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Ðàññìîòðèì èñõîäíóþ êðàåâóþ çàäà÷ó:

Lu(x) = εu′′(x) + u(x)u′(x)− b(x)u(x) = f(x), u(0) = A, u(1) = B. (1.1)

Ïðåäïîëàãàåì, ÷òî

b(x) ≥ β > 0, 1 ≥ ε > 0, b, b ∈ C1[0, 1], u0(x) ≥ α > 0,

ãäå u0(x) - ðåøåíèå ñîîòâåòñòâóþùåé âûðîæäåííîé çàäà÷è ñ óñëîâèåì
u0(1) = B.

Ñîãëàñíî [1], ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ðåøåíèå çàäà÷è (1.1)
cñóùåñòâóåò è åäèíñòâåííî.

Ðàçíîñòíûå ìåòîäû ðåøåíèÿ çàäà÷è (1.1) èññëåäîâàëèñü â [2]-[5]. Â
[2] ïðåäïîëàãàëîñü, ÷òî u(x) ≥ α > 0, è ðåøåíèå íàõîäèëîñü íà îñíîâå
ïîñòðîåíèÿ ðàçíîñòíîé ñõåìû äëÿ ïîñëåäîâàòåëüíîñòè ëèíåàðèçîâàííûõ
çàäà÷. Â [3] ñòðîèëàñü ðàçíîñòíàÿ ñõåìà, ó÷èòûâàþùàÿ ýêñïîíåíöèàëü-
íûé ïîãðàíñëîéíûé ðîñò ðåøåíèÿ, àíàëèçèðîâàëèñü âîïðîñû ñóùåñòâî-
âàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñõåìû. Â [5] äëÿ êâàçèëèíåéíîãî óðàâ-
íåíèÿ ñ ìàëûì ïàðàìåòðîì â ïðåäïîëîæåíèè, ÷òî êîýôôèöèåíò ïðè ïåð-
âîé ïðîèçâîäíîé ñòðîãî ïîëîæèòåëåí, ïîñòðîåíà ñõåìà è îáîñíîâàíà åå
ñõîäèìîñòü â íîðìå L1.

Â äàííîì ðàçäåëå ïîñòðîèì ðàçíîñòíóþ ñõåìó äëÿ çàäà÷è (1.1) ñ ó÷å-
òîì ïîãðàíñëîéíîãî ïîâåäåíèÿ ðåøåíèÿ.

Â ñîîòâåòñòâèè ñ [1] äëÿ ðåøåíèÿ çàäà÷è (1.1) ñïðàâåäëèâî àñèìïòî-
òè÷åñêîå ïðåäñòàâëåíèå

u(x) = u0(x) + Vε(x) + αε(x), (1.2)

ãäå |αε(x)| ≤ Cε, Vε(x) - ïîãðàíñëîéíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ
óðàâíåíèþ è óñëîâèÿì:

εV ′′
ε (x) + (k + Vε)Vε6′ = 0, Vε(0) = −k, k = u0(0), k > 0,

Vε(x) → 0 ïðè xε−1 →∞. (1.3)
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Ôóíêöèÿ Vε(x) èìååò âèä:

Vε(x) = −k + k × th[kx/(2ε)].

Âûïèøåì îöåíêó óñòîé÷èâîñòè äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà
Lε [6]:

||u− v||1 ≤ β−1||Lu− Lv||1, (1.4)

ãäå u è v - äâå ïðîèçâîëüíûå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûå
ôóíêöèè, ñîâïàäàþùèå íà êîíöàõ èíòåðâàëà. è ââåäåíà íîðìà:

||u||1 =

1∫

0

|u(x)|dx.

Ïðè ïîñòðîåíèè ðàçíîñòíîé ñõåìû äëÿ çàäà÷è (1.1) áóäåì ñòðåìèòüñÿ,
÷òîáû ñõåìà ó÷èòûâàëà îñîáåííîñòè â ïîâåäåíèè ðåøåíèÿ è ÷òîáû äëÿ
ðàçíîñòíîãî àíàëîãà áûëà ñïðàâåäëèâà îöåíêà óñòîé÷èâîñòè âèäà (1.4).

Îïðåäåëèì ðàâíîìåðíóþ ñåòêó èñõîäíîãî èíòåðâàëà:

Ω = {xn : xn = xn−1 + h, x0 = 0, xN+1 = 1}.

