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Àííîòàöèÿ
Ðàññìàòðèâàåòñÿ ñíà÷àëà ëèíåéíîå, à çàòåì íåëèíåéíîå óðàâíåíèå

âòîðîãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì ïðè ñòàðøåé ïðîèçâîäíîé íà
ïîëóîñè. Îñóùåñòâëåí ïåðåõîä ê êîíå÷íîìó èíòåðâàëó ñ îöåíêîé âîç-
íèêàþùåé ïîãðåøíîñòè. Îáîñíîâàíà ðàâíîìåðíàÿ ñõîäèìîñòü ñõåìû
íàïðàâëåííûõ ðàçíîñòåé äëÿ ðåäóöèðîâàííîé çàäà÷è.

Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ðàçëè÷íûõ ôèçè÷åñêèõ ÿâëåíèé,
òàêèõ êàê ðàñïðîñòðàíåíèå ïðèìåñè îò èñòî÷íèêà, ïðîöåññ ðàñïðîñòðàíåíèÿ
ïëàìåíè, êðàåâûå óñëîâèÿ ñòàâÿòñÿ íà áåñêîíå÷íîñòè. Ïðè ðåøåíèè äèô-
ôåðåíöèàëüíûõ óðàâíåíèé äëÿ òàêèõ çàäà÷ êîíå÷íî-ðàçíîñòíûì ìåòîäîì
íåîáõîäèìî ïåðåéòè ê êîíå÷íîìó èíòåðâàëó. Ïðè ýòîì òðåáóåòñÿ îöåíèòü
ïîãðåøíîñòü â ðåøåíèè, âîçíèêàþùóþ ïðè ïåðåõîäå ê êîíå÷íîìó èíòåðâà-
ëó.

Êðàåâûå çàäà÷è íà ïîëóáåñêîíå÷íîì èíòåðâàëå ðàññìàòðèâàëèñü â ðÿäå
ðàáîò, íàïðèìåð, â [1]-[10]. Â ñîîòâåòñòâèè ñ ïîäõîäîì [2]-[8] ïðè êîððåêòíîé
ïîñòàíîâêå êðàåâîé çàäà÷è ñ ïðåäåëüíûì óñëîâèåì íà áåñêîíå÷íîñòè äîëæ-
íî áûòü ãàðàíòèðîâàíî, ÷òî ýòî ïðåäåëüíîå óñëîâèå âûäåëÿåò ñåìåéñòâî
ðåøåíèé èñõîäíîãî óðàâíåíèÿ è ÷òî çíà÷åíèÿ ýòèõ ðåøåíèé ïîðîæäàþò â
ôàçîâîì ïðîñòðàíñòâå ïåðåìåííûõ óñòîé÷èâîå ìíîãîîáðàçèå. Óñëîâèå, ÷òî
çíà÷åíèÿ ðåøåíèé ïðè îïðåäåëåííûõ çíà÷åíèÿõ àðãóìåíòà ïðèíàäëåæàò
ýòîìó ìíîãîîáðàçèþ, äàåò ãðàíè÷íîå óñëîâèå â êîíå÷íîé òî÷êå.

Â äàííîé ðàáîòå ñíà÷àëà ðàññìàòðèâàåòñÿ ëèíåéíîå, à çàòåì íåëèíåé-
íîå àâòîíîìíîå óðàâíåíèå âòîðîãî ïîðÿäêà íà ïîëóáåñêîíå÷íîì èíòåðâà-
ëå. Óðàâíåíèå ñîäåðæèò ìàëûé ïàðàìåòð ïðè ñòàðøåé ïðîèçâîäíîé, ïîýòî-
ìó èññëåäóåòñÿ çàâèñèìîñòü ãðàäèåíòîâ ðåøåíèÿ îò ìàëîãî ïàðàìåòðà êàê
äëÿ èñõîäíîé, òàê è äëÿ ðåäóöèðîâàííîé çàäà÷è, ñôîðìóëèðîâàííîé íà êî-
íå÷íîì èíòåðâàëå. Îöåíåíà ïîãðåøíîñòü, âîçíèêàþùàÿ ïðè àïïðîêñèìàöèè
êðàåâîãî óñëîâèÿ, ñîîòâåòñòâóþùåãî óñëîâèþ íà áåñêîíå÷íîñòè. Ïîêàçàíî,
êàê ýòà ïîãðåøíîñòü âëèÿåò íà òî÷íîñòü ðåøåíèÿ ðåäóöèðîâàííîé çàäà÷è
íà êîíå÷íîì èíòåðâàëå.

Äîêàçàíî,÷òî ðåäóöèðîâàííàÿ çàäà÷à íå ñîäåðæèò âûðàæåííîãî ïîãðà-
íè÷íîãî ñëîÿ è äëÿ åå ðåøåíèÿ ìîæíî èñïîëüçîâàòü ñõåìó íàïðàâëåííûõ
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ðàçíîñòåé, êîòîðàÿ îáëàäàåò â äàííîì ñëó÷àå ñâîéñòâîì ðàâíîìåðíîé ñõî-
äèìîñòè ïî ìàëîìó ïàðàìåòðó.

Âñþäó ïîä C è Ci ïîíèìàþòñÿ ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå
îò ε è øàãîâ ðàçíîñòíîé ñåòêè, ïðè÷åì â ñëó÷àÿõ, ãäå ýòî íå âûçûâàåò íåäî-
ðàçóìåíèé, ðàçëè÷íûå âåëè÷èíû îãðàíè÷èâàþòñÿ ñâåðõó îäíîé ïîñòîÿííîé .
Ïîä íîðìîé ñåòî÷íîé ôóíêöèè èëè ôóíêöèè íåïðåðûâíîãî àðãóìåíòà p(x)
ïîäðàçóìåâàåòñÿ ‖p‖ = max |p(x)| , ãäå x ïðîáåãàåò îáëàñòü îïðåäåëåíèÿ
ôóíêöèè.

1. Ñëó÷àé ëèíåéíîãî óðàâíåíèÿ íà ïîëóáåñêîíå÷íîì èíòåðâàëå

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ ëèíåéíîãî óðàâíåíèÿ :

−εu′′ + a(x)u′ + c(x)(u−B) = 0,

u(0) = A, lim
x→∞

[u(x)−B] = lim
x→∞

u′(x) = 0. (1.1)

Ïðåäïîëàãàåì, ÷òî ôóíêöèè a(x) , c(x) íåïðåðûâíû,

D ≥ a(x) ≥ α > 0, ε ∈ (0, 1], c(x) ≥ β > 0, a(x) → m, c(x) → n, x →∞.

Ñîãëàñíî [9], ïðè íàëîæåííûõ îãðàíè÷åíèÿõ ñóùåñòâóåò åäèíñòâåííîå ðå-
øåíèå çàäà÷è (1.1). Âîïðîñ ïåðåíîñà êðàåâîãî óñëîâèÿ èç áåñêîíå÷íîñòè â
ñëó÷àå ëèíåéíîé çàäà÷è ðàññìàòðèâàëñÿ,íàïðèìåð, â [3],[6]. Îñòàíîâèìñÿ íà
ñâîéñòâàõ ðåøåíèÿ çàäà÷è (1.1).

Ëåììà 1. Ïðè A ≤ B ðåøåíèå çàäà÷è (1.1) âîçðàñòàåò, ïðè A ≥ B -
óáûâàåò.

Äîêàçàòåëüñòâî. Ïóñòü z = u−B . Òîãäà

Lεz = −εz′′ + a(x)z′ + c(x)z = 0, z(0) = A−B, lim
x→∞

z(x) = lim
x→∞

z′(x) = 0.

