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Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ ñèñòåìà óðàâíåíèé âòîðîãî ïîðÿäêà ñ ìà-
ëûìè ïàðàìåòðàìè ïðè ñòàðøèõ ïðîèçâîäíûõ. Íàëîæåíû äâà âèäà îãðà-
íè÷åíèé íà ìàòðèöó ßêîáè, ïðè êîòîðûõ ðåøåíèå çàäà÷è ñóùåñòâóåò è
åäèíñòâåííî. Ïîñòðîåíà ðàçíîñòíàÿ ñõåìà, îñíîâàííàÿ íà çàìåíå êîýô-
ôèöèåíòîâ íà êóñî÷íî-ïîñòîÿííûå, è ïðè íàêëàäûâàåìûõ îãðàíè÷åíèÿõ
îáîñíîâàíà åå ðàâíîìåðíàÿ ñõîäèìîñòü ñ ïåðâûì ïîðÿäêîì. Â ñëó÷àå ñëà-
áî âûðàæåííîãî ïîãðàíñëîÿ îáîñíîâàíà ðàâíîìåðíàÿ ñõîäèìîñòü ñõåìû
íàïðàâëåííûõ ðàçíîñòåé.

Ðàññìîòðèì èñõîäíóþ êðàåâóþ çàäà÷ó :

Tεu = −εu′′ + a(x)u′ + F (x, u) = 0, (1)

u(0) = A,Rεu = δu(1) + εβu′(1) = B, (2)

ãäå a(x), δ, β - äèàãîíàëüíûå êâàäðàòíûå ìàòðèöû ïîðÿäêà N ñ äèàãî-
íàëüíûìè ýëåìåíòàìè ñîîòâåòñòâåííî ai(x), δi, βi i = 1, 2, ..., N , A.B -
âåêòîðû èç N êîìïîíåíò, ε -÷èñëîâîé ïàðàìåòð, ε > 0, F - èçâåñòíàÿ
âåêòîð-ôóíêöèÿ, u(x)- âåêòîð-ôóíêöèÿ ðåøåíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî
ïðè âñåõ i = 1, 2, . . . , N ai ∈ C1[0, 1], Fi ∈ C1([0, 1]×R),

ai(x) ≥ αi > 0, δi ≥ 0, βi ≥ 0, δi + βi > 0, α0 = min
i

αi. (3)

Äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà F áóäåì ðàññìàòðèâàòü îòäåëüíî.
Çàäà÷à (1)-(2) ÿâëÿåòñÿ ìîäåëüíîé, íàïðèìåð, ïðè îïèñàíèè ïåðåíî-

ñà ïðèìåñè ñ ó÷åòîì äèôôóçèè è õèìè÷åñêèõ ðåàêöèé. Â ñëó÷àå îäíîãî
óðàâíåíèÿ çàäà÷à (1)-(2) ðàññìàòðèâàëàñü â [1]. Â ñëó÷àå a(x) = 0 ñèñòå-
ìà óðàâíåíèé ðàññìàòðèâàëàñü, íàïðèìåð, â [2]. Âñþäó íèæå ïîä è Ci,
áóäåì ïîíèìàòü ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå îò ε è øàãîâ
ðàçíîñòíîé ñåòêè. Îïðåäåëèì èñïîëüçóåìûå íîðìû :

äëÿ ôóíêöèè q(x) : ‖q‖ = max |q(x)|, x ∈ I, I = [0, 1],
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äëÿ âåêòîð-ôóíêöèè q(x) èç N êîìïîíåíò

‖q‖N = max
1≤i≤N

max
x∈I

|qi(x)|,

äëÿ âåêòîðà qh ‖qh‖∞ = maxi |qh
i |,

äëÿ ñåòî÷íîé âåêòîð-ôóíêöèè qh

‖qh‖NΩ = max
1≤i≤N

max
x∈Ω

|qh
i (x)|.

Ïîä íåðàâåíñòâîì âåêòîðîâ ïîíèìàåì ñîîòâåòñòâóþùåå ïîêîìïîíåíò-
íîå íåðàâåíñòâî. Îïðåäåëèì Qm[0, 1] êàê ìíîæåñòâî ôóíêöèé èíòåðâàëà
[0, 1], èìåþùèõ êóñî÷íî-íåïðåðûâíûå ïðîèçâîäíûå âïëîòü äî ïîðÿäêà m,
ïðè÷åì ðàçðûâû ìîãóò áûòü òîëüêî ïåðâîãî ðîäà â çàäàííîì êîíå÷íîì
ìíîæåñòâå âíóòðåííèõ òî÷åê.

1 Àíàëèç äèôôåðåíöèàëüíîé çàäà÷è
Ðàññìîòðèì âñïîìîãàòåëüíóþ ëèíåéíóþ êðàåâóþ çàäà÷ó :

Lu = −εu′′ + a(x)u′ + G(x)u = F (x), u(0) = A, Rεu = B, (1.1)

ãäå (x), G(x)- êâàäðàòíûå ìàòðèöû ïîðÿäêà N , ïðåäïîëàãàþòñÿ ñïðàâåä-
ëèâûìè îãðàíè÷åíèÿ (3).

Ëåììà 1. Ïóñòü ïðè âñåõ x, i

Gii(x) ≥ η > 0,
∑

j 6=i

|Gij(x)| ≤ (1− σ)Gii(x), 0 < σ < 1. (1.2)

Òîãäà :
‖u‖N ≤ 1

σ

[‖F‖N

η
+ ‖A‖∞ + max

i

∣∣∣∣
Bi

δi + αiβi

∣∣∣∣
]

.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñêàëÿðíóþ ëèíåéíóþ çàäà÷ó :

L0V = −εV ′′+d(x)V ′+ b(x)V = f(x), V (0) = A0, δ0V (1)+ εβ0V
′(1) = B0,

ãäå b(x) > 0, ε > 0, d(x) ≥ d0 > 0, x ∈ I , b, d, f ∈ C[0, 1]. Ïîêàæåì, ÷òî

|V (x)| ≤ ‖f

b
‖+ |A0|+ |B0|

δ0 + d0β0

exp[d0ε
−1(x− 1)]. (1.3)

2



Ïðè íàëîæåííûõ îãðàíè÷åíèÿõ äëÿ îïåðàòîðà L0 ñïðàâåäëèâ ïðèíöèï
ìàêñèìóìà è åñëè äëÿ íåêîòîðîé Ψ(x) ∈ C2[0, 1]

Ψ(0) ≥ 0, δ0Ψ(1) + εβ0u
′(1) ≥ 0, L0Ψ(x) ≥ 0, x ∈ I, (1.4)

òî Ψ(x) ≥ 0 ïðè âñåõ x ∈ I. Îïðåäåëèì :

Ψ(x) = ‖f

b
‖+ |A0|+ |B0|

δ0 + d0β0

exp[d0ε
−1(x− 1)]± V (x).

