
U(l’,y) = 7(3/) eXp(_aO&‘ilx) + P(:E?y)? (1)
e Y9 (y)]| < C, 0<j <3, £>0, ap >0,
ai+j

ox' oyl

1
P(x,y)’ < C’[.—lexp(—as_lx) + 1}, 0<i<3, 0<j5<1,
gt

o7

- < | < 3.
ayjP(x,y)‘ <C, j<3

*Pabora BeimosHena npu dpunaHCcoBOM nomepxkke nporpammbl 1.3 OMH PAH u nanumonanbsHOro honaa
Bourapuu, npoexr HS-MI-106/2005.
(© WnuctnTyT BHIYHCANTEILHBIX TexHOMOorHi Cubupckoro ornenenus Poccuiickoit akagemun Hayk, 2008.
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ITox C' u C; nogpasymeBaeM HOJIOKATEIbHBIE IIOCTOSHHBIE, He 3aBUCAIITe OT € U IIaroB CeT-
ku. IIpeanonaraem, uro « > 0. @yukiust Buja (1), ¢ IKCIOHEHITUATLHON TTOIPAHCIORHON
COCTABJIAIONIEH, COOTBETCTBYET PEIIEHNI0 /IUNTUIECKON 3a/1a9M ¢ PeryJIsIpHBIM MOTPAHUY-
HBIM €JI0eM y TpaHunpl & = 0 B ABYMepHOi npsiMoyrosboit obaactu |2, 5| . B wacrrocrn,
u(z,y) MoxKeT GBITH PeleHrneM KpaeBoil 3a1auu:
2 2
S o a5 —begu= (), (e € DAL,

u(z,y) =o(x,y), (v,y) €T,
rae a(z) > a >0, b(z,y) > 0, ag = a(0), BHIIOJHEHBI YCIOBHsI COTIACOBAHUSI KPAEBBIX
yesoBuit u hyHKIMs ur(z,y) sSBIsSETCs T0CTATOYHO Niaajkoii, I' — rpanumna obaactu D.
Ilpeanonaraem, uro jais (hyHKnuu u(x,y) U3BeCTHBI 3HAUeHHd u;; = u(Z;,Y;) BO BCeX
y37aX HEKOTOPOil MpsAMOYTO/IbHOM ceTKu {2 obsactu D :

Q={(z;,y;), 0<i<N,0<j<M}

U UCCJIelyeM BOIPOC MHTEPIOJSIUN CETOYHOTO PENIeHusl B TPOU3BOJIbHYIO TOUKY obstact D.

Cuauajia oKakeM, 9To B cjaydae PYHKIUH ¢ TOTPAHCIOWHONR COCTABIAONIEH TOJTHHOMU-
aTbHAd MHTEPHOJANNS MOKET IPUBOIUTH K CYMIECTBEHHBIM HorpemHocTaM. Ilyers A;; —
IpPOU3BOJIbHAsA sgueiika ceTkn )

ANij={2; <o <21,y Y <yjr}, hip1 =Tig1 — T, Tjp1 = Yjp1 — Y-
[ a5 sraefiku A; j OCTPOMM MHTEPNOAUPYIONLYI0 DYHKIHNIO B BUJE MHOIOY/IeHa
up(x,y) =ax+by+cxy+d.

BagaanM GYHKIUO JTHHEHHONR WHTEPIOIANNN 110 X /sl Y3J1a, Yj -

- 1
Az, y;) = 3 — [(xiﬂ —z)u;; + (T — xi)“iJrl,j]- (2)
i+1
Tenepp onpenennm
1 ~ ~
ur(z,y) = —_— [(ijrl —y)u(z, y;) + (y — y;)ulz, Z/j+1)]- (3)
J+

[TokaxkeMm, 4T0 WHTepHOIANHOHHAsA dopMyta (3) MOMkKET MPUBOAUTH K CYMIECTBEHHBIM TI0-
rpemuocTam B caydae dynkmun suga (1). Iyers u(z,y) = exp(—e~'x). Torma

w () () 2 e (2 e (22
o5 S =5t | — plo )

Otciona moydaeM, 9To Ipu € = hy

1 1 —1
ur, (%,y) —u (%,y) =35 + éexp(—l) — exp (7) ~ 0.077.