Ïóñòü A ≤ B ( ñëó÷àé A ≥ B àíàëîãè÷åí). Ðàññóæäàÿ îò ïðîòèâíîãî,
íåòðóäíî ïîêàçàòü, ÷òî ïðè âñåõ x z(x) ≤ 0 , ïîýòîìó u(x) ≤ B . Ñ äðóãîé
ñòîðîíû,

u′(x) = −ε−1

∞∫

x

c(s)(u(s)−B) exp


1

ε

x∫

s

a(t)dt


 ds. (1.2)

Èç (1.2) ñëåäóåò u′(x) ≥ 0 . Ëåììà äîêàçàíà.
Èç (1.2) ñëåäóåò, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé

|u′(x)| ≤ C. (1.3)
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Ëåììà 2. Ïðè âñåõ x ∈ [0,∞)

|u(x)−B| ≤ |A−B| exp[r0x], (1.4)

ãäå r0 - îòðèöàòåëüíûé êîðåíü óðàâíåíèÿ:

−εq2 + Dq + β = 0.

Äîêàçàòåëüñòâî.Ïóñòü z = u−B . Îïðåäåëèì

Ψ(x) = |A−B| exp[r0x]± z(x).

Òîãäà
Ψ(0) ≥ 0, lim

x→∞
Ψ(x) = 0, LεΨ(x) ≥ 0, 0 < x < ∞.

Âñëåäñòâèå ïðèíöèïà ìàêñèìóìà, ñïðàâåäëèâîãî äëÿ äèôôåðåíöèàëü-
íîãî îïåðàòîðà Lε , Ψ(x) ≥ 0, 0 ≤ x < ∞ . Ýòî äîêàçûâàåò ëåììó.

Äëÿ ðåøåíèÿ çàäà÷è (1.1) êîíå÷íî-ðàçíîñòíûì ìåòîäîì íåîáõîäèìî ïå-
ðåéòè ê êðàåâûì óñëîâèÿì íà êîíå÷íîì èíòåðâàëå. Ñîãëàñíî [3],[4] óñëîâèå
íà áåñêîíå÷íîñòè â çàäà÷å (1.1) ýêâèâàëåíòíî äëÿ áîëüøèõ x ñîîòíîøåíèþ

u′(x) = γ(x)(u(x)−B), (1.5)

ãäå γ(x) ÿâëÿåòñÿ ðåøåíèåì ñèíãóëÿðíîé çàäà÷è Êîøè:

Rεγ = εγsh − aγ + εγ2 − c = 0, lim
x→∞

γ(x) = r, (1.6)

ãäå r - îòðèöàòåëüíûé êîðåíü óðàâíåíèÿ εq2 −mq − n = 0; ðåøåíèå (1.6)
ñóùåñòâóåò è åäèíñòâåííî.

Èç (1.5) è ëåììû 1 ñëåäóåò γ(x) ≤ 0 ïðè x > 0, èç (1.2) è (1.5) íåòðóäíî
ïîëó÷èòü |γ(x)| ≤ ‖c‖/α.

Ïðè ïåðåõîäå îò (1.1) ê çàäà÷å íà êîíå÷íîì èíòåðâàëå [0, L0] çíà÷åíèå
γ(L0) ìîæåò áûòü íàéäåíî ñ íåêîòîðîé ïîãðåøíîñòüþ. Îöåíèì âëèÿíèå ýòîé
ïîãðåøíîñòè íà òî÷íîñòü ðåøåíèÿ çàäà÷è (1.1). Èòàê, ðàññìîòðèì êðàåâóþ
çàäà÷ó íà êîíå÷íîì èíòåðâàëå:

−εV ′′+a(x)V ′+c(x)(V −B) = 0, V (0) = A, V sh(L0) = γ0(L0)(V −B). (1.7)

Òåîðåìà 1. Ïóñòü γ0(L0) ≤ 0, |γ(L0) − γ0(L0)| ≤ ∆. Òîãäà ïðè âñåõ
x ∈ [0, L0]

|u(x)− V (x)| ≤ |A−B|ε∆α−1 exp[r0L0 + αε−1(x− L0)]. (1.8)

Äîêàçàòåëüñòâî. Îïðåäåëèì z = u − V . Òîãäà z ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è:

Lεz = 0, z(0) = 0, z′(L0)− γ0(L0)z(L0) = (γ(L0)− γ0(L0))(u(L0)−B).
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Îïðåäåëèì ôóíêöèþ:

Ψ(x) = ∆εα−1|u(L0)−B| exp[ε−1α(x− L0)]± z(x).

Òîãäà

Ψ(0) ≥ 0, Ψ′(L0)− γ0(L0)Ψ(L0) ≥ 0, LεΨ(x) ≥ 0, 0 < x < L0.

Èç ïðèíöèïà ìàêñèìóìà è ëåììû 2 ñëåäóåò óòâåðæäåíèå òåîðåìû.
Îöåíèì ïîãðåøíîñòü, êîòîðàÿ ìîæåò âîçíèêíóòü, åñëè ïðè çàäàíèè êðà-

åâîãî óñëîâèÿ â òî÷êå L0 íå èñïîëüçîâàòü ñîîòíîøåíèå (1.5).
Â ñîîòâåòñòâèè ñ äîêàçàííîé òåîðåìîé â ñëó÷àå óñëîâèÿ V ′(L0) = 0 âû-

ïîëíèòñÿ îöåíêà:

|u(x)− V (x)| ≤ ε|A−B|α−2‖c‖ exp[r0L0 + αε−1(x− L0)], 0 ≤ x ≤ L0. (1.8)

Íåòðóäíî ïîêàçàòü ÷òî â ñëó÷àå óñëîâèÿ V (L0) = B âûïîëíèòñÿ

|u(x)− V (x)| ≤ |A−B| exp[r0L0 + αε−1(x− L0)], 0 ≤ x ≤ L0. (1.8)

Îñòàíîâèìñÿ íà âîïðîñå ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1.6). Ïåðåéäåì
îò (1.6) ê óðàâíåíèþ ñ âîçìóùåííûìè êîýôôèöèåíòàìè:

εγ̃sh − ãγ̃ + εγ̃2 − c̃ = 0, lim
x→∞

γ̃(x) = r, (1.9)

Ïðåäïîëàãàåì íåïðåðûâíîñòü ôóíêöèé ã, c̃,

ã(x) → m, c̃(x) → n, x → ∞, ã ≥ α̃ > 0, c̃ ≥ β̃ > 0.

Ëåììà 3. Ïóñòü ‖a − ã‖ ≤ ∆, ‖c − c̃‖ ≤ ∆. Òîãäà íàéäåòñÿ C, òàêîå,
÷òî

‖γ − γ̃‖ ≤ C∆. (1.10)

Äîêàçàòåëüñòâî.Ó÷èòûâàÿ, ÷òî (1.9) ÿâëÿåòñÿ àíàëîãîì óðàâíåíèÿ (1.6)
â ñëó÷àå âîçìóùåííûõ êîýôôèöèåíòîâ â óðàâíåíèè (1.1), ïîëó÷èì γ̃(x) ≤
0, |γ̃(x)| ≤ ‖c̃‖/α̃. Ïóñòü z = γ − γ̃. Òîãäà

Rεz = εz′ − [a− ε(γ + γ̃)]z = c− c̃ + (a− ã)γ̃, lim
x→∞

z(x) = 0.

Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà ê îïåðàòîðó Rε, íåòðóäíî ïîêàçàòü:

‖z‖ ≤ ∆α−1(1 + ‖c̃‖α̃−1),

îòêóäà ñëåäóåò (1.10). Ëåììà äîêàçàíà.
Åñëè ïðè äîñòàòî÷íî áîëüøèõ x ñïðàâåäëèâû ïðåäñòàâëåíèÿ:

a(x) ≈ ã(x) =
N∑

i=0

aix
−i, c(x) ≈ c̃(x) =

N∑

i=0

cix
−i, a0 = m, co = n,
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òî ñîãëàñíî [3] γ(x) ìîæåò áûòü ïðèáëèæåííî íàéäåíî â âèäå:

γ(x) ≈ γ̃(x) =
N∑

i=0

γix
−i.