Ïðè òàêîì âûáîðå Ψ(x) âûïîëíåíû ñîîòíîøåíèÿ (1.4) è ïîýòîìó
Ψ(x) ≥ 0, x ∈ I. Ýòî äîêàçûâàåò îöåíêó (1.3).
Óðàâíåíèå (1.1) äëÿ êîìïîíåíòû i çàïèøåì â âèäå:

−εu′′i + ai(x)u′i + Gii(x)ui = Fi(x)−
∑

j 6=i

Gijuj

Â ñèëó îöåíêè (1.3) èìååì :

|ui(x)| ≤ η−1‖Fi‖+

∥∥∥∥∥G−1
ii

∑

j 6=i

Gijuj

∥∥∥∥∥ +

+|Bi|(δi + αiβi)
−1 exp[αiε

−1(x− 1)] + |Ai|.
Ó÷èòûâàÿ óñëîâèÿ (1.2), ïðèäåì ê óòâåðæäåíèþ ëåììû.

Ïîëó÷èì îöåíêó óñòîé÷èâîñòè ïðè äðóãèõ îãðàíè÷åíèÿõ íà ìàòðèöó
G(x).

Ëåììà 2. Ïóñòü â (1.1) Gij ≤ 0 ïðè i 6= j. Ïóñòü íàéäåòñÿ âåêòîð-
ôóíêöèÿ φ(x) ñ êîìïîíåíòàìè èç C2[0, 1], òàêàÿ,÷òî

φ(x) > 0, Lφ(x) > 0, x ∈ I, Rεφ > 0. (1.5)

Òîãäà, åñëè äëÿ íåêîòîðîé âåêòîð-ôóíêöèè Ψ(x) ñ êîìïîíåíòàìè èç
C2[0, 1]

Ψ(0) ≥ 0, RεΨ ≥ 0, LΨ(x) ≥ 0, x ∈ I, (1.6)

òî Ψ(x) ≥ 0, x ∈ I.
Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî êàêèå-òî êîìïîíåíòû âåêòîð-

ôóíêöèè Ψ(x) îêàçàëèñü ìåíüøå íóëÿ. Îïðåäåëèì y : yi = Ψi/φi. Òîãäà
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ïðè íåêîòîðûõ j0, x0 ,áóäåò yj0(x0) = min yj(x) < 0. Ïîêàæåì, ÷òî x0 6= 1.
Â ñèëó óñëîâèé (1.6)

[δj0φj0(1) + εβj0φ
′
j0

(1)]yj0(1) + εβj0φj0(1)y′j0(1) ≥ 0.

Èñõîäÿ èç ýòîãî ñîîòíîøåíèÿ, ëåãêî óáåäèòüñÿ, ÷òî x0 < 1. Ñëåäîâàòåëü-
íî, x0- òî÷êà ëîêàëüíîãî ìèíèìóìà è ïîýòîìó:

yj0(x0) < 0, y′j0(x0) = 0, y′′j0(x0) ≥ 0. (1.7)

Íåòðóäíî óáåäèòüñÿ, ÷òî

Lj0ψ = −εφj0y
′′
j0

+ [−2εφ′j0 + aj0φj0 ]y
′
j0

+ yj0Lj0φ +
N∑

k=1

Gj0kφk(yk − yj0).

Ó÷èòûâàÿ (1.5),(1.7), ïîëó÷èì Lj0Ψ(x0) < 0, ÷òî ïðîòèâîðå÷èò (1.6). Ëåì-
ìà äîêàçàíà.

Çàìå÷àíèå 1.Ëåììà 2 îñòàíåòñÿ â ñèëå, åñëè ïðåäïîëîæèòü, ÷òî êîì-
ïîíåíòû âåêòîð-ôóíêöèè Ψ(x) èç C1[0, 1]∩Q2[0, 1]. Ïðè ýòîì åñëè â (1.6)
x- òî÷êà ðàçðûâà âòîðîé ïðîèçâîäíîé, òî óñëîâèå LΨ(x) ≥ 0 äîëæíî
áûòü âûïîëíåíî äëÿ ïðàâîãî è ëåâîãî ïðåäåëîâ â ýòîé òî÷êå. Â ñëó÷àå
îäíîãî óðàâíåíèÿ àíàëîãè÷íîå óòâåðæäåíèå äîêàçàíî â [1].

Çàìå÷àíèå 2. Óñëîâèå Gi,j(x) ≤ 0 ïðè i 6= j äëÿ âûïîëíåíèÿ ïðèíöèïà
ìàêñèìóìà ÿâëÿåòñÿ ñóùåñòâåííûì. Â ýòîì ìîæíî óáåäèòüñÿ, ðàññìîò-
ðåâ êðàåâóþ çàäà÷ó:

−εu′′1 + u′1 = 0,

−εu′′2 + u′2 + u1 = 0,

u1(0) = 1, u2(0) = 0, u′1(1) = 0, u′2(1) = 0.

Åñëè îïðåäåëèòü Ψ(x) = (u1(x), u2(x)), φ(x) = (exp(x), exp(x)), òî áóäóò
âûïîëíåíû óñëîâèÿ (1.5),(1.6), íî ïðè îïðåäåëåííûõ x áóäåò u2(x) < 0.

Ëåììà 3. Ïóñòü äëÿ çàäà÷è (1.1) â äîïîëíåíèå ê óñëîâèÿì (3) ïðè
âñåõ x è i âûïîëíåíû íåðàâåíñòâà :

N∑
j=1

Gij(x) ≥ −η, η > 0, α2
0 − 4ηε ≥ γ > 0, Gij(x) ≤ 0, j 6= i. (1.8)

Òîãäà äëÿ îïåðàòîðà L èç (1.1) ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà è äëÿ
ðåøåíèÿ çàäà÷è (1.1) âåðíà îöåíêà óñòîé÷èâîñòè :

‖u(x)‖∞ ≤ Γ(x) =
[
α2

0(ηγ)−1‖F‖N + ‖A‖∞
]
exp[2ηα−1

0 x]+
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+ max
i
|Bi(δi + α0βi/2)−1| exp[α0(2ε)

−1(x− 1)].

Äîêàçàòåëüñòâî. Îïðåäåëèì âåêòîð-ôóíêöèþ φ(x):
φi(x) = exp[2ηα−1

0 x]. Íåòðóäíî óáåäèòüñÿ, ÷òî äëÿ âåêòîð-ôóíêöèè
φ(x) ñïðàâåäëèâû ñîîòíîøåíèÿ (1.5). Ñîãëàñíî ëåììå 2 äëÿ L ñïðàâåä-
ëèâ ïðèíöèï ìàêñèìóìà. Îïðåäåëèì Ψ(x): Ψi(x) = Γ(x) ± ui(x). Ïðè
òàêîì çàäàíèè Ψ(x) âûïîëíÿòñÿ íåðàâåíñòâà (1.6) è â ñèëó ïðèíöèïà
ìàêñèìóìà Ψ(x) ≥ 0. Ýòî äîêàçûâàåò ëåììó.