TodHOCTHL MHTEPHOIAINY He TOBBIMIACTCI TPU YMEHbIIEHUN TMara ceTku hy, ecaum € = hy.
Takum obpazom, B ciaydae DYHKINU, COAEPZKAIIEH TOTPAHCIONHYIO COCTABJIIIONTYIO, BO3HHU-
KaeT HeOOXOJMMOCTh B pa3padOTKe CHENUAIbHON WHTEPIOJSIIUOHHON (DOpMYJIbl, UMEIOIEi
MaJIyIO IOTPENIHOCTh HE3aBUCUMO OT COOTHOIICHUA IHapaMerpa € U IaroB CeTKU.
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1. DKcHoHeHInAJIbHAA NHTEPIIOJIIINS

[Tepeiigem K TOCTPOEHUIO UHTEPHOJISITMOHHON (DOPMYJIBI, YUUTBHIBAIONIEH TOTPAHCIONHYIO CO-
crapisttontyo Gynknun u(x,y). Uexons w3 npeacraienns (1), j/st 3aaHHBIX 4, j TOJYIUM

v; exp(—aoe ™ x;) + P(4,y5) = i,
Vj exp(—aoe  wiy1) + P(wit1, Y;) = Uit
rae v; = Y(y;). I3 ycaoBus orpanundennoctu P, (z,y) cieryer
P(ziy1,y5) — P(xi,y5) = pihiva, o] < Ch
N3 cucrembl moTyInm

(i1 — wiy — prhisi]
exp(—ape 'z 1) — exp(—age'x;)]

Vi = [
VUauTBHIBasg COOTHONICHUS
P(x,y;) = Plai,y;) + pa(x — 33),  |p2| < Ch,
P(w,y;) = wij — vy exp(—aoe™ @),
IIOJIy UM BbIpazKeHue [ist u(x,y;) Ha WHTEPBATIE [T;, Tipq) :

u(z,y;) =, exp(—aos_lx) — exp(—aos_lxi) +u; j + po(r — ). (4)

[Tpenebperast B (4) wienamu nopsiaka O(h;yq), HOJTyInM HHTEPIOJSIHOHHYIO TI0 T HOPMYJLY
ISl MHTEPBAJIA [T, Tiy1]:

exp(—ape'z) — exp(—ape ;)

u(x, Z/j) = [Ui+1,j - Ui,j] + U (5)

exp(—ape1x;41) — exp(—apetx;)
Berauras u3 (5) paBeHcTBO (4), HOIyIHM
[u(z,y;) — u(z,y;)] < Cohiya. (6)

Urak, a1 KazKJI0TO y371a Y; TOYHOCTH MOCTPOEHHON HHTEPHOIANHOHHON (opmyrst (5)
nopsiaka O(h;y1) s uaTepBaia [x;, x;41] paBHOMepHa 1o €. Tenepb MOCTPOUM MWHTEPIOJISI-
nnonnyio Gopmyity st saeitkn A, ;:

up(x,y) = Int,(u) = i (Y1 —y)ulz,y;) + (v — yy)u(z, yj) |- (7)

Jlemma 1. IIpu scex (x,y) € A,
un(z,y) — u(z,y)| < Clhia +774,). (8)
Aoxasameavcmeo. Ilycrs (z,y) € A, ;. Torna

B 1
0, 5) = ()| < ulz, y) — Tnt, (ul,y)] + Ity (u — 0)] < 3 max fup, |72, + Cohipr.

YVdauTbiBas OrpaHUYeHHOCTH TPOU3BOHBIX 110 ¥, MOJYYUM yTBEPZKJIEHUE JIEMMBbI. U
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Nutepnonamuonnas dopmyna (7) ycroitunBa K BO3MYIIEHHIO u; ;. Ecan 4y (z,y) coot-
BETCTBYeT BLIYHCIeHUAM 110 (opmyste (7) B cirydae BOSMYIIEHHBIX 3HAUCHHIT U; j, KOTIA [T
KaxKI0r0 y3na (z;,y;) |uij — U; ;| <7, To npu Beex (x,y) € D

|uh($ay) - ﬂh(l’,y” S 3.

Takum 06pa3oM, ecqim MHTEePIPETHPOBATH, UTO u(T,Yy) — PpeIleHne KpaeBoil 3a1aum ¢
peryagapHbIM MOTPAHUYHBIM CJIOEM, T — MAKCHMAaJbHAd IO y3JIaM CeTKU MOTPENTHOCTh pa3-
HOCTHOM CXE€MBI, TO

lu(x,y) — ap(x,y)| < CH%E;JX(hi + TJQ) + 3r.