Äëÿ ýòîãî íåîáõîäèìî ïîäñòàâèòü ðàçëîæåíèÿ a, c â (1.6) è ïîëó÷èì ðåêóð-
ðåíòíóþ ôîðìóëó îòíîñèòåëüíî γi. Áîëåå òî÷íûå óòâåðæäåíèÿ èìåþòñÿ â
[3].

Äëÿ ïðèáëèæåííîãî íàõîæäåíèÿ γ(x) ìîæíî èñïîëüçîâàòü ìàëîñòü ïà-
ðàìåòðà ε. Ïóñòü γ0(x) - îòðèöàòåëüíîå ðåøåíèå óðàâíåíèÿ:

−aγ0(x) + εγ2
0(x)− c = 0.

Ëåììà 4. Ïóñòü ôóíêöèè a(x), c(x) íåïðåðûâíî äèôôåðåíöèðóåìû ïðè
âñåõ 0 ≤ x < ∞, |a′(x)|, |c′(x)| ≤ C1. Òîãäà íàéäåòñÿ , òàêîå ÷òî ïðè âñåõ
x ∈ [0,∞) |γ(x)− γ0(x)| ≤ Cε.

Äoêàçàòåëüñòâî. Ïóñòü z = γ − γ0. Òîãäà

Rεz = εz′ − az = ε(γ2
0 − γ2)− εγ′0, lim

x→∞
z(x) = 0.

Äëÿ îïåðàòîðà Rε ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà, âñëåäñòâèå êîòîðîãî èç
óñëîâèé:

lim
x→∞

Ψ(x) ≥ 0, RεΨ(x) ≤ 0, x < ∞ (1.11)

ñëåäóåò Ψ(x) ≥ 0, 0 ≤ x < ∞. Îïðåäåëèì

Ψ(x) = α−1‖ε(γ2
0 − γ2)− εγ′0‖ ± z(x).

Òîãäà âûïîëíÿòñÿ ñîîòíîøåíèÿ (1.11) è ïîýòîìó

|z(x)| ≤ εα−1‖γ2
0 − γ2 − γ′0‖. (1.12)

Ôóíêöèÿ γ0(x) îãðàíè÷åíà âìåñòå ñ ïðîèçâîäíîé ðàâíîìåðíî ïî ε. Ó÷èòû-
âàÿ, ÷òî |γ(x)| ≤ C, èç (1.11) ïîëó÷èì óòâåðæäåíèå ëåììû.

2. Íåëèíåéíîe àâòîíîìíîå óðàâíåíèå íà ïîëóáåñêîíå÷íîì
èíòåðâàëå

Ðàññìîòðèì êðàåâóþ çàäà÷ó:

Tεu = −εu′′ + mu′ + g(u) = 0,

u(0) = A, lim
x→∞

[u(x)−B] = lim
x→∞

u′(x) = 0. (2.1)
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Ïðåäïîëàãàåì, ÷òî ôóíêöèÿ g(s) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà
ïðè âñåõ s ∈ R,

ε ∈ (0, 1], m > 0, g(B) = 0, g′(B) > 0, |g′′(B)| ≤ C,

g′(s) ≥ −β, s ∈ R, β > 0, m2 − 4βε ≥ σ > 0. (2.2)

Âîïðîñû ïåðåíîñà êðàåâîãî óñëîâèÿ èç áåñêîíå÷íîñòè â ñëó÷àå íåëèíåéíî-
ãî óðàâíåíèÿ ðàññìàòðèâàëèñü â [4],[5],[7]-[10]. Â [8] ïîêàçàíà óñòîé÷èâîñòü
ðåøåíèÿ çàäà÷è íà êîíå÷íîì èíòåðâàëå ê ïîãðåøíîñòè ïðè çàäàíèè ïðà-
âîãî êðàåâîãî óñëîâèÿ. Îáîñíîâàíà ñõîäèìîñòü ìåòîäà ëèíåàðèçàöèè Ïè-
êàðà. Çàìåòèì,÷òî ïðè ðåøåíèè ñâåäåííîé ê êîíå÷íîìó èíòåðâàëó çàäà÷è
êîíå÷íî-ðàçíîñòíûì ìåòîäîì, ìåòîä ëèíåàðèçàöèè íåîáõîäèìî îáîñíîâàòü
äëÿ ðàçíîñòíîé ñõåìû. Â [10] íà ïîëóáåñêîíå÷íîì èíòåðâàëå ðàññìîòðåíî
îäíîìåðíîå ñòàöèîíàðíîå óðàâíåíèå Áþðãåðñà, êðàåâîå óñëîâèå èç áåñêî-
íå÷íîñòè â òî÷êó L0 ñíåñåíî â ðåçóëüòàòå àíàëèòè÷åñêîãî èíòåãðèðîâàíèÿ
èñõîäíîãî óðàâíåíèÿ îò L0 äî áåñêîíå÷íîñòè.

Ðåøåíèå çàäà÷è (2.1) ïðè óñëîâèÿõ (2.2) ñóùåñòâóåò è åäèíñòâåííî [9].
Çàäà÷à (2.1) ñ îãðàíè÷åíèÿìè (2.2) ÿâëÿåòñÿ ìîäåëüíîé , íàïðèìåð, ïðè
ìàòåìàòè÷åñêîì îïèñàíèè ïåðåíîñà ïëàìåíè â ñëó÷àå îäíîñòàäèéíîãî êè-
íåòè÷åñêîãî ìåõàíèçìà è ïîäîáèÿ ïîëåé òåìïåðàòóðû è êîíöåíòðàöèè [11],
êîãäà

g(T ) = K(T −B) exp(−E/T ),

ãäå:
T - òåìïåðàòóðà ñìåñè,m - ñêîðîñòü ïåðåíîñà ïëàìåíè, ε - êîýôôèöèåíò

äèôôóçèè, A - òåìïåðàòóðà ñâåæåé ñìåñè,B - òåìïåðàòóðà ãîðåíèÿ, K -
êîíñòàíòà ñêîðîñòè ðåàêöèè, E - ýíåðãèÿ àêòèâàöèè.

Ïîëó÷èì îöåíêó óñòîé÷èâîñòè îïåðàòîðà Tε.
Ëåììà 5. Ïóñòü p(x), q(x) - äâå ïðîèçâîëüíûå äâàæäû íåïðåðûâíî äèô-

ôåðåíöèðóåìûå ôóíêöèè, îãðàíè÷åííûå íà áåñêîíå÷íîñòè. Òîãäà ïðè âñåõ
x < ∞

|p(x)− q(x)| ≤ exp(2βm−1x)[m2β−1σ−1‖Tεp− Tεq‖+ |p(0)− q(0)|]. (2.3)

Äîêàçàòåëüñòâî. Ïóñòü z = p− q. Òîãäà

Lεz = −εz′′ + mz′ + [g(p)− g(q)][p− q]−1z = Tεp− Tεq.

Äëÿ y < ∞ ðàññìîòðèì èíòåðâàë [0,y]. Îïðåäåëèì :

Ψ(x) = exp[2βm−1x][m2β−1σ−1‖Tεp− Tεq‖+ |z(0)|]+

+ exp[m(2ε)−1(x− y)]|z(y)| ± z(x).