Ïîëó÷èì îöåíêè óñòîé÷èâîñòè äëÿ èñõîäíîé çàäà÷è (1)-(2). Ïóñòü
G(x, u) - ìàòðèöà ßêîáè äëÿ ôóíêöèè F (x, u) èç (1). Ïóñòü p, q - äâå ïðî-
èçâîëüíûå âåêòîð-ôóíêöèè ñ êîìïîíåíòàìè èç C1[0, 1]∩Q2[0, 1], z = p−q.
Èñïîëüçóÿ òåîðåìó î ñðåäíåì çíà÷åíèè, èç (1)-(2) ïîëó÷èì:

Lεz = −εz′′ + a(x)z′ + G(x, ξ)z = Tεp− Tεq,

z(0) = p(0)− q(0), Rεz = Rεp−Rεq.

Ïóñòü âûïîëíåíû îãðàíè÷åíèÿ (3),(1.2). Òîãäà â ñîîòâåòñòâèè ñ ëåì-
ìîé 1

‖p− q‖N ≤ σ−1[ η−1‖Tεp− Tεq‖N + ‖p(0)− q(0)‖∞+

+ max
i
|(Rεp−Rεq)i(δi + αiβi)

−1| ]. (1.9)

Â ñëó÷àå îãðàíè÷åíèé (3),(1.8) ñîãëàñíî ëåììå 3

‖p(x)− q(x)‖∞ ≤ [
α2

0(ηγ)−1‖Tεp− Tεq‖N + ‖p(0)− q(0)‖∞
]
exp[2ηα−1

0 x]+

+ max
i
|(Rεp−Rεq)i[δi + α0βi/2]−1| exp[α0(2ε)

−1(x− 1)]. (1.10)

Çàäàâàÿ â (1.9) èëè (1.10) p = u, q = 0, ïîëó÷èì îöåíêó óñòîé÷èâîñòè
äëÿ ðåøåíèÿ çàäà÷è (1)-(2):

‖u‖N ≤ C[‖F (x, 0)‖N + ‖A‖∞ + ‖B‖∞] . (1.11)

Èç îöåíîê (1.9) è (1.10) ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1), (2).
Ñîãëàñíî [3] ðåøåíèå çàäà÷è (1)-(2) ñóùåñòâóåò, åñëè íàéäóòñÿ íèæíåå è
âåðõíåå ðåøåíèÿ α̃, β̃, äëÿ êîòîðûõ

Tεα̃ ≤ 0, Tεβ̃ ≥ 0, α̃(0) ≤ A ≤ β̃(0), Rεα̃ ≤ B ≤ Rεβ̃. (1.12)

Â ñëó÷àå óñëîâèé (1.8) îïðåäåëèì âåêòîð-ôóíêöèþ α̃(x) ñ êîìïîíåíòàìè

α̃i(x) = −{[α2
0(ηγ)−1‖F (x, 0)‖N + ‖A‖∞] exp[2ηα−1

0 x]+
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+ max
i
|Bi(δi + 0.5α0βi)

−1| exp[α0(2ε)
−1(x− 1)]}, β̃(x) = −α̃(x).

Â ñëó÷àå óñëîâèé (1.2) îïðåäåëèì

α̃i(x) = −σ−1{η−1‖F (x, 0)‖N+‖A‖∞+max
i
|Bi(δi+α0βi)

−1| exp[α0ε
−1(x−1)]},

β̃(x) = −α̃(x).

Ïðè òàêîì çàäàíèè α̃, β̃ áóäóò âûïîëíåíû óñëîâèÿ (1.12), ÷òî âëå÷åò ñó-
ùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1)-(2). Îñòàíîâèìñÿ, íàïðèìåð, íà ñëó÷àå
óñëîâèé (1.8). Ïîêàæåì, ÷òî Tεα̃ ≤ 0. Äëÿ íåêîòîðîãî ξ

Tεα̃ = −εα̃′′ + a(x)α̃′ + G(x, ξ)α̃ + F (x, 0) ≤ 0.

Íåòðóäíî ïîêàçàòü, ÷òî â ñëó÷àå âûïîëíåíèÿ óñëîâèé (3) è (1.8) îïå-
ðàòîð Tε îáðàòíî ìîíîòîíåí, òî åñòü èç óñëîâèé

Tεp(x) ≥ Tεq(x), x ∈ I, p(0) ≥ q(0), Rεp ≥ Rεq

ñëåäóåò p(x) ≥ q(x), x ∈ I.

2 Ïîñòðîåíèå ðàçíîñòíîé ñõåìû
Ïóñòü Ω - ïðîèçâîëüíàÿ ñåòêà èñõîäíîãî èíòåðâàëà:

Ω = {xn : xn = xn−1 + hn, x0 = 0, xM = 1, ∆n = (xn−1, xn]}, h = max
n

hn.

Äëÿ ïîñòðîåíèÿ ðàçíîñòíîé ñõåìû ïåðåéäåì îò (1) ê ñèñòåìå óðàâíåíèé
ñ êóñî÷íî-ïîñòîÿííûìè êîýôôèöèåíòàìè:

T̃εV = −εV ′′ + ã(x)V ′ + F̃ (x, V ) = 0, V (0) = A, RεV = B, (2.1)

ãäå ã(x) - äèàãîíàëüíàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà N ñ äèàãîíàëüíû-
ìè ýëåìåíòàìè ãi(x), F̃ - âåêòîð-ôóíêöèÿ, ãäå ïðè x ∈ ∆n

ã(x) = an = a(xn−1), F̃ (x, V ) = Fn = F (xn−1, V (xn−1)),

a è F ñîîòâåòñòâóþò (1).
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Âûïèñûâàÿ ðåøåíèå óðàâíåíèÿ (2.1) íà êàæäîì èíòåðâàëå ∆n, òðåáóÿ
íåïðåðûâíîñòè ïðîèçâîäíîé íà ãðàíèöå èíòåðâàëîâ ∆n è ∆n+1, ïîäñòàâ-
ëÿÿ íàéäåííîå ðåøåíèå íà ïîñëåäíåì èíòåðâàëå â ïðàâîå êðàåâîå óñëîâèå
(2.1), ïðèäåì ê êîíå÷íî-ðàçíîñòíûì ñîîòíîøåíèÿì:

AnV
h
n−1 −BnV

h
n + DnV h

n+1 = fn, V h
0 = A,

δV h
M + aMβ[E − exp(−hMε−1aM)]−1(V h

M − V h
M−1) = (2.2)

= B + β[εa−1
M − hM [E − exp(−hMε−1aM)]−1],

ãäå E- åäèíè÷íàÿ ìàòðèöà,

An = an[E − exp(−hnε−1an)]−1, Dn = an+1[exp(hn+1ε
−1an+1)− E]−1,

Bn = An + Dn, fn = a−1
n (hnAn − εE)Fn − a−1

n+1(hn+1Dn − εE).