Boruuncienne nmpomsBogHoii mo y. PaccMorpuM, Kak MOXKHO NPHUOJIMKEHHO HAiTH
3HAYeHNe MPOM3BOAHON 1, (7,y) B MPOU3BOMBHON TOUKe obmacTu [ Ha OCHOBE 3HAUEHMIl
dbyuxmum u(z,y) B y3aax cerku. st 9T0ro cHavasa HaiijieM 3HAYEHUsT TPOU3BOIHON BO
BCEX y3JlaX CETKHW, a 3aTeM OCYIIEeCTBUM WHTEPIOJISIUIO HA OCHOBE MOCTPOEHHOI (hopMmy-
et (7). TlyeTs v;; — mafijierHOe TPHOMIDKeHHOE 3HAYeHHe TPOM3BOMHON u, (74, y;). B cuy
OTPAHUIEHHOCTH TMPOU3BOIHBIX (DYHKINH (T, Y) MO MePEMEHHOil Y B y3/1aX CETKH HA OCHOBE
dbopmyn uncaennoro nuddepernupoanus [6] MOXKHO MOTYIUTH TPUOIUZKEHHE TPOU3BO/I-
HOIT ¢ HEKOTOPO#l 33JaHHOil TOYHOCTHIO. Hanpumep, B ciiydae MOCTOSHHOTO Tara 7 1o Yy Jiis
BCEX BHYTDEHHUX y3JI0B MOXKHO ONPEAETUTH U; 5 = (U j41 — Ui j—1)/(27) ¢ Tounoctbio O(72).
PaceMmoTpuM BOIIPOC MHTEPIOIANME BBIYUCJICHHONR IPOU3BOIHON B pacCMATPUBAEMON IBY-
MepHoit obmactu D. Bocnombsyemes Tem, uto dbynkuus v(x,y) = w,(r,y) OpejicTaBuvMa B
Bujie, aHagoruaaoM (1):

v(x,y) =+ (y) exp(—aoe™'x) + Py(x,y),

U [O3TOMY MOKHO npuMenuth dbopmyny (7) mrs narepmonsnnn suadennii {v;;}. [Iycts
vp(x,y) — BBIYHCIEHHOE B COOTBETCTBHU ¢ (7) 3HAaUYeHHe MPOU3BOAHOI B Touke (,y) € D.
Torma ¢ yuerom jemmbr 1

lop(z,y) — u;(x, y)| < C’rr%e]yx(hi + 7-j2) + 3r,

rne r = HZ!E}X |Ui,j - U;(%,yj”'

Boruuncienune npousBoauoit mo x. [loxaxkem, urto bopmysisl uucaeHHoro auddepen-
[HPOBaHUs, OCTPOEHHBIE HA TPUOINKEHUN (DYHKIMIT MHOTOUYIEHAMHU, B Caydae (DyHKIU
€ TMOTPAHCJIONHON COCTABJISAIONIEH MOTYT MPUBOAUTH K 3HAYUTEIHHBIM MOTPEITHOCTIM. Jlj1st
3TOTO paccMoTpuM (bYHKIUIO 0/IHOM nepeMennoii u(x) = exp(—e~'x). Hecioxkno ybeaurbes,
YTO TIpHU € = hy

e u(hl) _U(O) —UI(O) _ 671.
hy
CrietoBaTeIbHO, OTHOCUTE/IBHAS TIOTPEITHOCTD TTPUBEIEHHON (DOPMYJ/IbI YnucaeHHoro audde-
PEHITMPOBAHUSI HE YMEHBIAETCs ¢ YMeHbIIeHneM 1mara cetku hy. OneHnBaeTcs OTHOCUTE b~
Hasl TOTPENTHOCTh, TaK Kak Tpon3BoaHas u'(0) He orpaHudeHa TPH MAJbIX 3HAYCHUSX E.
[TocTpoum paBHOMEPHO TOUHYIO (DOPMYJIY JIIs HAXOXKIEHUSA TTPOU3BOTHOIM.

HuddepeHnupyst TOCTPOCHHBINH UHTEPHOISHT (7) TO 2, TOJYyIUM NPUOTHKEHHYIO HOp-
MYJLY:

Qo [ijrl — Z/(

Y—Yj
. Uir1y — i) + ——(

Uit1,5+1 — Uz',j+1) X
Ti+1 Tj+1

0
%uh(xa y) = -
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y exp(—ape~'x) ' ()

[GXP(_aog_lﬂﬂ) — exp(—ape~tx;)

Jlemma 2. ITpu ecex (x,y) € D

0
Oz

’—uh x,y) u(z,y) SCHZ}E;JX(hi—i—TjQ).