Ïðè òàêîì çàäàíèè Ψ(x) âûïîëíèòñÿ

LεΨ(x) ≥ 0, 0 < x < y, Ψ(0) ≥ 0, Ψ(y) ≥ 0.
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Ó÷èòûâàÿ, ÷òî äëÿ îïåðàòîðà Lε ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà [12], ïî-
ëó÷èì Ψ(x) ≥ 0 ïðè 0 ≤ x ≤ y. Óñòðåìëÿÿ y → ∞, ïðèäåì ê óòâåðæäåíèþ
ëåììû.

Çàäàâàÿ â (2.3) p = u, q = 0, ïîëó÷èì:

|u(x)| ≤ exp[2βm−1x][m2β−1σ−1|g(0)|+ |A|].

Â ñèëó óñëîâèÿ g′(B) > 0 äëÿ çàäàííîãî α: g′(B) > α > 0 íàéäåòñÿ L:
g′u(u(x)) ≥ α ïðè x ≥ L.

Ëåììà 6. Ðåøåíèå çàäà÷è (2.1) u(x) âîçðàñòàåò ïðè x ≥ L, åñëè u(L) ≤
B è óáûâàåò ïðè u(L) ≥ B.

Äîêàçàòåëüñòâî. Ïóñòü u(L) ≤ B, z = u − B. Îïðåäåëèì ëèíåéíûé
îïåðàòîð:

Lεφ = −εφ′′ + mφ′ + [g(z + B)− g(B)]z−1φ. (2.4)

Åñëè φ(L) ≤ 0, lim
x→∞

φ(x) = 0, Lεφ = 0, òî, êàê íåòðóäíî óáåäèòüñÿ, φ(x) ≤ 0

ïðè x ≥ L. Îïðåäåëÿÿ φ = z,ïîëó÷èì u(x) ≤ B. Èñïîëüçóÿ ïðåäñòàâëåíèå
ïðîèçâîäíîé:

u′(x) = −ε−1

∞∫

x

[g(u(s))− g(B)] exp[mε−1(x− s)]ds, (2.5)

ïîëó÷èì u′(x) ≥ 0 ïðè x ≥ L. Ñëó÷àé u(L) ≥ B ðàññìàòðèâàåòñÿ àíàëîãè÷-
íî. Ëåììà äîêàçàíà.

Ëåììà 7. Ïðè âñåõ x ≥ L

|u(x)−B| ≤ |u(L)−B| exp[r0(x− L)],

ãäå r0 - îòðèöàòåëüíûé êîðåíü óðàâíåíèÿ: −εq2 + mq + α = 0.
Äîêàçàòåëüñòâî ìîæíî îñóùåñòâèòü íà îñíîâå ïðèíöèïà ìàêñèìóìà äëÿ

îïåðàòîðà Lε, êàê ýòî ñäåëàíî â ëåììå 2.
Èñïîëüçóÿ (2.5), íåñëîæíî ïîêàçàòü, ÷òî ïðîèçâîäíàÿ ðåøåíèÿ çàäà÷è

(2.1) óäîâëåòâîðÿåò îöåíêå (1.3).
Îñòàíîâèìñÿ íà âîïðîñå ïåðåíîñà êðàåâîãî óñëîâèÿ èç áåñêîíå÷íîñòè â

òî÷êó L0. Êðàåâîå óñëîâèå íà áåñêîíå÷íîñòè (2.1) ïðè äîñòàòî÷íî áîëüøèõ
x ýêâèâàëåíòíî ñîîòíîøåíèþ [11*]:

u′(x) = r1(u(x)−B) + γ(u(x)), (2.6)

ãäå r1 - îòðèöàòåëüíûé êîðåíü óðàâíåíèÿ −εq2 + mq + g′(B) = 0,

εγ′(u)[r1(u−B) + γ(u)] = εr2γ(u) + g(u)− g′(B)(u−B),

γ(B) = 0, r1 + r2 = mε−1. (2.7)

Ïåðåéäåì îò (2.1) ê çàäà÷å íà êîíå÷íîì èíòåðâàëå:

−εV ′′ + mV ′ + g(V ) = 0,
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V (0) = A, V ′(L0) = r1[V (L0)−B] + γ0(V (L0)), (2.8)

ãäå ôóíêöèÿ γ0(V ) íåïðåðûâíî äèôôåðåíöèðóåìà â íåêîòîðîé îêðåñòíîñòè
òî÷êè B.

Òåîðåìà 2. Ïóñòü äëÿ äîñòàòî÷íî áîëüøèõ L0

|γ(u(L0))− γ0(u(L0))| ≤ ∆, r1 + γ′0(B) < 0. , Òîãäà äëÿ âñåõ x ∈ [0, L0]

|u(x)− V (x)| ≤ 2∆εm−1 exp[m(2ε)−1(x− L0)].

Äîêàçàòåëüñòâî. Ïóñòü z = u− V . Òîãäà

Lεz = −εz′′ + mz′ + [g(u)− g(V )](u− V )−1z = 0,

z(0) = 0, z′(L0) = r1z(L0) + γ(u(L0))− γ0(V (L0)).

Äëÿ íåêîòîðîãî θ ìåæäó u(L0) è V (L0) êðàåâûå óñëîâèÿ ìîæíî ïåðåïèñàòü
â âèäå:

z(0) = 0, z′(L0)− (r1 + γ′0(θ))z(L0) = γ(u(L0))− γ0(u(L0)).

Îïðåäåëèì
Ψ(x) = 2∆εm−1 exp[m(2ε)−1(x− L0)]± z(x).

Ïðè òàêîì çàäàíèè Ψ(x) ïðè âñåõ x ∈ (0, L0):

LεΨ(x) > 0, Ψ(0) ≥ 0, Ψ′(L0)− (r1 + γ′0(θ))Ψ(L0) ≥ 0.

Â ñèëó ïðèíöèïà ìàêñèìóìà, ñïðàâåäëèâîãî äëÿ îïåðàòîðà Lε [12], Ψ(x) ≥
0, x ∈ [0, L0]. Ýòî äîêàçûâàåò òåîðåìó.

Çàìåòèì, ÷òî îãðàíè÷åíèå íà L0 ñíèìàåòñÿ, åñëè ïðè âñåõ V ∈ R
r1 +γ′0(V ) ≤ 0. Ïðè ýòîì íóæíî ïðåäïîëîæèòü íåïðåðûâíóþ äèôôåðåí-

öèðóåìîñòü γ0(V ) ïðè âñåõ V ∈ R.
Ëåììà 8. Ïðè âñåõ x ≥ L âûïîëíèòñÿ:

|γ(u(x))| ≤ C exp[2r0(x− L)],

ãäå r0 îïðåäåëåíî â ëåììå 7.
Äîêàçàòåëüñòâî. Ó÷èòûâàÿ (2.6),(2.7), ïîëó÷èì:

ε
d

dx
γ(u(x))− r2εγ(u(x)) = g(u(x))− g′(B)(u(x)−B).

Èç ýòîãî óðàâíåíèÿ ñëåäóåò:

γ(u(x)) = −ε−1

∞∫

x

[g(u(s))− g′(B)(u(s)−B)] exp[r2(x− s)]ds.

Ñëåäîâàòåëüíî,

|γ(u(x))| ≤ max
x≥L

|g′′u(u(x))|(2r2ε)−1(u(x)−B)2, x ≥ L.

8



Ó÷èòûâàÿ çíà÷åíèå r2 è ëåììó 7, ïîëó÷èì óòâåðæäåíèå ëåììû.
Îñòàíîâèìñÿ íà ñëó÷àå γ0(u) = 0. Ïðàâîå êðàåâîå óñëîâèå òîãäà ïðèíè-

ìàåò âèä:
V ′(L0) = r1[V (L0)−B].