Îöåíèì òî÷íîñòü ïîñòðîåííîé ñõåìû.
Òåîðåìà 1. Ïóñòü â äîïîëíåíèå ê (3) âûïîëíåíî óñëîâèå (1.2) èëè

(1.8). Òîãäà íàéäåòñÿ C, òàêîå ÷òî

‖[u]Ω − V h‖NΩ ≤ Ch. (2.3)

Äîêàçàòåëüñòâî.Ïðè âûïîëíåíèè óñëîâèé òåîðåìû âåðíà îöåíêà (1.11),
âëåêóùàÿ îãðàíè÷åííîñòü ðåøåíèÿ çàäà÷è (1)-(2). Ïðîâîäÿ ðàññóæäåíèÿ
ïî àíàëîãèè ñî ñëó÷àåì îäíîãî óðàâíåíèÿ [1], ïîëó÷èì:

|u′i(x)| ≤ C2[1 + ε−1 exp(αiε
−1(x− 1))], i = 1, 2, ..., N. (2.4)

Ó÷èòûâàÿ (2.4), íåòðóäíî ïîêàçàòü:

‖T̃εu(x)− T̃εV (x)‖∞ ≤ C3h[1 + ε−1 exp(α0ε
−1(x− 1))]. (2.5)

Îñòàíîâèìñÿ íà ñëó÷àå óñëîâèé (1.2). Ïóñòü z = u − V . Èñïîëüçóÿ
òåîðåìó î ñðåäíåì çíà÷åíèè, ïîëó÷èì, ÷òî ïðè x ∈ ∆n, j = 1, 2, ..., N

L̃jzj(x) = −εz′′j + ãj(x)z′j + Gjj(x, ξn)zj = (T̃εu− T̃εV )j−

−
∑

k 6=j

Gjk(x, ξn)zk +
N∑

k=1

Gjk(x, ξn)((uk(x)− uk(xn−1))− (Vk(x)− Vk(xn−1))).
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Ó÷èòûâàÿ, ÷òî äëÿ V (x), êàê è äëÿ u(x), ñïðàâåäëèâà îöåíêà (2.4), èñ-
ïîëüçóÿ (2.5), ïîëó÷èì:

|L̃jzj(x)| ≤ C4h[1 + ε−1 exp(α0ε
−1(x− 1))] +

∑

k 6=j

|Gjkzk|.

Îïðåäåëèì ôóíêöèþ:

Ψj(x) = C5h[1 + exp(α0(2ε)
−1(x− 1))] + ‖

∑

k 6=j

|Gjk(x)zk(x)|/Gjj(x)‖ ± zj(x),

Òîãäà ìîæíî ïîäîáðàòü C5 òàêèì îáðàçîì, ÷òî äëÿ îïåðàòîðà L̃j è ôóíê-
öèè Ψj âûïîëíåíû óñëîâèÿ (1.6). Â ñèëó ïðèíöèïà ìàêñèìóìà [4] Ψj(x) ≥
0, ñëåäîâàòåëüíî, ‖u − V ‖N ≤ Ch. Ó÷èòûâàÿ, ÷òî ïî ïîñòðîåíèþ V (x)
ÿâëÿåòñÿ ðåøåíèåì ñõåìû (2.2), ïðèäåì ê îöåíêå (2.3).

Ïóñòü âûïîëíåíû óñëîâèÿ (1.8), z = u− V . Òîãäà :

L̃z = −εEz′′+ã(x)z′+G(x, ξ)z = T̃εu−T̃εV +F (x, u)−F̃ (x, u)+F̃ (x, V )−F (x, V ).

Íåòðóäíî óáåäèòüñÿ, ÷òî è â ñëó÷àå, êîãäà ïðè âñåõ i ãi ∈ Q0[0, 1], äëÿ
îïåðàòîðà L̃ ñ êðàåâûìè óñëîâèÿìè , ñîîòâåòñòâóþùèìè (2), ñïðàâåäëè-
âû ëåììà 2 è ïðèíöèï ìàêñèìóìà. Ó÷èòûâàÿ (2.5), íåòðóäíî ïîêàçàòü,
÷òî

‖L̃z(x)‖∞ ≤ C6h[1 + ε−1 exp(α0ε
−1(x− 1))].

Îïðåäåëèì âåêòîð-ôóíêöèþ Ψ(x) ñ êîìïîíåíòàìè

Ψi(x) = C7h
[
exp(α0(2ε)

−1(x− 1)) + exp(2ηα−1
0 x)

]± zi(x).

Ìîæíî ïîäîáðàòü C7 òàêèì îáðàçîì, ÷òî äëÿ îïåðàòîðà L̃ è âåêòîð-
ôóíêöèè Ψ(x) áóäóò âûïîëíåíû óñëîâèÿ (1.6). Â ñèëó ïðèíöèïà ìàê-
ñèìóìà Ψ(x) ≥ 0. Ýòî äîêàçûâàåò òåîðåìó.

3 Ñëó÷àé ñëàáî âûðàæåííîãî ïîãðàíñëîÿ
Îñòàíîâèìñÿ íà ñëó÷àå, êîãäà â (2) ïðàâîå êðàåâîå óñëîâèå èìååò âèä
u′(1) = 0. Íåòðóäíî ïîêàçàòü, ÷òî â ýòîì ñëó÷àå îöåíêà ïðîèçâîäíîé
(2.4) çàìåíÿåòñÿ íà ñëåäóþùóþ:

∥∥∥∥
dju

dxj

∥∥∥∥
∞
≤ C[1 + ε1−j exp(α0ε

−1(x− 1))], j = 1, 2, 3. (3.1)
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Èç ýòîé îöåíêè ñëåäóåò, ÷òî ïðîèçâîäíûå ðåøåíèÿ íå îãðàíè÷åíû ðàâ-
íîìåðíî, íà÷èíàÿ ñî âòîðîé. Öåëåñîîáðàçíî èññëåäîâàòü íà ñõîäèìîñòü
ñõåìó íàïðàâëåííûõ ðàçíîñòåé, êîòîðàÿ ïðîùå ñõåì ñ ýêñïîíåíöèàëüíû-
ìè ïîäãîíêàìè. Âûïèøåì ýòó ñõåìó:

T h
n uh = −εΛxx,nu

h + anΛx,nu
h + F (xn, u

h
n) = 0, n = 1, 2, ..., M − 1,

uh
0 = A, Rhuh = h−1

M (uh
M − uh

M−1) = 0, (3.2)

ãäå uh- ñåòî÷íàÿ âåêòîð-ôóíêöèÿ, òî åñòü âåêòîð, êîìïîíåíòàìè êîòîðîãî
ÿâëÿþòñÿ ñåòî÷íûå ôóíêöèè, ïîêîìïîíåíòíî uh

n = uh(xn), xn ∈ Ω, an =
a(xn), n = 1, 2, . . . , M − 1,

Λx,nuh = [uh
n − uh

n−1]h
−1
n , Λxx,nu

h = [Λx,n+1u
h − Λx,nu

h]/[(hn + hn+1)/2].