Hoxaszameavemeo. B coorsercreuu ¢ (1) dyukmus u(x,y) npegcraBuma B BujIe

u(z,y) = V(z,y) + P(z,y), V(z,y)=(y)exp(—aoe 'z).

[Tycrs up(x,y) = F(u, z,y). Torna uy(x,y) = F(V,z,y) + F(P,x,y),
0
<
| 2w 9) ~ oty <

0 0
%V(x7y>’ _'_g’a_xF(Paxay) -

IIycts (z,y) € A; ;. Onennm mepsoe ciaraemoe B (10):

2 pa.y)| (10)

0
< o= _
- gl&vF(V’ ) ox

5’%]7(1/,3:, y) — %V(m, y)’ = ag exp(—aogflx)’fnty(fy) — fy(y)’ <

Qo
< Zmz?xh (y)I7? Tjt1- (11)

Ocrasocs onennts Bropoe ciaaraemoe B (10). Cravana JokaxKeM, 9T0

clrnt, (P D= PEs)) 0 p )| < o 4] (12
hi+1 or J

Nmeem

(P D= P00 g, )

0
or
< 6’[71% (P(xiJrlay) _P(xlay) o aﬁ

P(x, ’+
hin ( y))

0 0
+€’[m€y (%P(x,y)> — %P(%Z/)’ < Clhipq + 7 ]+1]

aro gokasbiBaer (12). Hecoxuo ybeaurbest, 4To

0 P.CL'Z s —P$i,
e |==F(P,z,y) — Int, (zir1,9) = Plzi,y) = Int, (P(zit1,y) — P(zi,y)) &;(),
Ox Ritq
e 1
By(2) = - a_ole%p(_—aos _x) - B 5 .
exp(—ape™1x;) — exp(—ape'wip1)  hipa

Hoxazxkem orpanndentocts ®;(z). Ilycrs x = ;1. Torga

3

|¢)Z(:EZ+1)| = T = aog_lhiﬂ,

hit1 eXP(T) -1 ' ’
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[Iycts 7 > 1. Torma
-
0<1l - ———— <1,

exp(t) — 1
u3 sroro caeayer, 9to |P; (x4 1)| < ap.
[Iycts 7 < 1. B 9T0M citydae UCIOIB3yeM pa3ioxKenust o 7 u moayanM |P; (1) < ap/2.
[Iycts © = x;. B atom ciryuae

3 T
(I)i i) = —1
‘ (x )‘ hi+1 1-— exp(—T)

[To aHaOrUM ¢ OPEIBIIYIIAM CIy9IaeM MOXKHO yoeauThes B orpanndennoctu |;(x;)|. Uraxk,
dbynkus ;(x) ybbiBaeT u MO MOJYJIIO OTPAHUICHA HA KOHIAX UHTEPBAIA [T;, L4 1]. 13 9T0TO
CJIejlyeT ee OrPAHMYEHHOCTh HA BCEM MHTepBaJle, DABHOMEDHAs 10 € U ;1.

U3 orpannvennocru Pl (z,y) caeayer |P(xi1,y) — P(xi,y)| < Chiyq, clegoBaTeabHo,

P(xiJrla y) - P(‘Tza y)
iy

5 2F(P,Jl:,y) — Int, (

— ) ) < Crhisr. (13)

13 mepasencts (12), (13) caeayer omenka Broporo caaraeMoro B (10), cooTBeTcTByIOmAs
YTBEPIKIEHUIO JIEMMBL. O