Èç òåîðåìû 2 è ëåììû 8 ïðè L0 ≥ L ïîëó÷èì îöåíêó òî÷íîñòè:

|u(x)− V (x)| ≤ Cε exp[m(2ε)−1(x− L0) + 2r0(L0 − L)].

Ïðè ðåøåíèè ðÿäà çàäà÷, íàïðèìåð â [13], óñëîâèå lim
x→∞

u(x) = B lim
x→∞

u′(x) =
0 ïåðåíîñÿò â êîíå÷íóþ òî÷êó,íå àíàëèçèðóÿ ïîâåäåíèå ðåøåíèÿ ïðè äî-
ñòàòî÷íî áîëüøèõ x è íå îöåíèâàÿ ïîãðåøíîñòè, âîçíèêàþùåé ïðè çàìåíå
êðàåâîãî óñëîâèÿ.

Ïóñòü V ′(L0) = 0. Ââåäåì z = u− V . Òîãäà

Lεz = 0, z(0) = 0, z′(L0) = u′(L0),

ãäå Lε îïðåäåëåíî â òåîðåìå 2. Çàäàâàÿ ïîäõîäÿùèå âåðõíþþ è íèæíþþ
ôóíêöèè, èñïîëüçóÿ ïðèíöèï ìàêñèìóìà, ïîëó÷èì:

|u(x)− V (x)| ≤ Cε exp[m(2ε)−1(x− L0)], 0 ≤ x ≤ L0.

Â ñëó÷àå L0 > L ïîëó÷åííàÿ îöåíêà ìîæåò áûòü óòî÷íåíà:

|u(x)− V (x)| ≤ Cε exp[m(2ε)−1(x− L0) + r0(L0 − L)], 0 ≤ x ≤ L0.

Ïóñòü V (L0) = B. Íà îñíîâàíèè ïðèíöèïà ìàêñèìóìà íåòðóäíî ïîëó-
÷èòü

|u(x)− V (x)| ≤ C exp[m(2ε)−1(x− L0)].

Â ñëó÷àå L0 > L ñîãëàñíî ëåììå 7 ïîëó÷åííàÿ îöåíêà ìîæåò áûòü óòî÷íåíà:

|u(x)− V (x)| ≤ C exp[m(2ε)−1(x− L0) + r0(L0 − L)], 0 ≤ x ≤ L0.

Îñòàíîâèìñÿ íà âîïðîñå ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (2.7). Îïðåäå-
ëèì

γ0(u) = [g′(B)(u−B)− g(u)]/(εr2). (2.9)

Ëåììà 9. Íàéäåòñÿ òàêîå, ÷òî ïðè âñåõ x > 0:

|γ(u(x))− γ0(u(x))| ≤ Cε,

ãäå u(x) - ðåøåíèå çàäà÷è (2.1).
Äîêàçàòåëüñòâî. Ïóñòü z = γ − γ0. Èç (2.7) ñëåäóåò:

ε
d

dx
z(u(x))− εr2z(u(x)) = −εγ′0(u(x))u′(x).

Èç ýòîãî óðàâíåíèÿ ìîæíî ïîëó÷èòü:

z(u(x)) =

∞∫

x

γ′0(u(s))u′(s) exp[r2(x− s)]ds.
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Òåïåðü íåòðóäíî óáåäèòüñÿ, ÷òî |z(u(x))| ≤ Cε. Ëåììà äîêàçàíà.
Çàìåòèì, ÷òî ïðè âûáîðå γ0(u) ñîãëàñíî (2.9), â ñîîòâåòñòâèè ñ ëåììîé

9 âûïîëíåíû óñëîâèÿ òåîðåìû 2 ñ ∆ = Cε, ñëåäîâàòåëüíî, ïðè ýòîì âåðíà
ñîîòâåòñòâóþùàÿ ýòîé òåîðåìå îöåíêà ïîãðåøíîñòè ïåðåõîäà ê êîíå÷íîìó
èíòåðâàëó.
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3. Àíàëèç ðàçíîñòíîé ñõåìû äëÿ çàäà÷è íà êîíå÷íîì èíòåðâàëå.

Ðàññìîòðèì êðàåâóþ çàäà÷ó:

Tεu = −εu′′ + a(x)u′ + f(u, x) = 0,

u(0) = A, Rεu = ηu′(L) + δu(L)− γ(u(L)) = 0. (3.1)

Ïîëàãàåì, ÷òî âñþäó íèæå âûïîëíåíû óñëîâèÿ :

ε ∈ (0, 1], a ≥ α > 0, δ − γ′(V ) ≥ 0, V ∈ R, η > 0,

f ′u ≥ −β, β > 0, α2 − 4βε ≥ σ > 0. (3.2)

Ïðåäïîëàãàåì ÷òî ôóíêöèè a, f, γ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìû
ïî ñâîèì àðãóìåíòàì. Çàäà÷à (3.1) ÿâëÿåòñÿ áîëåå îáùåé â ñðàâíåíèè ñ çà-
äà÷àìè (1.7) è (2.8). Îñòàíîâèìñÿ íà ñâîéñòâàõ ðåøåíèÿ çàäà÷è (3.1).

Èñïîëüçóÿ ïðèíöèï ìàêñèìóìà, íåòðóäíî ïîêàçàòü, ÷òî äëÿ äâóõ äâà-
æäû íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé p è q

|p(x)− q(x)| ≤ exp(2βα−1x)[α2β−1σ−1‖Tεp− Tεq‖+ |p(0)− q(0)|]+

+2ε(αη)−1|Rεp−Rεq| exp[α(2ε)−1(x− L)].

Èç ýòîé îöåíêè ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.1) è îöåíêà ðå-
øåíèÿ:

|u(x)| ≤ exp(2βα−1x)[α2β−1σ−1‖f(0, x)‖+ |A|]+
+2ε(αη)−1|γ(0)| exp[α(2ε)−1(x− L)]. (3.3)

Îöåíèì ïðîèçâîäíûå ðåøåíèÿ çàäà÷è (3.1).
Ëåììà 10. Íàéäåòñÿ C, òàêîå ÷òî ïðè âñåõ x ∈ [0, L]

|u(j)(x)| ≤ C[1 + ε1−j exp[αε−1(x− L)]], j = 1, 2, 3. (3.4)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (3.1), íåòðóäíî ïîêàçàòü:

u′(x) = exp




x∫

L

ε−1a(s)ds


 u′(L)− ε−1

L∫

x

f(u(s), s) exp




x∫

s

ε−1a(s)ds


 ds.

(3.5)
Èç êðàåâîãî óñëîâèÿ ñëåäóåò |u′(L)| ≤ C. Òîãäà èç (3.5) ïîëó÷èì |u′(x)| ≤ C1

Äîêàæåì (3.4) ïðè j = 2. Ïóñòü p(x) = u′(x). Äèôôåðåíöèðóÿ (3.1),
ïîëó÷èì:

−εp′′(x) + a(x)p′(x) = F (x, u, u′), |F (x, u, u′)| ≤ C2.
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Ñëåäîâàòåëüíî,

p′(x) = exp




x∫

L

ε−1a(s)ds


 p′(L)+ε−1

L∫

x

F (s, u(s), u′(s)) exp




x∫

s

ε−1a(s)ds


 ds.