Íåòðóäíî óáåäèòüñÿ, ÷òî òî÷íàÿ ðàçíîñòíàÿ ñõåìà äëÿ óðàâíåíèÿ (1.3)
èìååò âèä:

ε0
nλxxV

h
n + (k + V h

n )λxV
h
n = 0, (1.5)

ãäå
ε0

n =
kh

2
coth

[
kh

2ε

]
,

λxV
h
n =

V h
n+1 − V h

n−1

2h
, λxxV

h
n =

V h
n+1 − 2V h

n + V h
n−1

h2
, n = 1, 2, ..., N.

Ñ ó÷åòîì (1.5) âûïèøåì ðàçíîñòíóþ ñõåìó äëÿ çàäà÷è (1.1):

Lh
nuh = εnλxxu

h
n + uh

nλxu
h
n − bnu

h
n = fn, (6)

uh
0 = 0, uh

N+1 = B, n = 1, 2, ..., N, (1.6)

ãäå bn = b(xn), fn = f(xn),

εn =
φε(xn)h

2
coth

[
φε(xn)h

2ε

]
,
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Ïðåäïîëàãàåì, ÷òî φε(x) óäîâëåòâîðÿåò îãðàíè÷åíèÿì

|φε(0)− k| ≤ Cε, |φε(x)− φε(0)| ≤ Cx,

|u(x)| ≤ φε(x), |uh
n| ≤ φε(xn), n = 1, 2, ..., N.

Â êà÷åñòâå φε(x) ìîæíî âûáðàòü âåðõíþþ ãðàíèöó äëÿ ðåøåíèÿ:

φε(x) = k + C0(x + ε), ãäå C0 ≥ |u′0(x)|.
Îïðåäåëèì äâå âåêòîðíûå íîðìû:

||P h||C = max
1≤j≤N

|P h
j |, ||P h||1 = h

N∑
j=1

|P h
j |,

Ïîä íîðìàìè ìàòðèö áóäåì ïîíèìàòü íîðìû, ñîãëàñîâàííûå ñ ñîîòâåò-
ñòâóþùèìè âåêòîðíûìè íîðìàìè, ïðè òåõ æå îáîçíà÷åíèÿõ. Îïðåäåëèì

M = {P h ∈ RN+2 : |P h
n | ≤ φε(xn), n = 1, 2, ..., N}.

Ë å ì ì à. Ïóñòü qh è vh - äâå ïðîèçâîëüíûå ñåòî÷íûå ôóíêöèè èç M
òàêèå, ÷òî qh

0 = vh
0 , qh

N+1 = vh
N+1. Òîãäà ïðè âñåõ h ≤ h0 (h0 íå çàâèñèò

îò ε) íàéäåòñÿ C òàêîå, ÷òî

||qh − vh||1 ≤ C||Lhqh − Lhvh||1.
Ä î ê à ç à ò å ë ü ñ ò â î. Ëèíåàðèçîâàííûé îïåðàòîð äëÿ Lh èìååò

âèä
DLh

n(zh)P h = εnλxxP
h
n + zh

nλxP
h
n − (bn − λxz

h
n)P h

n ,

ãäå zh, P h ∈ RN+2, n = 1, 2, ..., N. Òåïåðü îïðåäåëèì

∆Lh
n(qh, vh) =

1∫

0

DLh
n[vh + s(qh − vh)]ds.

Òîãäà
Lh

nq
h − Lh

nv
h = ∆Lh

n(qh, vh)(qh − vh), (1.7)

ãäå n = 1, 2, ..., N.
Äëÿ ïðîèçâîëüíîé ñåòî÷íîé ôóíêöèè P h èìååì:

∆Lh
n(qh, vh)P h = εnλxxP

h
n +

qh
n + vh

n

2
λxP

h
n−
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−
(

bn −
qh
n+1 + vh

n+1

4h
+

qh
n−1 + vh

n−1

4h

)
P h

n , n = 1, 2, ..., N.

Äàëëåå áóäåì ïðåäïîëàãàòü, ÷òî P h
0 = P h

N+1 = 0.
Ïóñòü Q � ìàòðèöà ïîðÿäêà N × N, ñîîòâåòñòâóþùàÿ ðàçíîñòíîìó

îïåðàòîðó ∆Lh
n(qh, vh), n = 1, 2, ..., N. Íåòðóäíî óáåäèòüñÿ, ÷òî ìàòðèöà

Q èìååò äèàãîíàëüíîå ïðåîáëàäàíèå ïî ñòîëáöàì íà âåëè÷èíó δ, åñëè
ïðè âñåõ n áóäåò bn − λxxεn ≥ δ > 0. Ýòîãî íåðàâåíñòâà ìîæíî äîáèòü-
ñÿ, îãðàíè÷èâ h ≤ h0, ãäå h0 íå çàâèñèò îò ε. Òîãäà ìàòðèöà QT áóäåò
èìåòü ñòðîãîå äèàãîíàëüíîå ïðåîáëàäàíèå ïî ñòðîêàì íà âåëè÷èíó δ, è
â ñîîòâåòñòâèè ñ [7, ñ. 41],

||P h||C ≤ δ−1||QT P̄ h||C , (1.8)