2. Cay4aii crymiamoomieiica CeTKn

Kak mu3BectHo, Kjaccuiyeckne pa3HOCTHBIE CXeMblI, HANpuMmep, MOHOTOHHAsi cxema Camap-
cKoro [6] 1 HANpaBIEHHBIX pa3HOCTEl, 061aa0T CBONCTBOM PABHOMEPHOI CXOJAUMOCTH MPU
peleHny 33729 ¢ MOTPAHUIHBIM CJI0EM, €CJIU UCIOJIb30BATh CETKH, CIEIHATBHBIM 00pPa30M
CTYIIAIOIINECS B TIOTPAHUIHOM cJioe. [10/1x0/1, OCHOBaHHBIN HA MCHIOJB30BAHUU CTYTIAIOMIET-
Csl CeTKH JUUIsT 33J1a9M ¢ MOrpaHudHbIME caosiMu, Obt npemioxken H.C. Baxsanoseim [1],
M03/[Hee CTPOWJINCH U Jpyrue ceTku (cMm., Hamnpumep, [5]). OcranoBumces Ha cirydae ceTkH,
npemnozxkennoit I.U. [umkuusiv [4]. VI3BecTHO, 9TO psiJi PABHOCTHBIX CX€M Ha TAKOW CeTKe
00/1a71aeT CBOWCTBOM PABHOMEPHOI CXOMUMOCTH B CIy4Yae SLTUNTHIECKON 3a/1a4U0 € PEryIsp-
HBIM MOTPAHUYIHBIM WU NAapabOJUIeCKUM TOTPAHUIHBIM cioeM. VccieayeM BO3MOKHOCTH
MOJIMTHOMUAJILHOW HWHTEPIIOISINY JIJIs1 BBIYUCIeHUsT (DYHKIINH W TPOU3BOTHBIX B CJIyYae TaKOi
CeTKH.
[Tycrs st dbyuknun u(z, y) copaBeuinBa ONEHKa TTPON3BOIHBIX:

o't 1
WU(x,y)’ < C[g exp(—as™'z) + 1}, 0<:<3, 0<j<I1,
o ,
—ayju’ <C, j<3. (14)

Ouenka (14) nmeer mecto, ecin u(x,y) — pelleHue JLIANTHUECKON 3a1a9H € PErYJIsIPHBIM

WM apaboJuYecKuM TOTPAHUIHBIM cjioeM [2] y rpamumsr x = 0. B wactHocTn, dyukims

Buza (1) coOTBETCTBYET PEryJsipHOMY TOIPAHUYHOMY CJIOK0 U YJOBJIETBOpsieT yeaoBusam (14).
[Tycrs €2, — KycouHO-paBHOMEpHaAs ceTKa u3 |4]:

N N N
Qx:{:pi: xi:ih,OSigg,xiza—i—(i—?)H,5§2’§N},



51 A.U. Bagopun

Ly ¢ 20
=minq —, —In(N h=—, H=———
o=min{ 2 Zmmf, w=3 ),
Uccaeayem To9HOCTD (bOPMY/IBI TOJIHHOMHUATBHON HHTEpoAAmu (3) B ciydae cerku (15).
Jlemma 3. IIpu ecex (z,y) € D

N > 4. (15)

1ﬁN1}

[us(@,y) = u(a,y)| < C | max {7, -} +max7?]. (16)

J

Hoxazameavemeo. CrHauana JIOKazKeM, 9TO TIPU BCeX j U & € [x;, Tiyq]

In®> N 1}

N2 N (17>

[al, y5) — u(e,y)| < Cmax
riae u(z, yj) coorBercTByeT hopmysie (2) TUHEHHON HHTEPIOIANMA [0 T TPU Y = y;. B coor-
BETCTBHUU ¢ (DOPMYJIOi /Il TIOTPENTHOCTH JTUHEHHON MHTEPIONIANNE Ha HHTEepBaje [:pi, xi+1]:

2
M. 27$hi+1

la(z, y;) — (e, yp)l < — (18)

rjae M, — BepXHdAsd OIEHKa JIJig BTOPOil MPOU3BOJIHOI:

82

@U(Zﬂ,yj) < M27$, WS [lL‘Z‘,l'Z‘+1]. (19)

[ycrs ¢ < N/2. B coorsercreun ¢ (14) My, = C/e. Yuurnisag dopmysy s mmara
CEeTKH TI0 X, TMOJIyIuM

_ C
iz, ;) — ulz, ;)| < 55 n* N, (20)

aro cooTBercTByer (17).
[Iycts ¢ > N/2. B stom cayuae

~ Tip1 — T
a(z,y;) — w(w,y;) = g1 — w(w,y;) — 712 (Uiv1j — wiy) =
i1
Tit1 Tit1
- / u (s, y;) ds — L;l — T / ul (s, y;)ds.
i1

W3 3Tor0o cooTHOIEHNSs CJIeyeT
Ti4+1

W@&D—M%wNSQ/hM&wﬂﬁ-

z;
YuaursiBas onenkn (14) u yciaoBue x; > 0, MOJTYyIUM
_ 1 1 Cs
|a(x, y;) — u(z,y;)| < Cyexp(—ae™ x;) [1 — exp(—ae H)] < N
OcTaeTcs paccMOTpeTh CIydail pABHOMEPHOI! 110 & CETKH, KOT/Ia