Èç (3.1) ïîëó÷èì |p′(L)| ≤ C3ε
−1. Òåïåðü èç ïðåäñòàâëåíèÿ äëÿ p′(x)

ñëåäóåò (3.4) ïðè j = 2. Ñëó÷àé j = 3 àíàëîãè÷åí. Ëåììà äîêàçàíà.
Ñîãëàñíî ëåììå 10 ðåøåíèå çàäà÷è (3.1) èìååò ñëàáî âûðàæåííûé ïî-

ãðàíè÷íûé ñëîé îêîëî êîíöà èíòåðâàëà x = L: ïðîèçâîäíûå, íà÷èíàÿ ñî
âòîðîé, íåîãðàíè÷åííî ðàñòóò ïðè ε → 0. Öåëåñîîáðàçíî èññëåäîâàòü ñõå-
ìó íàïðàâëåííûõ ðàçíîñòåé íà ðàâíîìåðíóþ ñõîäèìîñòü ïî ïàðàìåòðó ε,
òàê êàê ýòà ñõåìà ïðîùå ñõåì ñ ýêñïîíåíöèàëüíûìè ïîäãîíêàìè, íàïðè-
ìåð, [12],[14]-[15]. Èòàê, íà ðàâíîìåðíîé ñåòêå Ω ñ øàãîì h âûïèøåì ñõåìó
íàïðàâëåííûõ ðàçíîñòåé äëÿ çàäà÷è (3.1):

Th
n uh = −εΛxx,nuh + anΛx,nuh + f(uh

n, xn) = 0,

uh
0 = A, Rhuh = δuh

N + ηΛx,Nuh − γ(uh
N ) = 0, (3.6)

ãäå
Λx,nuh =

uh
n − uh

n−1

h
, Λxx,nuh =

uh
n+1 − 2uh

n + uh
n−1

h2
.

Äëÿ àíàëèçà ñõåìû (3.6) ðàññìîòðèì ëèíåéíûé îïåðàòîð:

Lh
nzh = −εΛxx,nzh + anΛx,nzh + bnzh

n (3.7)

ñ êðàåâûìè óñëîâèÿìè

zh
0 , Dhzh = τzh

N + ηΛx,Nzh. (3.8)

Ëåììà 11. Ïóñòü â (3.7)-(3.8) ε > 0, an ≥ 0, τ ≥ 0, η > 0. Òîãäà åñëè
∃φh:

φh
n > 0, n = 0, 1, ..., N, Lh

nφh > 0, n = 1, 2, ..., N − 1, φh
N > φh

N−1, (3.9)

òî äëÿ îïåðàòîðà Lh ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà, òî åñòü èç óñëîâèé

zh
0 ≥ 0, Dhzh ≥ 0, Lh

nzh ≥ 0, n = 1, 2, ..., N − 1 (3.10)

ñëåäóåò zh
n ≥ 0 ïðè âñåõ n = 0, 1, ..., N .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî n0 zh
n0

< 0 è ïî-
ëó÷èì ïðîòèâîðå÷èå. Îïðåäåëèì ñåòî÷íóþ ôóíêöèþ V h: zh

n = V h
n φh

n. Òîãäà
V h

n0
< 0. Ïîêàæåì, ÷òî V h èìååò ëîêàëüíûé îòðèöàòåëüíûé ìèíèìóì. Èç

óñëîâèÿ zh
0 ≥ 0 ñëåäóåò V h

0 ≥ 0. Äëÿ zh
N cïðàâåäëèâî îäíî èç äâóõ:

1). zh
N ≥ 0. Òîãäà V h

N ≥ 0. Ïðè ýòîì V h èìååò îòðèöàòåëüíûé ìèíèìóì.
2). zh

N < 0. Èç óñëîâèÿ Dhzh ≥ 0 ñëåäóåò zh
N ≥ zh

N−1. Ó÷èòûâàÿ, ÷òî
φh

N > φh
N−1, V h

N < 0, V h
N−1 < 0, ïîëó÷èì V h

N > V h
N−1. Â ýòîì ñëó÷àå äëÿ V h

âûïîëíÿòñÿ óñëîâèÿ:

V h
0 ≥ 0, V h

n0
< 0, V h

N > V h
N−1,
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îòêóäà ñëåäóåò, ÷òî V h èìååò îòðèöàòåëüíûé ìèíèìóì.
Ïóñòü ìèíèìóì äîñòèãàåòñÿ â óçëå m .Òîãäà:

V h
m < 0, Λx,mV h ≤ 0, Λx,m+1V

h ≥ 0. (3.11)

Íåòðóäíî óáåäèòüñÿ, ÷òî

Lh
mzh = amφh

m−1Λx,mV h+V h
mLh

mφh−εh−1φh
m+1Λx,m+1V

h+εh−1φh
m−1Λx,mV h.

Ó÷èòûâàÿ óñëîâèÿ (3.9) è (3.11), ïîëó÷èì Lh
mzh < 0, ÷òî ïðîòèâîðå÷èò

(3.10). Ëåììà äîêàçàíà.
Îïðåäåëèì ñåòî÷íûå ôóíêöèè φh, θh, ρh:

φh
n =

[
1 +

αh

2ε

]n−N

, θh
n =

[
1 +

2βh

α

]n

, ρh
n =

[
1 +

αh

2ε

]n+1−N

. (3.12)

Íåòðóäíî óáåäèòüñÿ, ÷òî

θh
n ≤ exp[2βα−1xn], exp[α(2ε)−1(xn − L)] ≤ φh

n ≤ exp[α(2ε + αh)−1(xn − L)].

Ëåììà 12. Ïóñòü h ≤ h0 = σ/(4αβ), ph è qh - äâå ïðîèçâîëüíûå ñåòî÷-
íûå ôóíêöèè. Òîãäà ïðè âñåõ n:

|ph
n − qh

n| ≤ C[‖Thph − Thqh‖+ |ph
0 − qh

0 |] exp(2βα−1xn)+

+2ε(αη)−1|Rhph −Rhqh| exp[α(2ε + αh)−1(xn − L)]. (3.13)

Äîêàçàòåëüñòâî. Îïðåäåëèì zh = ph − qh. Òîãäà :

Lhzh = Thph − Thqh, zh
0 = ph

0 − qh
0 , Dhzh = Rhph −Rhqh, (3.14)

ãäå Lh ñîîòâåòñòâóåò (3.7) ñ bn = [f(ph
n, xn)− f(qh

n, xn)]/(ph
n − qh

n),
Dh - ëèíåéíûé îïåðàòîð:

Dhzh = [δ − (γ(ph
N )− γ(qh

N ))(ph
N − qh

N )−1]zh
N + ηΛx,Nzh.

Ó÷èòûâàÿ îãðàíè÷åíèå h ≤ h0, ïîëó÷èì ïðè âñåõ n:

Lh
nφh ≥ σ[8θ + 4αθ]−1φh

n, Lh
nθh ≥ βσ[2α2 + σ]−1θh

n, (3.15)

ãäå θ = max(h, ε). Ó÷èòûâàÿ (3.15) è ëåììó 11, ïîëó÷èì, ÷òî äëÿ îïåðàòîðà
Lh ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà. Îïðåäåëèì Ψh:

Ψh = C[‖Thph − Thqh‖+ |ph
0 − qh

0 |]θh + 2ε(αη)−1|Rhph −Rhqh|φh ± zh.

Ó÷èòûâàÿ (3.14)-(3.15), ìîæíî ïîäîáðàòü C òàêèì îáðàçîì, ÷òîáû âû-
ïîëíèëèñü óñëîâèÿ(3.10). Òîãäà èç ïðèíöèïà ìàêñèìóìà ñëåäóåò óòâåðæäå-
íèå ëåììû.
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Èç (3.13) ñëåäóþò åäèíñòâåííîñòü ðåøåíèÿ ñõåìû (3.6) è îöåíêà óñòîé-
÷èâîñòè ðåøåíèÿ:

|uh
n| ≤ C1[‖f(0, x)‖+ |A|] exp

[
2β

α
xn

]
+ C2|γ(0)|ε exp

[
α(xn − L)
2ε + αh

]
. (3.16)

Èññëåäóåì âîïðîñ ðàâíîìåðíîé ñõîäèìîñòè ñõåìû (3.6).
Òåîðåìà 3. Ïóñòü h ≤ h0, h0 = σ/(4αβ). Íàéäåòñÿ C:

‖[u]Ω − uh‖ ≤ Ch, (3.17)

ãäå [u]Ω - ðåøåíèå çàäà÷è (3.1) â óçëàõ ñåòêè Ω.
Äîêàçàòåëüñòâî. Îïðåäåëèì zh = uh − [u]Ω. Òîãäà

Lhzh = Thuh − Th[u]Ω, (3.18)

ãäå Lh ñîîòâåòñòâóåò (3.7) ïðè çàäàíèè

bn = [f(uh
n, xn)− f(un, xn)]/(uh

n − un), un = u(xn).