ãäå P̄ h ∈ RN ; P̄ h
n = P h

n äëÿ n = 1, 2, ..., N. Ó÷èòûâàÿ, ÷òî äëÿ ïðîèçâîëü-
íîé íåâûðîæäåííîé ìàòðèöû G

||G||1 = ||GT ||C , (G−1)T = (GT )−1,

èñõîäÿ èç(1.8), ïîëó÷àåì ||Q−1||1 ≤ δ−1. Ñëåäîâàòåëüíî,

||P̄ h||1 ≤ δ−1||QP̄ h||1.
Ïðèìåíèâ ýòî íåðàâåíñòâî ê (1.7), ïðèíÿâ P h = qh − vh, ïîëó÷èì

óòâåðæäåíèå ëåììû.
Ò å î ð å ì à .Ïóñòü uh� ðåøåíèå ñèñòåìû (1.6). Òîãäà

||uh − [u]Ω||1 ≤ Ch,

ãäå [u]Ω � ïðîåêöèÿ ðåøåíèÿ çàäà÷è (1.1) íà ñåòêó Ω.
Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî (1.2), â ðåøåíèè u(x) ìîæíî

âûäåëèòü ïîãðàíñëîéíóþ ñîñòàâëÿþùóþ Vε:

u(x) = Vε(x) + Pε(x), (1.9)

ñîäåðæàùóþ îñíîâíîé ðîñò ðåøåíèÿ [1]:
∣∣∣∣
dju

dxj

∣∣∣∣ ≤ C[1 + ε−j exp(−τε−1x)],

∣∣∣∣
djPε

dxj

∣∣∣∣ ≤ C[1 + ε1−j exp(−τε−1x)], τ > 0, j = 1, 2, 3.
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Âûïèøåì ïîãðåøíîñòü àïïðîêñèìàöèè ñõåìû (1.6):

Rn = Lun − Lh
n[u]Ω = εu′′n + unu′n − εnλxxun − unλxun, un = u(xn).

Ó÷èòûâàÿ ñîîòíîøåíèÿ (1.5),(1.2),(1.9), ïîëó÷èì:

Rn = [φε(xn)− k](V ′
n − λxVn) + αε(xn)(V ′

n − λxVn) + un(P ′
n − λxPn)+

+(∗ε0
n−εn)λxxVn+ε(P ′′

n−λxxPn)+(ε−εn)λxxPn, Vn = Vε(xn), Pn = Pε(xn).
(1.10)

Íåòðóäíî óáåäèòüñÿ, ÷òî

|ε− εn| ≤ Ch, |εn − ε0
n| ≤ |φε(xn)− k|h/2. (1.11)

Ñîãëàñíî [8], äëÿ ïðîèçâîëüíîé äîñòàòî÷íî ãëàäêîé ôóíêöèè w(x) ñïðà-
âåäëèâû îöåíêè:

|λxxwn − w′′
n| ≤

xn+1∫

xn−1

|w′′′(s)|ds,

h|λxxwn|, |λxxwn − w′
n| ≤

xn+1∫

xn−1

|w′′(s)|ds, wn = w(xn). (1.12)

Ðàññìîòðèì îòäåëüíî ñëó÷àè n = 1 è n ≥ 2. Gecnm n ≥ 2. Òîãäà èç (1.10)
ñ ó÷åòîì îöåíîê (1.11),(1.12), ïðåäñòàâëåíèÿ ðåøåíèÿ (1.9) è òîãî, ÷òî

sinh(t) ≤ Ct(1 + t)−1 exp(t) ïðè t > 0,

ñëåäóåò, ÷òî

|Rn| ≤ C[(hη−1ε−1xn + hη−1) exp(−τε−1xn−1) + h], (1.13)