Ëåììà 4. Ïóñòü â äîïîëíåíèå ê (3) âûïîëíåíû îãðàíè÷åíèÿ (1.2).
Ïóñòü ph, qh- äâå ïðîèçâîëüíûå ñåòî÷íûå âåêòîð-ôóíêöèè, zh = ph− qh.
Òîãäà:

‖zh‖NΩ ≤ σ−1{η−1‖T hp−T hq‖N,Ω +‖zh
0‖∞+(2εα−1

0 +hM)‖Rhzh‖∞}. (3.3)

Äîêàçàòåëüñòâî. Âû÷èñëÿÿ T h
n ph− T h

n qh è èñïîëüçóÿ òåîðåìó î ñðåäíåì
çíà÷åíèè, ìîæíî çàïèñàòü:

Lh
niz

h = −εΛxx,nz
h
i + ai(xn)Λx,nzh

i + Gii(xn, ξh
n)zh

i (xn) =

= (T h
n ph − T h

n qh)i −
∑

j 6=i

Gij(xn, ξh
n)zh

j (xn), (3.4)

Îïðåäåëèì ñåòî÷íóþ âåêòîð-ôóíêöèþ: Ψh ñ êîìïîíåíòàìè

Ψh
i (xn) = η−1‖T hph − T hqh‖N,Ω + ‖zh

0‖∞ + (2εα−1
0 + hM)‖Rhzh‖∞ωn+

+

[
M∏

i=n+1

(
1 +

αhi

2ε

)]−1

+

∥∥∥∥∥
∑

j 6=i

Gij(xn, ξh
n)zh

j (xn)
[
Gii(xn, ξ

h
n)

]−1

∥∥∥∥∥
N,Ω

±zh
i (xn),

ãäå ωM = 1, ïðè n < M

ωn =

[
M∏

i=n+1

(
1 +

αhi

2ε

)]−1

,

9



Ïðè òàêîì âûáîðå Ψh âûïîëíÿòñÿ óñëîâèÿ:

LhΨh ≥ 0, Ψh
0 ≥ 0, RhΨh ≥ 0.

Â ñèëó ïðèíöèïà ìàêñèìóìà ïîêîìïîíåíòíî Ψh ≥ 0. Ýòî äîêàçûâàåò
ëåììó.

Èç ýòîé ëåììû ñëåäóþò åäèíñòâåííîñòü è îãðàíè÷åííîñòü ðåøåíèÿ
ñõåìû (3.2). Îöåíèì òî÷íîñòü ýòîé ñõåìû.

Òåîðåìà 2. Ïóñòü âûïîëíåíû îãðàíè÷åíèÿ (3), (1.2). Ïóñòü øàãè
ñåòêè Ω óäîâëåòâîðÿþò îãðàíè÷åíèþ xn + hn ≤ 1, n = 1, 2, . . . , M − 1.
Òîãäà íàéäåòñÿ C :

‖[u]Ω − uh‖NΩ ≤ Ch. (3.5)

Äîêàçàòåëüñòâî. Ïóñòü zh = uh − [u]Ω. Èñïîëüçóÿ òåîðåìó î ñðåäíåì
çíà÷åíèè, ïîëó÷èì èç (3.2) ñîîòíîøåíèå äëÿ ïðîèçâîëüíîãî i:

Lh
niz

h = (T h
n uh − T h

n [u]Ω)i −
∑

j 6=i

Gij(xn, ξ
h
n)zh

j (xn), (3.6)

ãäå Lh
ni ñîîòâåòñòâóåò (3.4). Èñïîëüçóÿ îöåíêè ïðîèçâîäíûõ (3.1), êàê è

â ñëó÷àå îäíîãî óðàâíåíèÿ [5], íåòðóäíî ïîëó÷èòü:

|(T h
n uh − T h

n [u]Ω)i| ≤ Ch[1 + S−1
n exp(α0ε

−1(xn+1 − 1))], (3.7)

ãäå Sn = max(hn, ε), 0 < n < M, 1 ≤ i ≤ N.
Îïðåäåëèì ñåòî÷íûå âåêòîð-ôóíêöèè φh, Ψh, θh ñ êîìïîíåíòàìè:

φh
i (xn) =

n∏
i=i

(
1 +

α0hi

4ε

) /
M∏
i=i

(
1 +

α0hi

4ε

)
, Ψh

i (xn) = φh
i (xn)

(
1 +

α0hM

4ε

)
,

φh
i (x0) = φh

i (x1)/(1+α0h1/(4ε)), Ψh
i (x0) = Ψh

i (x1)/(1+α0h1/(4ε)), n = 1, 2, . . . , M,

θh
i (xn) =

n∏
i=1

(
1 + 2ηα−1

0 hi

)
, θh

i (x0) = 1.

Ó÷èòûâàÿ óñëîâèÿ òåîðåìû, íåòðóäíî ïîêàçàòü, ÷òî äëÿ âñåõ óçëîâ xn

ïîêîìïîíåíòíî

Lh
nφ

h ≥ CS−1
n φh(xn), Lh

nΨh ≥ CS−1
n Ψh(xn), (3.8)

Ψh(xn) ≥ exp[α0ε
−1(xn+1 − 1)]. (3.9)
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Îïðåäåëèì ñåòî÷íóþ âåêòîð-ôóíêöèþ Rh ñ êîìïîíåíòàìè:

Rh
i (xn) = C[φh

i (xn)+Ψh
i (xn)+xn]h+max

i
max

n≤M−1

∣∣∣∣∣
∑

j 6=i

Gij(xn, ξ
h
n)zh

j (xn)G−1
ii (xn, ξh

n)

∣∣∣∣∣±zh
i (xn).

Ó÷èòûâàÿ ñîîòíîøåíèå (3.6), íåðàâåíñòâà (3.7)-(3.9), äëÿ íåêîòîðîãî C
ïîëó÷èì:

Lh
nR

h ≥ 0, n = 1, 2, . . . ,M − 1. (3.10)

Ïîêàæåì, ÷òî ïðè ñîîòâåòñòâóþùåì âûáîðå C

Rh(x0) ≥ 0, Rh(xM)−Rh(xM−1) ≥ 0. (3.11)

Ïåðâîå íåðàâåíñòâî î÷åâèäíî. Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè âñåõ i

Ψh
i (xM)−Ψh

i (xM−1) ≥ 0, φh
i (xM)− φh

i (xM−1) ≥ C1hMS−1
M , (3.12)

ãäå SM = max(hM , ε). Ñ äðóãîé ñòîðîíû, ïðè âñåõ i

|zh
i (xM)− zh

i (xM−1)| = |ui(xM − ui(xM−1)|,

|ui(xM)− ui(xM−1)| ≤ C2hM , |ui(xM)− ui(xM−1)| ≤ C3h
2
Mε−1.