L
e fm N
0]
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YuaurbiBast oresky (18), HeCJ0KHO MOKA3aTh, YTO B ITOM CJIyUae crpaBeanBa oneHka (20).
Omnenka (17) nokasana.
YauThIBast ONEHKY HOTPENTHOCTH JHHEHHOH HHTePnoauu no y u onenky (17), moayaum

ur (2, y) — uwlz, y)| < [Inty(a(z,y) — ulz,y))| + [Inty,(u(z,y)) — u(z,y)| <

m*N 1 9
< Ofmac{Z5 )]
Jlemma okasana. O

Nutepnonamuonnas dbopMyna (3) ycroiiunBa K BO3MYIIEHHSIM {u; j}, TOTOMY MOTPEII-
HOCTH PAa3HOCTHOI CXeMbl, HCIOJIb3yeMOil Ha ceTKe U3 [4], He HakamMBaeTcst mpu WHTEPIO-
JISITIIHAM.

Boeruuciaenne npom3BomHoit mo y Ilo amasornm co caydaeM NpOW3BOJIBHON CETKH,
CHavasla TPOU3BOJHYIO U, (T,Y) ¢ HEKOTOPOH 3a/JaHHOil TOYHOCTHIO MOYKHO HAHTH BO BCex
yzaax cerku ). VnTepunosdanus npousBojHoil B 06acTu D 0CyNIecTB/ISeTcs M0 aHAJOIUH C
HHTEPHOJIsuell pemenust Ha ocHoBe dopmy sl (3). OleHKa MOTPEIHOCTH TAKOH HHTEPIO-
JISAIKA IIOJIy9eHA B JIeMMe 3.

Brruncsenne npoussogsoi mo x. Ilycrs (z,y) € A, ;. dnddepenmupys (3), moy-
qUM

o) 1 Wit1,j — Wiy Yit1,j+1 — u”“]
o _ - ) o Y R Y _ . ? i . 2]_
al‘ U/L(:L‘7 y) Tj+1 |:(yj+1 y) hz‘+1 + (y yj) h’i+1 ( )
Jlemma 4. IIpu ecex (x,y) € D
o 0 In N
gl%uL(];,y)_%u(m,y)’ <C[—IEV —i—maXT ]

Hoxasameavcmeo. OcranosumMced Ha ciydae adeiikn A, ;. CopaseyimBbl HepaBeHCTBA

0 & Uit1,j — U4 ’
—Uu — —ul(x, —Y)|———= —u, (T, y;)|t+
) L Rl y)) -~ [(ym y)‘ i (z,y;)
Uit1,54+1 — Wij+1 / I / /
+(y — ) o — Uy (, Y1) || +e|Inty(uy(z,y) ) — up(z,y)|.
i+
HecioxxkHO moka3arh, 4TO
Ti+1 S
=t | = | [ [unedras| <
hiiq hia

Ti+1 S
< //|um (t,y;)|dt ds + / /|um (t,y;)|dtds]| . (22)
thrl

B coorBercrBun ¢ yeaosusivu (14)

" 1 -
(£, 37)] < C| 5 exp(—as™) +1]. (23)



53 A.U. Bagopun

[Iyctb ;41 < 0. YuureiBas cooTHommenus (15) s maros cerku €),, HepaBeHCTBa (22)
u (23), moxydnm

Uitlj — Wij c
— —u (r,y;)| < —=InN.
’ hi+1 x( 7y]> — N
B ciyuae x; > o ycuwauM HepaBeHCTBO (22) ¢ yuerom (23), HHTErpUpyeM U TOJIyYnM

T

e C . .
)| < g | [ oot - ew-ac s
hiiq hia
Tit1
—|—/ [exp(—aé"lx)—exp(—ae’ls)]ds : (24)

xT

YVaurbeiBas, 4TO UpU X; > O

1
|exp(—ae's) — exp(—ae'7)| < N’
u3 (24) noayaum
Uit — Uiy ¢
2y o g N o< =
hi-{-l uz(l‘7yj) — N

Wcnonb3ys cBoiicTBa JIMHEHHON UHTEPIIOJISAIME 110 Y, TIOJYYUM YTBEpXK/IeHue jieMmbl. []
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