Îöåíèì ïðàâóþ ÷àñòü (3.18) :

Th
n uh − Th

n [u]Ω = ε(u′′(xn)− Λxx,n[u]Ω)− an(u′(xn)− Λx,n[u]Ω).

Èñïîëüçóÿ íåðàâåíñòâà [15]:

|Λxx,n[u]Ω − u′′(xn)| ≤
xn+1∫

xn−1

|u′′′(s)|ds, (3.19)

|Λx,n[u]Ω − u′(xn)| ≤ h−1

xn∫

xn−1

xn∫

s

|u′′(t)|dt ds, (3.20)

è ïðèâëåêàÿ îöåíêè ïðîèçâîäíûõ (3.4), ïîëó÷èì :

|Th
n uh − Th

n [u]Ω| ≤ C1h[1 + θ−1 exp(α(2ε)−1(xn+1 − L))]. (3.21)

Îïðåäåëèì Ψh:
Ψh = [C2θ

h + C3ρ
h]h± zh.

Ó÷èòûâàÿ, ÷òî

Dhzh =
[
δ − γ(uh

N )− γ(uN )
uh

N − uN

]
zh
N + ηΛx,Nzh = η(u′N − Λx,N [u]Ω)

è èñïîëüçóÿ ñîîòíîøåíèÿ (3.4) è (3.20) , ïîëó÷èì

|Dhzh| ≤ C4hθ−1. (3.22)
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Ó÷èòûâàÿ, ÷òî

Lh
nρh ≥ C5θ

−1ρh
n, ρh

n ≥ exp[α(2ε)−1(xn+1 − L)]

è ïðèâëåêàÿ ñîîòíîøåíèÿ (3.15) è (3.18), ïîëó÷èì, ÷òî ïðè íåêîòîðûõ C2

è C3 äëÿ Ψh âûïîëíÿòñÿ íåðàâåíñòâà (3.10). Ýòî äîêàçûâàåò |zh
n| ≤ Ch ïðè

âñåõ n, êðîìå ñëó÷àÿ n = N . Îñòàåòñÿ ïîêàçàòü, ÷òî |zh
N | ≤ Ch. Äëÿ ýòîãî

ñëó÷àÿ èìååì:

|zh
N | ≤ |uN − uN−1|+ |uN−1 − uh

N−1|+ |uh
N − uh

N−1|.
Èç êðàåâîãî óñëîâèÿ â (3.6) ïîëó÷èì |uh

N − uh
N−1| ≤ C6h. Ïîëüçóÿñü ïîëó-

÷åííîé îöåíêîé äëÿ n < N , ïðèäåì ê óòâåðæäåíèþ òåîðåìû.
Ñõåìà (3.6) ïðåäñòàâëÿåò ñîáîé ñèñòåìó íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-

íåíèé. Ïîêàæåì, ÷òî ïðè äîñòàòî÷íî õîðîøåì íà÷àëüíîì ïðèáëèæåíèè ìå-
òîä Íüþòîíà ÿâëÿåòñÿ ñõîäÿùèìñÿ, ïðè÷åì ñõîäèìîñòü ìåòîäà ðàâíîìåðíà
ïî ïàðàìåòðó ε. Èòàê, îïðåäåëèì ìåòîä ëèíåàðèçàöèè :

−εΛxx,nuj+1 + anΛx,nuj+1 + f ′u(uj
n, xn)uj+1

n = f ′u(uj
n, xn)uj

n − f(uj
n, xn),

uj+1
0 = A, [δ − γ′(uj

N )]uj+1
N + ηΛx,Nuj+1 = γ(uj

N )− γ′(uj
N )uj

N . (3.23)

Ñåòî÷íàÿ ôóíêöèÿ u0 ïðåäïîëàãàåòñÿ çàäàííîé. Îïðåäåëèì zj = uh − uj .
Òîãäà

−εΛxx,nzj+1 + anΛx,nzj+1 + f ′u(uj
n, xn)zj+1

n = 0.5f ′′u (θj
n, xn)(zj

n)2,

zj+1
0 = 0, [δ − γ′(uj

N )]zj+1
N + ηΛx,Nzj+1 = γ′′(θj

N )(zj
N )2/2

äëÿ íåêîòîðîé ñåòî÷íîé ôóíêöèè θj . Ïîëüçóÿñü ïðèíöèïîì ìàêñèìóìà è
ïîäáèðàÿ ïîäõîäÿùóþ áàðüåðíóþ ôóíêöèþ, ïîëó÷èì:

‖zj+1‖ ≤ C‖zj‖2.
Ñëåäîâàòåëüíî, ïðè äîñòàòî÷íî õîðîøåì íà÷àëüíîì ïðèáëèæåíèè èòåðàöè-
îííûé ìåòîä (3.23) êâàäðàòè÷íî ñõîäèòñÿ.

Íà êàæäîé èòåðàöèè ñèñòåìà óðàâíåíèé îòíîñèòåëüíî uj+1 ëèíåéíà, íî
ìàòðèöà ýòîé ñèñòåìû , â ñèëó äîïóñòèìîñòè f ′u < 0, íå èìååò äèàãîíàëüíîãî
ïðåîáëàäàíèÿ. Äëÿ íàõîæäåíèÿ ðåøåíèÿ òàêîé ñèñòåìû ìîæíî èñïîëüçî-
âàòü ìåòîä íåìîíîòîííîé ïðîãîíêè [16].

Îñòàíîâèìñÿ íà ñëó÷àå çàäà÷è (2.8) ñ âûáîðîì γ0(u) èç (2.9). Ïðîâåðèì,
áóäóò ëè âûïîëíåíû â ýòîì ñëó÷àå óñëîâèÿ (3.2). Íåòðóäíî ïîêàçàòü, ÷òî

δ − γ′(V ) = g′(V )/(εr2).

Óñëîâèå δ − γ′(V ) ≥ 0 íàðóøèòñÿ, åñëè g′(V ) < 0. Ó÷èòûâàÿ, ÷òî
g′(B) > 0, ìîæíî ïîêàçàòü, ÷òî ïðè âûáîðå äîñòàòî÷íî áîëüøîé äëèíû
èíòåðâàëà L òåîðåìà 3 îñòàíåòñÿ â ñèëå.

4. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ
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Ñíà÷àëà áûëà ðàññìîòðåíà ëèíåéíàÿ êðàåâàÿ çàäà÷à:

−εu′′(x) + u′(x) + u(x)− 1 = 0, u(0) = 0, lim
x→∞

u(x) = 1. (4.1)

Ðåøåíèå ýòîé çàäà÷è âûïèñûâàëîñü â ÿâíîì âèäå è ñðàâíèâàëîñü ñ ðåøåíè-
åì ýòîãî óðàâíåíèÿ íà êîíå÷íîì èíòåðâàëå ïðè ðàçëè÷íûõ ïîäõîäàõ ê çà-
äàíèþ ïðàâîãî êðàåâîãî óñëîâèÿ. Âû÷èñëÿëàñü ìàêñèìàëüíàÿ ïîãðåøíîñòü,
âîçíèêàþùàÿ ïðè ïåðåõîäå ê êîíå÷íîìó èíòåðâàëó.