ãäå η = max(h, ε). Ó÷èòûâàÿ, ÷òî xn−1 ≥ xn/2 è âíîâü îáîçíà÷àÿ τ/2
÷åðåç τ , ïðèíèìàÿ âî âíèìàíèå îãðàíè÷åííîñòü ôóíêöèè t exp(−t) ïðè
t > 0, èç (1.13) ïîëó÷àåì

|Rn| ≤ Chη−1 exp(−τε−1xn) + h,

Â ñëó÷àå n = 1, ó÷èòûâàÿ ÿâíûé âèä ôóíêöèè Vε(x), ïîëó÷àåì |R1| ≤ C.
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Èòàê, âî âñåõ óçëàõ ñåòêè ïîëó÷åíà îöåíêà ïîãðåøíîñòè àïïðîêñèìà-
öèè. Îöåíèì íîðìó ýòîé ïîãðåøíîñòè:

||R||1 = h

N∑
j=1

|Rj| ≤ Ch +
Ch2

η

N∑
j=2

exp(−τε−1xj) ≤

≤ C{h + h2η−1[1− exp(−τε6−1h)]−1} ≤ Ch.

Ó÷èòûâàÿ, ÷òî Rn = Lh
nuh−Lh

n[u]Ω, è èñïîëüçóÿ ëåììó ïðè h ≤ h0, ïîëó-
÷àåì óòâåðæäåíèå òåîðåìû. Â ñëó÷àå h ≥ h0 òðåáóåìàÿ îöåíêà ñëåäóåò
èç òîãî, xnj ||uh||1 + ||u||1 ≤ C. Òåîðåìà äîêàçàíà.

Ðàçíîñòíàÿ ñõåìà (1.6) ïðåäñòàâëÿåò ñîáîé íåëèíåéíóþ ñèñòåìó àë-
ãåáðàè÷åñêèõ óðàâíåíèé. Ìåòîäû ðåøåíèÿ òàêèõ óðàâíåíèé èññëåäîâà-
íû, íàïðèìåð, â [9]. Ïðè çàäàííîé ôóíêöèè φε(x) òðåáóåòñÿ k = u0(0).
Äëÿ ýòîãî ìîæíî âîñïîëüçîâàòüñÿ àïïðîêñèìàöèåé ñ òî÷íîñòüþ O(h) âû-
ðîæäåííîãî óðàâíåíèÿ:

uh
0,n−1 = uh

0n − hb(xn)− hf(xn)(uh
0n)−1, uh

0,N+1 = B, n = N + 1, N, ..., 2, 1.
(1.14)

Îñòàíîâèìñÿ íà ðåçóëüòàòàõ ÷èñëåííûõ ýêñïåðèìåíòîâ. Äëÿ àíàëèçè-
ðóåìûõ êðàåâûõ çàäà÷ â êà÷åñòâå òî÷íîãî ðåøåíèÿ ïðèíèìàëîñü ðåøåíèå
èçâåñòíîé ñõåìû [4] íà äîñòàòî÷íî ìåëêîé ñåòêå, h = 0.001. Ïðè÷åì òî÷-
íîñòü òàêîãî ðåøåíèÿ ïðè ìàëûõ ε êîíòðîëèðîâàëàñü ñ ïîìîùüþ àñèìï-
òîòè÷åñêîãî ïðèáëèæåíèÿ ê ðåøåíèþ. ßâíûé âèä ðàçíîñòíîé ñõåìû èç
[4] ïðèìåíèòåëüíî ê çàäà÷å (1.1) ñëåäóþùèé:

εnλxxu
h
n + ((uh

n+1)
2 − (uh

n)2)/(2h)− b(xn)uh
n = f(xn),

uh
0 = 0, uh

N+1 = B, n = 1, 2, ..., N. (1.15)

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû èñïîëüçîâàëèñü ìåòî-
äû ëèíåàðèçàöèè Íüþòîíà è Ïèêàðà. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæå-
íèÿ ïðèíèìàëèñü àñèìïòîòè÷åñêîå ïðèáëèæåíèå è ðåøåíèå â âèäå ëèíèè
ìåæäó çàäàííûìè êðàåâûìè óñëîâèÿìè. Â îáîèõ ñëó÷àÿõ ìåòîäû Íüþ-
òîíà è Ïèêàðà ñõîäèëèñü ïðè âñåõ èñïûòûâàåìûõ çíà÷åíèÿõ ε è h. Êàê
è ñëåäîâàëî îæèäàòü, ìåòîä Íüþòîíà ñõîäèëñÿ áûñòðåå, îñîáåííî åñëè
â êà÷åñòâå íà÷àëüíîé èòåðàöèè çàäàâàòü àñèìïòîòè÷åñêîå ïðèáëèæåíèå
ê ðåøåíèþ. Íàïðèìåð, ïðè ε = 0.1 ìàêñèìàëüíàÿ ïîãðåøíîñòü ìåæäó
äâóìÿ ñîñåäíèìè èòåðàöèÿìè áûëà ïîðÿäêà 10−12 ÷åðåç 4-5 èòåðàöèé.
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Ðàññìîòðèì êðàåâóþ çàäà÷ó

εu′′ + uu′ − u = 0, u(0) = 0, u(1) = 2.