Ïðèìåíÿÿ ïåðâîå èç ýòèõ íåðàâåíñòâ ïðè ε ≤ hM è âòîðîå ïðè ε > hM ,
ó÷èòûâàÿ (3.12), ïîëó÷èì (3.11). Èòàê, íåðàâåíñòâà (3.10),(3.11) èìåþò
ìåñòî è â ñèëó ïðèíöèïà ìàêñèìóìà ïðè âñåõ n Rh

n ≥ 0. Ó÷èòûâàÿ
óñëîâèÿ (1.2), íåòðóäíî çàêëþ÷èòü, ÷òî

max
i

max
n≤M−1

|zi(xn)| ≤ C4h.

Òðåáóåìîå íåðàâåíñòâî (3.5) áóäåò èìåòü ìåñòî, åñëè ïîêàçàòü, ÷òî ïðè
âñåõ i |ui(xM)− uh

i (xM)| ≤ Ch. Ýòî ñëåäóåò èç òîãî, ÷òî

|ui(xM)− uh
i (xM)| ≤ |ui(xM−1)− uh

i (xM−1)|+ |ui(xM)− ui(xM−1)|.

Òåîðåìà äîêàçàíà.
Çàìåòèì, ÷òî îãðàíè÷åíèå íà ñåòêó Ω áóäåò âûïîëíåíî, åñëè, íàïðè-

ìåð, ïðè âñåõ n hn ≤ hM .Îãðàíè÷åíèå íà Ω ìîæíî îñëàáèòü äî ñëåäó-
þùåãî: hn ≤ q(1 − xn), ãäå q- ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.
Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè ýòîì äîêàçàííàÿ òåîðåìà îñòàíåòñÿ â ñèëå.

Îñòàíîâèìñÿ íà àíàëèçå ñõåìû (3.2) â ñëó÷àå îãðàíè÷åíèé (1.8).
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Ñíà÷àëà óñòàíîâèì óñëîâèå, êîãäà äëÿ ëèíåéíîãî îïåðàòîðà

Lh
niz

h = −εnΛxx,nz
h
i + ai(xn)Λx,nz

h
i +

N∑

k=1

Gikz
h
k (xn),

1 ≤ i ≤ N, 1 ≤ n ≤ M − 1 (3.13)

ñ êðàåâûìè óñëîâèÿìè

zh
i (x0), Rh

i z
h = δiz

h(xM) + βi(ε)Λx,Mzh
i (3.14)

ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà.
Ëåììà 5. Ïðåäïîëîæèì, ÷òî â (3.13)-(3.14) ïðè âñåõ i

εn > 0, ai(xn) ≥ 0, δi ≥ 0, βi ≥ 0, δi + βi > 0, n = 1, 2, . . . , M − 1.

Ïóñòü ñóùåñòâóåò ñåòî÷íàÿ âåêòîð-ôóíêöèÿ φh òàêàÿ, ÷òî ïîêîìïî-
íåíòíî ïðè âñåõ n

φh(xn) > 0, Lh
nφh > 0, φh(xM) > φh(xM−1). (3.15)

Òîãäà, åñëè äëÿ íåêîòîðîé ñåòî÷íîé âåêòîð-ôóíêöèè zh

zh(x0) ≥ 0, Lh
nzh ≥ 0, n = 1, 2, . . . , M − 1, Rhzh ≥ 0, (3.16)

òî ïðè âñåõ n zh(xn) ≥ 0.
Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî êàêàÿ-òî êîìïîíåíòà ñåòî÷íîé

âåêòîð-ôóíêöèè zh â êàêîì-òî óçëå îòðèöàòåëüíà. Ïðåäñòàâèì zh â âèäå:
zh

i (xn) = φh
i (xn)V h

i (xn). Òîãäà äëÿ íåêîòîðîé êîìïîíåíòû i è óçëà xm

âûïîëíèòñÿ
V h

i (xm) = min
j

min
xn∈Ω

V h
j (xn) < 0.

Ïîêàæåì, ÷òî m 6= M . Ïðåäïîëîæèì, ÷òî V h
i (xM) < 0. Èç (3.16) ñëåäóåò,

÷òî zh
i (xM) ≥ zh

i (xM−1). Ó÷èòûâàÿ (3.15), ïîëó÷èì V h
i (xM) > V h

i (xM−1).
Ñëåäîâàòåëüíî, m 6= M . Ìèíèìóì ñåòî÷íîé ôóíêöèè V h

i äîñòèãàåòñÿ âî
âíóòðåííåì óçëå, ïîýòîìó

V h
i (xm) < 0, Λx,mV h

i ≤ 0, Λx,m+1V
h
i ≥ 0.

Íåòðóäíî óáåäèòüñÿ, ÷òî

Lh
miz

h = ai(xm)φh
i (xm−1)Λx,mV h

i +Vi(xm)hLh
miφ

h− 2εm

hm + hm+1

φh
i (xm+1Λx,m+1V

h
i +
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+
2εm

hm + hm+1

φh
i (xm−1)Λx,mV h

i +
N∑

k=1

Gmkφ
h
k(xm)(V h

k (xm)− V h
i (xm)) < 0.

Ýòî ïðîòèâîðå÷èò óñëîâèÿì (3.16). Ëåììà äîêàçàíà.
Ëåììà 6. Ïóñòü â äîïîëíåíèå ê (1.8) âûïîëíåíî óñëîâèå:

α2
0 − (8ε + 2α0h)η ≥ γ > 0. (3.17)

Ïóñòü ph è qh - äâå ïðîèçâîëüíûå ñåòî÷íûå âåêòîð-ôóíêöèè. Òîãäà ïðè
âñåõ n

‖ph(xn)−qh(xn)‖∞ ≤ [3α2
0η
−1γ−1‖T hph−T hqh‖NΩ+‖ph(x0)−qh(x0)‖∞]exp(2ηα−1

0 xn)+

+(4α−1
0 ε + hM)‖Rhph −Rhqh‖∞ exp(−α0(α0h + 4ε)−1(1− xn)).