Â òàáë.1 ïðèâåäåíà íîðìà ïîãðåøíîñòè â çàâèñèìîñòè îò ε è äëèíû èí-
òåðâàëà L ïðè çàäàíèè u(L) = 1.

Â òàáë.2 ïðèâåäåíà íîðìà ïîãðåøíîñòè ïðè çàäàíèè u′(L) = 0.
Çàäàíèå ïðàâîãî êðàåâîãî óñëîâèÿ ñîãëàñíî (1.5) ñ âûáîðîì γ(x) = r , ãäå

r ñîîòâåòñòâóåò (1.6), ïðèâîäèò ê ñîâïàäåíèþ ðåøåíèÿ çàäà÷è íà êîíå÷íîì
èíòåðâàëå ñ ðåøåíèåì çàäà÷è (4.1).

Äàííûå ýòèõ òàáëèö ïîäòâåðæäàþò ïîëó÷åííûå îöåíêè òî÷íîñòè (1.8à),(1.8á).

Òàáëèöà 1.
ε L

1 5 10 20
1.0 1.62 0.14 0.62E-2 0.13E-4

1.0E-1 1.20 0.03 0.31E-3 0.33E-7
1.0E-2 1.11 0.02 0.15E-3 0.75E-8
1.0E-3 1.10 0.02 0.14E-3 0.63E-8
1.0E-4 1.10 0.02 0.14E-3 0.62E-8

Òàáëèöà 2.
ε L

1 5 10 20
1.0 0.53 0.52E-1 0.23E-2 0.49E-5

1.0E-1 1.0E-1 0.26E-2 0.26E-4 0.28E-8
1.0E-2 1.1E-2 0.21E-3 0.15E-5 0.74E-10
1.0E-3 1.1E-3 0.20E-4 0.14E-6 0.63E-11
1.0E-4 1.1E-4 0.20E-5 0.14E-7 0.62E-12

Òåïåðü îñòàíîâèìñÿ íà ñëó÷àå íåëèíåéíîé êðàåâîé çàäà÷è.
Ñíà÷àëà áûëà ðàññìîòðåíà íåëèíåéíàÿ êðàåâàÿ çàäà÷à:

−εu′′ + u′ + u exp(u) = 0, u(0) = 1, lim
x→∞

u(x) = 0. (4.2)
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Çàäà÷à (4.2) ñâîäèëàñü ê êîíå÷íîìó èíòåðâàëó è äëÿ ðåøåíèÿ ðåäóöèðîâàí-
íîé çàäà÷è ïðèìåíÿëàñü ñõåìà íàïðàâëåííûõ ðàçíîñòåé. ×èñëåííî èññëåäî-
âàëîñü âëèÿíèå ñïîñîáà çàäàíèÿ êðàåâîãî óñëîâèÿ íà ðåøåíèå ðàçíîñòíîé
ñõåìû. Øàã ðàçíîñòíîé ñåòêè ïðèíèìàëñÿ ïîñòîÿííûì (h = 0.1) è çà ñåòî÷-
íîå ðåøåíèå, íå èñêàæåííîå èç-çà ïåðåíîñà êðàåâîãî óñëîâèÿ èç áåñêîíå÷-
íîñòè, ïðèíèìàëîñü ðåøåíèå íà äîñòàòî÷íî áîëüøîì èíòåðâàëå, L0 = 100,
ïðè ýòîì |u(100)| < exp(−50). Ðàññìàòðèâàëèñü ðàçëè÷íûå ñïîñîáû çàäàíèÿ
êðàåâîãî óñëîâèÿ:

M1 : u(L) = 0; M2 : u′(L) = 0;
M3: ñîãëàñíî (2.6) ñ γ(u) = 0;
M4: ñîãëàñíî (2.6) c γ(u), ñîîòâåòñòâóþùèì (2.9).
Ñõåìà (3.6) ïðåäñòàâëÿåò ñîáîé ñèñòåìó íåëèíåéíûõ óðàâíåíèé è äëÿ

íàõîæäåíèÿ åå ðåøåíèÿ èñïîëüçîâàëñÿ ìîäèôèöèðîâàííûé ìåòîä Ïèêàðà:

−εΛxx,nuj+1 + anΛx,nuj+1 + Guj+1
n = Guj

n − f(uj
n, xn),

uj+1
0 = A, δuj+1

N + ηΛx,Nuj+1 + Guj+1
N = Guj

N + γ(uj
N ).

Ïðè G ≥ 5 èòåðàöèîííûé ìåòîä ñõîäèëñÿ. Èòåðàöèè çàêàí÷èâàëèñü, åñëè
‖uj+1 − uj‖ ≤ 10−12. Â òàáë. 3 ïðèâåäåíà íîðìà ïîãðåøíîñòè â çàâèñè-

ìîñòè îò ñïîñîáà çàäàíèÿ êðàåâîãî óñëîâèÿ è äëèíû èíòåðâàëà ïðè ε = 1,
â òàáë. 4 - ïðè ε = 0.1. Ïðè äðóãèõ ε ðåçóëüòàòû âû÷èñëåíèé àíàëîãè÷íû:
òî÷íîñòü óâåëè÷èâàåòñÿ ñ óìåíüøåíèå ε è ñ óâåëè÷åíèåì äëèíû èíòåðâàëà.
Áîëåå òî÷åí ìåòîä M4. Íåëèíåéíîñòü â êðàåâîì óñëîâèè äëÿ ìåòîäà M4 íå
óâåëè÷èâàëà êîëè÷åñòâî èòåðàöèé.

Òàáëèöà 3.
L M1 M2 M3 M4
1 0.42 0.16 0.29E-1 0.17E-1
5 0.30E-1 0.13E-1 0.31E-3 0.41E-4
10 0.14E-2 0.61E-3 0.74E-5 0.68E-5

Òàáëèöà 4.
L M1 M2 M3 M4
1 0.26 0.54E-1 0.99E-2 0.12E-2
5 0.64E-2 0.11E-2 0.11E-4 0.54E-5
10 0.78E-4 0.13E-4 0.75E-7 0.74E-7

Çàòåì àíàëîãè÷íûì îáðàçîì áûëà ðàññìîòðåíà êðàåâàÿ çàäà÷à:

−εu′′ + u′ + (u− 2) exp(−u−1) = 0, u(0) = 1, lim
x→∞

u(x) = 2. (4.3)

Íà÷àëüíîå ïðèáëèæåíèå äëÿ èòåðàöèîííîãî ìåòîäà ïðè âñåõ âû÷èñëåíèÿõ
çàäàâàëîñü â âèäå ïðÿìîé ëèíèè ìåæäó çíà÷åíèÿìè ðåøåíèÿ íà êîíöàõ
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èíòåðâàëà, èçâåñòíûìè èç ðåøåíèÿ èñõîäíîé çàäà÷è íà èíòåðâàëå äëèíû
L0 = 100.

Â òàáë. 5 ïðèâåäåíà íîðìà ïîãðåøíîñòè â ñëó÷àå çàäà÷è (4.3) ïðè L = 1
â çàâèñèìîñòè îò ñïîñîáà çàäàíèÿ êðàåâîãî óñëîâèÿ è çíà÷åíèÿ ε.

Òàáëèöà 5.
ε M1 M2 M3 M4
1.0 0.71 0.17 0.23E-1 0.17E-1

1.0E-1 0.66 0.59E-1 0.13E-1 0.14E-2
1.0E-2 0.66 0.34E-1 0.87E-2 0.98E-4
1.0E-3 0.66 0.31E-1 0.82E-2 0.88E-5
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