Â ýòîì ñëó÷àå ïðè çàäàíèè φε(x) ñëåäóåò èñïîëüçîâàòü k = 1, C0 ≥
1. Â òàáë. 1 ïðèâåäåíî ñðàâíåíèå ñõåìû (1.6) ïðè C0 = 1 ñî ñõåìîé
(1.15) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ε, h = 0.025. Â òàáë. 1-3 ïðèâåäåíû
ïðè êàæäîì çíà÷åíèè ε ïîñëåäîâàòåëüíî ||zh||C (âåðõíåå ÷èñëî) è ||zh||1
( íèæíåå ÷èñëî), ãäå zh = uh−[u]Ω, uh� ðåøåíèå èñïûòûâàåìîé ñõåìû, u�
òî÷íîå ðåøåíèå.

Îñòàíîâèìñÿ íà ïðèìåðå

εu′′ + uu′ − u = exp(x), u(0) = 0, u(1) = 5.

Â äàííîì ñëó÷àå çíà÷åíèå k = u0(0) ñ÷èòàëîñü ïî (1.14). Âû÷èñëåíèå k
ïî ñõåìå âòîðîãî ïîðÿäêà àïïðîêñèìàöèè äëÿ âûðîæäåííîãî óðàâíåíèÿ
íå ïðèâåëî ê ñóùåñòâåííûì èçìåíåíèÿì ðåçóëüòàòîâ. Â òàáë. 2 ïðèâåäå-
íû íîðìû ïîãðåøíîñòè ïðè ðàçëè÷íûõ ε äëÿ ñõåìû (1.15), à òàêæå äëÿ
ñõåìû (1.6) ñ C0 = 1, 2. Àíàëèç òàáë. 1 è òàáë. 2 ïîêàçûâàåò, ÷òî ñõåìà
èç [4] óñòóïàåò ïî òî÷íîñòè ïîñòðîåííîé ñõåìå (1.6). Â òàáë. 3 äëÿ ñõå-
ìû (1.6) ïðè C0 = 1 ïðèâåäåíû íîðìû ïîãðåøíîñòè ïðè ðàçëè÷íûõ ε è
h. Äàííûå ýòîé òàáëèöû ïîäòâåðæäàþò ðàâíîìåðíóþ ñõîäèìîñòü ñõåìû
(1.6) â îáåèõ àíàëèçèðóåìûõ íîðìàõ.

Òàáëèöà 1.
Ñõåìà ε

1.0 1.0E-1 1.0E-2 1.0E-3 1.0E-4
(1.15) 0.43E-2 0.11E-1 0.15 0.29E-1 0.76E-2

0.27E-2 0.30E-2 0.85E-2 0.40E-2 0.34E-2

(1.6),C0 = 1 0.20E-3 0.29E-3 0.55E-2 0.13E-2 0.43E-3
0.12E-3 0.10E-3 0.30E-3 0.17E-3 0.15E-3
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Òàáëèöà 2.
Ñõåìà ε

1.0 1.0E-1 1.0E-2 1.0E-3 1.0E-4
(1.15) 0.21E-1 0.42E 0.17 0.16E-1 0.16E-1

0.12E-1 0.51E-1 0.16E-1 0.82E-2 0.89E-2

(1.6),C0 = 1 0.13E-2 0.35E-2 0.16E-1 0.25E-1 0.25E-1
0.56E-3 0.12E-2 0.34E-2 0.42E-2 0.42E-2

(1.6),C0 = 2 0.51E-2 0.49E-1 0.41E-1 0.23E-1 0.21E-1
0.27E-2 0.45E-2 0.52E-2 0.46E-2 0.45E-2

Òàáëèöà 3.
h ε

1.0 1.0E-1 1.0E-2 1.0E-3 1.0E-4
0.1 0.47E-2 0.20E-1 0.41E-1 0.50E-1 0.50E-1

0.23E-2 0.50E-2 0.90E-2 1.0E-2 1.0E-2

0.05 0.13E-2 0.35E-2 0.16E-1 0.25E-1 0.25E-1
0.50E-3 0.12E-2 0.34E-2 0.42E-2 0.42E-2

0.025 0.54E-3 0.86E-2 0.43E-2 0.12E-1 0.12E-1
0.24E-3 0.91E-3 0.13E-2 0.18E-2 0.18E-2
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