Äîêàçàòåëüñòâî. Îïðåäåëèì zh = ph − qh. Òîãäà:

Lh
nz

h = T h
n ph − T h

n qh, 0 < n < M, (3.18)

ãäå Lh çàäàíî ñîãëàñíî (3.13) ñ εn = ε . Ó÷èòûâàÿ óñëîâèe (3.17) íåñëîæíî
ïîêàçàòü, ÷òî ïðè âñåõ n = 1, 2, . . . , M − 1 âûïîëíèòñÿ

Lh
nφ

h ≥ γ[10Sn]−1φh
n, Lh

nθh ≥ ηγ[2α2
0]
−1θh

n, (3.19)

ãäå Sn = max(α0hn, ε). Ñîãëàñíî ëåììå 5 äëÿ îïåðàòîðà Lh ñïðàâåäëèâ
ïðèíöèï ìàêñèìóìà. Ïîêàæåì, ÷òî ïðè âñåõ i

φh
i (xn) ≤ exp(−α0(α0h + 4ε)−1(1− xn)).

Ýòî ñëåäóåò èç òîãî, ÷òî φh
i (xM) = 1, ïðè n < M

ln φh
i (xn) =

M∑
i=n+1

ln

(
1− α0hi

4ε + α0hi

)
≤ −

M∑
i=n+1

α0hi

4ε + α0hi

.

Èñïîëüçóÿ îöåíêè (3.19), íà îñíîâàíèè ïðèíöèïà ìàêñèìóìà ïðèäåì ê
óòâåðæäåíèþ ëåììû.

Òåîðåìà 3. Ïóñòü âûïîëíåíû îãðàíè÷åíèÿ (3), (1.8). Ïóñòü âûïîë-
íåíû óñëîâèÿ (3.17) è øàãè ñåòêè Ω óäîâëåòâîðÿþò îãðàíè÷åíèþ xn +
hn ≤ 1. Òîãäà äëÿ ñõåìû (3.2) ñïðàâåäëèâà îöåíêà òî÷íîñòè:

‖[u]Ω − uh‖NΩ ≤ Ch.
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Äîêàçàòåëüñòâî. Äëÿ ïîãðåøíîñòè àïïðîêñèìàöèè ñïðàâåäëèâà îöåíêà
(3.7). Îïðåäåëÿÿ

Rh = C[θh + φh + Ψh]h± zh,

ãäå φh , Ψh è θhîïðåäåëåíû â òåîðåìå 2, ó÷èòûâàÿ (3.19), èñïîëüçóÿ ïðèí-
öèï ìàêñèìóìà è ïîäáèðàÿ ïîäõîäÿùóþ ïîñòîÿííóþ C, ïðèäåì ê óòâåð-
æäåíèþ òåîðåìû.

Ñõåìû (2.2) è (3.2) ïðåäñòàâëÿþò ñîáîé ñèñòåìó íåëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé. Äëÿ íàõîæäåíèÿ ðàçíîñòíîãî ðåøåíèÿ íóæíî èñ-
ïîëüçîâàòü êàêîé-ëèáî ìåòîä ëèíåàðèçàöèè [6].

Îñòàíîâèìñÿ íà ñëó÷àå ñõåìû (3.2). Ïðåäïîëîæèì, ÷òî â äîïîëíåíèå
ê óñëîâèÿì (1.2) η ≤ Gii(x) ≤ R, η/R > 1 − σ. Ìîæíî ïîêàçàòü, ÷òî
òîãäà èòåðàöèîííûé ïðîöåññ:

−εΛxx,nu
k+1 + a(xn)Λx,nuk+1 + Ruk+1

n = Ruk
n − F (xn, uk

n), (3.20)

uk+1
0 = A, uk+1

M − uk+1
M−1 = 0

ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè ñõîäèòñÿ ê ðåøåíèþ ñõåìû (3.2) ñî
ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q = 2− σ − η/R.
Íà êàæäîì èòåðàöèîííîì øàãå äëÿ íàõîæäåíèÿ ðåøåíèÿ ìîæíî èñ-
ïîëüçîâàòü ìåòîä ïðîãîíêè [4], êîòîðûé äëÿ äàííîé ñèñòåìû óðàâíåíèé
óñòîé÷èâ â ñèëó äèàãîíàëüíîãî ïðåîáëàäàíèÿ.

4 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ
Ðàññìîòðèì ñèñòåìó äâóõ íåëèíåéíûõ óðàâíåíèé äëÿ ñëó÷àåâ, êîãäà äëÿ
ìàòðèöû ßêîáè G(x) âûïîëíåíû óñëîâèÿ (1.2) è (1.8). Áóäåì âû÷èñëÿòü
ïîãðåøíîñòü ïîñòðîåííîé ñõåìû (2.2) è ñõåìû íàïðàâëåííûõ ðàçíîñòåé
(3.2) ïðè çàäàíèè êðàåâûõ óñëîâèé ïåðâîãî ðîäà, êîãäà èìååòñÿ ýêñïî-
íåíöèàëüíûé ïîãðàíñëîéíûé ðîñò ðåøåíèÿ è â ñëó÷àå u′(1) = 0, êîãäà
ïîãðàíè÷íûé ñëîé ñëàáî âûðàæåí.

Ïîãðåøíîñòü zh = uh−[u]Ω ÿâëÿåòñÿ ñåòî÷íîé âåêòîð-ôóíêöèåé è ïîä
åå íîðìîé ïîäðàçóìåâàåòñÿ ‖zh‖2Ω, êîòîðàÿ îïðåäåëåíà âûøå. Ðåøåíèå
ðàçíîñòíîé ñõåìû ïðè âñåõ ýêñïåðèìåíòàõ íàõîäèëîñü íà îñíîâå èòåðà-
öèîííîãî ìåòîäà Ïèêàðà (3.20) ñ ó÷åòîì ðàçëè÷íûõ êðàåâûõ óñëîâèé,
èòåðàöèè ïðîäîëæàëèñü, åñëè íå âûïîëíÿëîñü ‖zh‖2Ω < 10−8. Èòåðàöè-
îííûé ìåòîä ñõîäèëñÿ, åñëè â (3.20) R ≥ 1 è íå ñõîäèëñÿ ïðè R = 0.
Ñåòêà Ω ïðåäïîëàãàåòñÿ ðàâíîìåðíîé.
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Ñíà÷àëà ðàññìîòðèì ñëó÷àé óñëîâèé (1.2). Ðàññìàòðèâàåìàÿ ñèñòåìà
èìååò âèä:

−εu′′ + u′ + u + 0.5 exp(−v) + f1(x) = 0,

−εv′′ + 2v′ + 0.5u + exp(v) + f2(x) = 0, (4.1)

ãäå f1(x) è f2(x) çàâèñÿò îò âèäà ðåøåíèÿ.
Îñòàíîâèìñÿ íà ñëó÷àå êðàåâûõ óñëîâèé ïåðâîãî ðîäà ñ ðåøåíèåì

ñèñòåìû óðàâíåíèé (4.1) âèäà:
u(x) = exp(ε−1(x− 1)) + cos(0.5πx),

v(x) = − exp(2ε−1(x− 1) + 1) + exp(x) (4.2)

Â Òàáë. 1 ïðèâåäåíà íîðìà ïîãðåøíîñòè ñõåìû (2.2) â çàâèñèìîñòè îò ε è
øàãà h ñåòêè. Äàííûå ýòîé òàáëèöû ïîäòâåðæäàþò îöåíêó (2.3). Â òàáë.
2 äëÿ ñðàâíåíèÿ ïðèâåäåíà íîðìà ïîãðåøíîñòè ñõåìû (3.2). Âû÷èñëåíèÿ
ïîäòâåðæäàþò, ÷òî ýòà ñõåìà íå ñõîäèòñÿ ðàâíîìåðíî ïî ε.

Òåïåðü îñòàíîâèìñÿ íà ñëó÷àå u′(1) = 0, v′(1) = 0. Ðåøåíèå (4.1) çà-
äàäèì â âèäå:

u(x) = 0.5πε exp(ε−1(x− 1)) + cos(0.5πx),

v(x) = −0.5ε exp(2ε−1(x− 1) + 1) + exp(x) (4.3)

Â òàáë. 3 ïðèâåäåíà íîðìà ïîãðåøíîñòè ñõåìû (3.2) â çàâèñèìîñòè îò ε
è øàãà ñåòêè. Ðåçóëüòàòû âû÷èñëåíèé ïîäòâåðæäàþò ðàâíîìåðíóþ ñõî-
äèìîñòü ñõåìû ñ îöåíêîé òî÷íîñòè (3.5).

Îñòàíîâèìñÿ íà ñëó÷àå óñëîâèé (1.8) äëÿ ìàòðèöû ßêîáè. Èññëåäóå-
ìàÿ ñèñòåìà èìååò âèä:

−εu′′ + u′ + 0.5u− exp(v) + f1(x) = 0,

−εv′′ + 2v′ − u + 0.5exp(−v) + f2(x) = 0, (4.4)

ãäå êàê è ðàíåå f1(x) è f2(x) çàâèñÿò îò âèäà ðåøåíèÿ.
Ñíà÷àëà îñòàíîâèìñÿ íà ñëó÷àå êðàåâûõ óñëîâèé ïåðâîãî ðîäà ñ ðå-

øåíèåì (4.2). Â Òàáë. 4 ïðèâåäåíà íîðìà ïîãðåøíîñòè ñõåìû (2.2) â çà-
âèñèìîñòè îò ε è øàãà h ñåòêè. Ðåçóëüòàòû âû÷èñëåíèé ïîäòâåðæäàþò
îöåíêó (2.3).

Òåïåðü îñòàíîâèìñÿ íà ñëó÷àå u′(1) = 0, v′(1) = 0, êîãäà ðåøåíèå
çàäàåì ñîãëàñíî (4.3). Â òàáë. 5 ïðèâåäåíà íîðìà ïîãðåøíîñòè ñõåìû
(3.2) ïðè ðàçëè÷íûõ ε è h. Ðåçóëüòàòû âû÷èñëåíèé ïîäòâåðæäàþò îöåíêó
(3.5) â ñëó÷àå âûïîëíåíèÿ óñëîâèé (1.8).
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Òàáëèöà 1.
ε h

0.1 0.05 0.01 0.005
1.0 0.24E-1 0.12E-1 0.24E-2 0.12E-2

1.0E-1 0.42E-1 0.21E-1 0.44E-2 0.22E-2
1.0E-2 0.44E-1 0.23E-1 0.47E-2 0.23E-2
1.0E-3 0.44E-1 0.23E-1 0.47E-2 0.23E-2

Òàáëèöà 2.
ε h

0.1 0.05 0.01 0.005
1.0 0.24E-1 0.13E-1 0.27E-2 0.14E-2

1.0E-1 0.38 0.29 0.74E-1 0.38E-1
1.0E-2 0.44E-1 0.18 0.51 0.35
1.0E-3 0.45E-1 0.23E-1 0.12 0.24

Òàáëèöà 3.
ε h

0.1 0.05 0.01 0.005
1.0 0.60E-1 0.30E-1 0.60E-2 0.30E-2

1.0E-1 0.18 0.89E-1 0.17E-1 0.85E-2
1.0E-2 0.22 0.11 0.23E-1 0.11E-1
1.0E-3 0.23 0.12 0.24E-1 0.12E-1

Òàáëèöà 4.
ε h

0.1 0.05 0.01 0.005
1.0 0.24E-1 0.12E-1 0.24E-2 0.12E-2

1.0E-1 0.12 0.50E-1 0.84E-2 0.41E-2
1.0E-2 0.18 0.99E-1 0.18E-1 0.90E-2
1.0E-3 0.18 0.97E-1 0.20E-1 0.10E-1
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Òàáëèöà 5.
ε h

0.1 0.05 0.01 0.005
1.0 0.86E-1 0.45E-1 0.92E-2 0.46E-2

1.0E-1 0.19 0.94E-1 0.18E-1 0.91E-2
1.0E-2 0.32 0.16 0.34E-1 0.17E-1
1.0E-3 0.33 0.17 0.36E-1 0.18E-1

17



Ñïèñîê ëèòåðàòóðû
[1] Çàäîðèí À.È.,Èãíàòüåâ Â.Í.×èñëåííîå ðåøåíèå êâàçèëèíåéíîãî

ñèíãóëÿðíî âîçìóùåííîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà// Æ.âû÷èñë.
ìàòåì. è ìàòåì.ôèç. 1991.Ò. 31. N 1. C. 157-160.

[2] Áàõâàëîâ Í.Ñ. Ê îïòèìèçàöèè ìåòîäîâ ðåøåíèÿ êðàåâûõ çàäà÷
ïðè íàëè÷èè ïîãðàíè÷íîãî ñëîÿ// Æ.âû÷èñë. ìàòåì. è ìàòåì.ôèç.
1969.Ò. 9. N 4. C. 841-890.

[3] ×àíã Ê.,Õàóýñ Ô. Íåëèíåéíûå ñèíãóëÿðíî âîçìóùåííûå êðàåâûå çà-
äà÷è. Ì.: Ìèð,1988.

[4] Ñàìàðñêèé À.À. Òåîðèÿ ðàçíîñòíûõ ñõåì. Ì.: Íàóêà, 1977.

[5] Çàäîðèí À.È.×èñëåííîå ðåøåíèå îáûêíîâåííîãî óðàâíåíèÿ âòîðîãî
ïîðÿäêà ñî ñëàáî âûðàæåííûì ïîãðàíè÷íûì ñëîåì // Ìîäåëèðîâà-
íèå â ìåõàíèêå.Íîâîñèáèðñê:ÈÒÏÌ ÑÎ ÀÍ ÑÑÑÐ, 1991.Ò. 5. N 1.
C. 141-152 .

[6] Îðòåãà Ä., Ðåéíáîëäò Â. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ íåëèíåé-
íûõ ñèñòåì óðàâíåíèé ñî ìíîãèìè íåèçâåñòíûìè.M.: Ìèð, 1975.

18


